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= Monday, March 14, 11:00 - 14:00

m Tuesday, March 15, 9:30 - 14:00 and 15:30 - 18:30

m Wednesday, March 16, 9:30 - 14:00 and 15:30 - 18:3
m Thursday, March 17, 9:30 - 14:00
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m Additional documents, papers, etc, please consult
http://staff.polito.it/tempo/

m Questions after the course can be sent to
roberto.tempo@polito.it

™
m Some MATLAB codes are available at
http://www.polito.it/~dabbene
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Randomized Algorithms (RAs
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m  Randomized algorithms are frequently used in many
areas of engineering, computer science, physics,
CHAPTER 1 finance, optimization,...
Preliminaries
Keywords:probability, robustness, uncertainty, good and kats
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BITGNR Randomized Algorithms (RAs TR RAs and Uncertain Systens
[ OO gogoon [ S E— o  w—  —
m  Combinatorial optimization, computational geometry m Main point of the course: Rigorous study and
= Examples: Data structuring, search trees, griph development of RAs for uncertain systems and cgntro
algorithms, sorting, ... and related areas
= Motion and path planning problems
m  Mathematics of finance: Computation of path intégral
= Bioinformatics (string matching problems)
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wivane Uncertainty \RITNR Robustness
[ OO gogoon [ S E— o  w—  —
m  Uncertainty has been always a critical issue introbn m  Major stepping stone in 1981: Formulation of thg
theory and applications problem by George Zames
= First methods to deal with uncertainty were basea g = Various “robust’” methods to handle uncertainty ngw
stochastic approach exist:  Structured singular values, Kharitongy,
= Optimal control: LQG and Kalman filter optlm{zat.lon-based (LMI), I-one optimal control,
) ) o quantitative feedback theory (QFT)
m Since early 80’s alternative deterministic approgch

(worst-case or robust) has been proposed
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mTehR Robustness mITGRR Limitations of Robust Contro
[ OO gogoon [ S E— o  w—  —
m Late 80's and early 90’s: Robust control theorydme m Researchers realized some drawbacks of robustotontr
a well-assessed area m Computational Complexity: Worst case robustnesq is
m  Successful industrial applications in aerospage, often NP-hard (not solvable in polynomial time unlegs
chemical, electrical, mechanical engineering, ... P=NP)
= However, ... m Various robustness problems &v@-hard
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ITGNR Limitations of Robust Contro TR New Paradigm Proposed
[ OO gogoon [ S E— o  w—  —
m Consider uncertaintp bounded in a seB of radiusp. m New paradigm proposed is based on uncertainty
Largest value op such that the systems is stable for gll randomization and leads to randomized algorithms [for
A O Bis called (worst-case) robustness margin analysis and synthesis
m Conservatism: Worst case robustness margin may be | = Within this setting a different notion of problem
small tractability is needed
m Discontinuity: Worst case robustness margin may be
discontinuous wrt problem data
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BITGNR Brief History of RAs BIT-oNR Brief History of RAs
[ OO gogoon [ S E— o  w—  —
= 1980: New notion of probability of instability bytehgel in the m 1996: CDC (held in Kobe) two pap&rd on explicit
context of flight contrdt! bounds on the 5amp|e size
1986: Stengel’s book on stochastic optimal coffrol m 1998: Development of methods for “average” design

1989: CDC papé} titled “Probabilistic Robust Controlle

Design”
m  Basic idea: Use of Monte Carlo methods
m  Major criticism: Absence of new mathematical tools

[1] R.F. Stengel (1980)
[2] R.F. Stengel (1986)
[3] P. Djavdan and H.J.A.F. Tulleken and M.H. Voetiad H.B. Verbruggen and G.J. Olsder (1989)

Course on Randomized Algorithms, Seville © IENT — CNR 2005 17

based on statistical learning theory by Vidyaségar

[1] P.P. Khargonekar and A. Tikku (1996)
[2] R. Tempo, E. W. Bai and F. Dabbene (1996)
[3] M. Vidyasagar (1998)
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[ OO gogoon
m  More recently, various research directions:

m  Sample generation in various sets

= Bounds on the sample complexity

m  Stochastic gradient algorithms for control design

m  RAs for specific applications

m  Combination of deterministic/randomized techniques

m  RAs for nonconvex problems
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m New paradigm proposed is based on uncertainty
randomization and leads to randomized algorithms [for
analysis and synthesis

[®X

m Main motivation: Limitations of robust control

m Computational complexityN‘P-hardness), conservatism
and discontinuity of the robustness margin

Course on Randomized Algorithms, Seville © IENT - CNR 2005 20
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m The interplay of Probability and Robustness for aminty
of uncertain systems

m Robustness: Deterministic uncertainty bounded
m Probability: Random uncertainty (pdf is known)
m Computation of the probability of performance
m Controller which stabilizemostuncertain systems

Course on Randomized Algorithms, Seville © IENIT — CNR 2005 21
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m We obtain larger robustness margins at the expehae
small risk

m We study the probability degradatiobeyond the
robustness margins

m Computational complexity is generally not an issye:
Randomized algorithms are low complexity

Course on Randomized Algorithms, Seville © IENT - CNR 2005 22
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M(s) System A Uncertainty

m A belongs to a structured sBf,
— Parametric uncertainty
— Nonparametric uncertainty
— Mixed uncertainty
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m Worst case model: Set membership uncertainty
m The uncertaintyA is bounded in a s&,,

AD 8B,

m Real parametric uncertaintg=[q,,...,q,] OR’
g 0lg a7
m Nonparametric uncertainty
A O{AORM: |4l 1}

Course on Randomized Algorithms, Seville © IENT - CNR 2005 24
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A

d M(s)

m Robustness is to guarantee stability and minim
performance for ald in 8,,

ze
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m Objective of robustness: To guarantee stability 3
performance for all

ADB,

m Different probabilistic paradigm based on uncettaif
randomization o\ within 8,

26
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m Mass spring damper model

m Real parametric uncertainty affecting stiffness &
damping

m Complex unmodeled dynamics (nonparametric)

[
s

‘1 ‘z ‘3 |A |5
i I il i i il
L L L L L L
i
(L0 (0t i} ) i e
Kk k ks ks ks ks
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» M-A configuration for controlled systems and study iitgitof

M(s)=C(sI-A™'B
qls 0 O
A= 0 gl O
Oy & OR 0 0 A
A,OCH

AOB,={A0D:0(A)<p}
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Estimated probability degradation

0.94

035 0.4

p=0394

0.45 0.55

Probabilistic radius p

0.6
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m Probability density function associatedBg

m We now assume thétis a random matrix with given
density functiorf,(A) and suppors,,

m Example:Ais uniform in8,,

© IENT - CNR 2005 30
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m We takef,(A)=U[B,] (uniform density withinB,)). That m In classical robustness we guarantee that a ceftain

is performance requirement is attained for/dlls,,
1 if ADSB, m This can be stated in terms of a performance iomct
U[8, =1 vol(3,)
0 otherwise J=JA)

m In this case, for a subsétd B,,

dA
P{AD.S) = I _ vois)
vol(B,) vol(B,)
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m Compute the/H,, norm of the transfer functiosf(M,A) m Continuous time SISO systems with real paramejric

between the erra and the disturbana® uncertaintyg. Consider the transfer functidfs,q) =

JB) = [17:M, D)L, 05¢,g,5+10°q,
5 2 5 2
F(MA) is called the upper LFT (Linear Fractionf (L0 + 005q,)s* +(0.00102+ 050, )s+ (2[10° + 0.5¢;)

Transformation)

whereq, 0 [0.2, 0.6] andy, 00 [105,3-105]

m For giveny>0, check if
m Letting J(q) = ||P(s,9|].,» we choose=0.003

J(B) <y
. heck if J(g)<y for all g in these interval

for all Ain 8, m Check if J(q)<y for all g in these intervals
Course on Randomized Algorithms, Seville © IENIT — CNR 2005 33 Course on Randomized Algorithms, Seville © IENT — CNR 2005 34
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[ OO gogoon [ S E— o  w—  —
m The set ofy,, g, for whichJ(g)<y is shown below m Robust stability of continuous time systems witlealr

parametric uncertaintyg. Consider the closed loo

polynomial
p(s,0) = 8y(q) +a(q)s+---+a,(q)s’
Then,

J(q9) = max{ReA,(q), -..,ReA(0)}
whereA;(q),... A,(q) are the roots agfi(s,q)

e a+a v e e et et aners- et ray ¥
1
[1] G. Truxal (1961)
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[ OO gogoon [ S E— o  w—  —
m Consider the closed loop uncertain polynomialq) = m Set of unstable polynomials
17
(1417460 +60,+200)+{a +0, +3sH{q 40+ +9
whereq, 0[0.3, 2.5],q, 0 [0,1.7] andr=0.5 %
m Check stability for altjin these intervals
° 03 ql 25
m Takingr=0 the unstable set reduces to a singleton
Course on Randomized Algorithms, Seville © IEIIT — CNR 2005 37 Course on Randomized Algorithms, Seville © IENT - CNR 2005 38
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m For given performance levegl check whether .
= FindJ . such that
JB) <y
) Jmax = MaxJ(A)
forallAin 8, AT,
Course on Randomized Algorithms, Seville © IENIT — CNR 2005 39 Course on Randomized Algorithms, Seville © IENT — CNR 2005 40
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[ OO gogoon [

m Complexity issue: Worst-case robustness is oféh
hard (not solvable in polynomial time unleBsANP)1

m In classical robustness a number of problemsAgfe
hard

— stability of interval matrices
— structured singular value
— static output feedback

[1] V. Blondel and J.N. Tsitsiklis (2000)

Course on Randomized Algorithms, Seville
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m Uncertain parameters often enter into the systera i
nonlinear fashion

m To avoid complexity issues (or just to find a smntof
the problem) overbounding techniques are used
m Worst-case robustness margins may be very congggvat

m Another issue: Discontinuity of the robustness margi
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= We define two subsets &%,
17
Agood: {A ‘](A) < y} o BD Abad —
Dy ={A ) >y} OB,
q;
m Ay,qiS the set of\'s satisfying performance
m Measure of robustness is |
0
03 25
VOI(Agood) = J.AdAd &
Agood
Course on Randomized Algorithms, Seville © IENIT — CNR 2005 43 Course on Randomized Algorithms, Seville © IENT - CNR 2005 44
= = J
[ Ir S
....'M-..l.. Example of Good and Bad Sets {2 ....',.c..L Probabilistic Robustness Measure
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Taking smallr m In worst-case analysis we compuesuch that allA
. satisfy performance. Equivalently, we evalugtesuch
Ay that
—
I Agood =8
dqz
m In a probabilistic setting, we are satisfied if th&o
0 | VOl(Agood)
03 o ‘ 25 VO|(fBD )
is close to one
Agood
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A My, M
— 11 12 |
CHAPTER 2 [ j M(s) _|:M21 sz =7,(P.K)
Nuts and Bolts of d P(s) e
Robustness Analysis and Design u [ ] Y M(s) strictly proper
K(s)
Keywords:M-4 configuration, structured singular value, stabilidii,
Kharitonov Theorem . L
m Performance is measured by a characterist& of
m Closed loope=F (M,A)d
[1] K. Zhou and J.C. Doyle (1998)
Course on Randomized Algorithms, Seville © IENIT — CNR 2005 47 Course on Randomized Algorithms, Seville © IENT — CNR 2005 48
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m Subspace defining uncertainty structure

A Uncertainty D ={A:A = blockdiadgyl -+, , Ay, Ay |

= Norm-bounded structured uncertainty

m Parametric uncertainty

= Nonparametric uncertainty B, (p)={0:A0D |4 < o}
m Mixed uncertainty
Course on Randomized Algorithms, Seville © IENIT — CNR 2005 49 Course on Randomized Algorithms, Seville © IENT - CNR 2005 50
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m Let AB,C be a realization dfl,,(s). Define the set m Full complex blockD = Cnm
— A = 1 1
A, ={A,: A, = A+BAC,A0B, (p)} = =
g ? P sup, (M (jew)) [Myy(s)|, Complex stabiity radius
m The feedback connection is robustly stable if anky &
every element it# ,is stable. m Full real blockD =R"™
. Re(Mu(jw)) _ylm(Mu(jw)) )
m The stability radiuso D :{sup inf . a{ _ . :
Y _ ST imMy(j@)  ReMyy(ja)
p= SuF{p : ﬂﬂ 1S robustlystable} Real stability radius
Course on Randomized Algorithms, Seville © IENIT — CNR 2005 51 Course on Randomized Algorithms, Seville © IENT — CNR 2005 52
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[ OO gogoon [ S E— o  w—  —
= Mixed uncertaintyp ={A:A = blockdiag|g|! ol By By | = We deal with stability radii in state space
1 — A =
p= . Structured stability radius ‘?‘p - {AA ' AA =A+BAC,A0 BD (p)}
sup, 4(M (j@))

m uis the structured singular value

o 1
HM (@) =, e ) - detll —Moy(j)d) = O}

p=suf{p: A, isrobustlystabl¢

Course on Randomized Algorithms, Seville © IENT — CNR 2005 53 Course on Randomized Algorithms, Seville © IENT - CNR 2005 54
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[ OO gogoon
= ConsiderA,=A+A, where|a| < p, ADR™

|72}

m A, is quadratically stable if and onlyifP >0 such that
A'P+PA<0
for all vertex matriceg
m Simultaneous solution of Lyapunov inequalities is|a

convex przoblem, but number of matrix inequalities
grows a"

Course on Randomized Algorithms, Seville © IENT — CNR 2005 55
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m Consider stable t.M,,(s)=u(s)v'(s) whereu(s) andv(s)
are/-dimensional vectors of rational functions

m LetA=diag@,,...,q), then

det ~M,,(9)) =1+ Y qu (I (9)

i=1
m This leads to @olytope of polynomials
m Edge Theorem: The polytope is stable if and onlhé
one-dimensional edges are stable

Course on Randomized Algorithms, Seville © IENT - CNR 2005 56
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m An interval polynomial is of the form

’

P(S,0) = CGp + QS+pS +-- +5
whereqg0[qr, ¢*]
m Kharitonov Theoremp(s,g) is stable if and only if four|

particular vertex polynomials (Kharitonov polynonsigl
are stable

Course on Randomized Algorithms, Seville © IENT — CNR 2005 57
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m Many robust analysis and design problems may|be

formulated as convex optimization probléts

m A unifying framework is that based on Semidefinite
Programming (SDP)

H,/H,, control
Computable bounds feranalysis/synthesis
Multi-model robust design

[1] S. P. Boyd L. El Ghaoui, E. Feron and V. Balakniah (1994)
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m Many control problems in the presence of uncenaipt
may be cast a®bust SDP

minc’ x, subject to

F(x,A)>0

F(x.8) = Fo(8) + %R () +---+ %, F(8)

F=F,A08,(p)

m For generic uncertainty structures, we can only e
relaxations of original robust SDP

Course on Randomized Algorithms, Seville © IENT — CNR 2005 59
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CHAPTER 3
Randomized Algorithms

Keywords:Monte Carlo methods, law of large numbers,
Chernoff bound, worst-case bound

Course on Randomized Algorithms, Seville © IENT - CNR 2005 60
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m In worst-case analysis we compugesuch that allA
satisfy performance. Equivalently, we evalugtesuch

that
Agood = BD

Probabilistic Robustness Measure

IENT-CNR
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Probability of Performanc¢e
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= We define the probability of performance as

py = Prid(d) <v}
m Notice that, iff,(4) is uniform, then

= In a probabilistic setting, we are satisfied if taéo vol(A 4000
p}/ = q
Vol vollen)
vol(8,)
is close to one [1] RF. Stengel (1980)

Course on Randomized Algorithms, Seville © IEIT — CNR 2005 61 Course on Randomized Algorithms, Seville © IENIT — CNR 2005 62
= Volume of Stable Polynomialg e Volume of Stable Polynomial
T Continuous Timé! G Discrete Timé!
[ I — — —  —  — - [ S E— — O — — o
m Let m Let

P(s@) =g +as+ - +a,s’
m Define the set of stable polynomials
S, ={a0R™:0<a <1 p(s,a) # 00s: Re(s) > 0}
= The volume of stable polynomialg = vol(S,)

_n2
V,=e" - 0ash- o

[1] A.S. Nemirovskii and B.T. Polyak (1994)

Course on Randomized Algorithms, Seville © IENT — CNR 2005 63

p(za)=a,+az+-+27'
m Define the set of stable polynomials
S, ={aIZI[R”: p(z,a) %007 >1}
m The volume of stable polynomialg = vol(S,)

2 nv,V,
Vo= Vo 1 odd Vi = W neven
n-1 n-2

V=2, V,=4,V,=16/3

—n
V,=2""nz 5, 0 asn - o
[1] AT. Fam (1989)

Course on Randomized Algorithms, Seville © IENT — CNR 2005 64
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= Volume of Stable Polynomial
\EIT-CNR Discrete Time - 2
[ I E— — O — — -y il
ag
p(z.a) =8, +az+7’
S,

a

s, v

ml|f S, O B, we can compute in closed form th
probability of stability
_VOI(Sn EAgood)
=7 vol(B,)

\°2}

Course on Randomized Algorithms, Seville © IENT — CNR 2005 65
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Randomized Algorithms
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m Volume estimate and numerical integration with Mo

Carlo methods
= Monte Carlo and Quasi-Monte Carlo methéds

m Breaking the curse of dimensionality

[1] H. Niederreider (1992)

Course on Randomized Algorithms, Seville © IENT - CNR 2005 66
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m Assume thaf is random with pdf,(A) with supportB,,
m Accuracye [0(0,1) and confidencéJ(0,1) be assigned
m Performance function for analysis and level

J=J(8) Y
Course on Randomized Algorithms, Seville © IENT — CNR 2005 67
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m Two classes of randomized algorithms for probatizlig
robust performance analysis

= Probabilistic performance verification (compup
m Probabilistic worst case performance (compute wo
case performance)

m Both are based on Monte Carlo methods, i.e.

uncertainty randomization

Course on Randomized Algorithms, Seville © IENT - CNR 2005 68
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= We estimatgp by means of a randomized algorithm

m First, we generatd i.i.d. samples
AL A2, . 0N OB,

according to the densify

= We evaluate J(AY), J(A?), ..., I(AN)

Course on Randomized Algorithms, Seville © IENT — CNR 2005 69
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Empirical Probability
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m Construct an indicator function

I(Ai): 1 if J(A).sy
0 otherwise
= An estimate op, is the empirical probability

N . N
b=y )=

whereNy,.4is the number of samples such thi) <y

Course on Randomized Algorithms, Seville © IENT - CNR 2005 70
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[ OO gogoon

m The empirical probability is a reliable estimate if

b, — Pyl =P{I@) <y} -pyl<e

m Find the minimunN such that
P|p, - py| < £f21-6

wheree[J(0,1) ando 0(0,1)
m candJdare called accuracy and confidence

Course on Randomized Algorithms, Seville © IENT — CNR 2005 71
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m For anye (J(0,1) andd J(0,1), if

then

[1] J. Bernoulli (1713)

© IENT - CNR 2005 72
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m The number of samples computed with the Law of &a|

Numbers is independent of the number of block®Ajn
the density functiof, and the size aB,,

m The number of sample@sis very large

(=

\EIT-GNR Other Bounds|

[ f — E— i o o o o

m The Bernoulli bound is based on the Chebyshe
inequality

m Other bounds are also available, such as thosel ba
on the Bienaymé inequality

<

£ | 01% | 01% | 05% | 05% ) .
m A bound that largely improves the previous ones, fi
1-0 | 99.9% | 99.5% | 99.9% | 99.5% i val Sande is the Chernoff bound
N | 2500 | 50000 | Lom0 | 20008 small values oBandg, is the Chernoff boun
Course on Randomized Algorithms, Seville © IENIT — CNR 2005 73 Course on Randomized Algorithms, Seville © IENT - CNR 2005 74
= i
T GNR Chernoff Bouné! e Comparison Between Bound
[ OO gogoon [ S E— o  w—  —
m For anye[J(0,1) andoJ(0,1), if
N> log2 ‘\
252 8F \ Bernoulli _
then . \ Bionayme
Pq|p, - py| < £f21-6 2 \
2 “{\ \
' \
2r N \
e \\\\

[1] H. Chernoff (1952) o Gontidence Snd Aceuracy 1o’

Course on Randomized Algorithms, Seville © IEIIT — CNR 2005 75 Course on Randomized Algorithms, Seville © IENT — CNR 2005 76
=, =
e Chernoff Bound - 2 SR Computational Complexity of RA

[  — — I — — i)

m We remark that the Chernoff bound greatly improve
upon Bernoulli. The dependence o logarithmic

m The dependence onglis still quadratic

(2]

£ 0.1% 0.1% 0.5% 0.5%
1-0 | 99.9% | 99.5% | 99.9% | 99.5%
N [ 3.900° | 3.010° | 1.6(10° | 1.2110°
Course on Randomized Algorithms, Seville © IENT — CNR 2005 77

[ f — E— i o o o o

m  RAs are efficient (polynomial-time) because

1. Random sample generation&fcan be performed in
polynomial-time

2. Cost of checking stability for fixedi is polynomial-
time

3. Sample size is polynomial in the problem size an
probabilistic levelssand o

Course on Randomized Algorithms, Seville © IENT - CNR 2005 78

13



o
=
[

IENT-CNR

Polynomial-Time

 — — I — — i)

m The cost associated with the evaluationJ@&) for
fixed Al is polynomial-time in many cases. Fo
example, when checking stability &, performance

Course on Randomized Algorithms, Seville © IENT — CNR 2005 79

....m, Cost of Checking Stability

[ f — E— i o o o o

m Consider a polynomial
p(sa) =gy +as+ - +as’

m To check left half plane stability we can use tlwiR
test. The number of multiplications needed is
n? n-1
—forneven ——fornodd
4 4
m The number of divisions and additions is equahis t
number

= We conclude that checking stability isr@y

Course on Randomized Algorithms, Seville © IENT - CNR 2005 80

=
=

\EIT.GNR Worst-Case Performance

[ | I — e I — o Y

m Recall that

I = M2 J ()
m GeneratdN i.i.d. samples
AL 22, . AV OB,
according to the densify

(=

o Worst-Case Bourit

[ S E— o  w—  —
m For anye[J(0,1) andoJ(0,1), if
N> 1095
log#;

then
PiPRI(D) > J < ef21-0

m Compute
Jy = maxJ (&)
i=L..N [1] P.P. Khargonekar and A. Tikku (1996)
[2] R. Tempo, E. W. Bai and F. Dabbene (1996)
Course on Randomized Algorithms, Seville © IEIIT — CNR 2005 81 Course on Randomized Algorithms, Seville © IENT — CNR 2005 82
(= =
[ . I .

ETcNR Comparison S Interpretation of Worst Case Bour
[ OO gogoon [ S E— o  w—  —
. . Jie =

= The number of samples required is much smaller than @) ! m
that needed with the Chernoff Bound. 1
m The dependence onglis basically Iinea‘ElogE = ej A
VOl(Aya9) <&
JB)
g | 01% | 01% | 05% | 05% | 0.01% | 0.001% 1 -3
may N
1-0 | 99.9% | 99.5% | 99.9% | 99.5% | 99.99% | 99.999%
N [6.91103|5.3010° | 1.3810%| 1.06[10% | 9.2110*| 1.16(10°
a——; A
Vol(Byag) <€
Course on Randomized Algorithms, Seville © IEIIT — CNR 2005 83 Course on Randomized Algorithms, Seville © IEIT - CNR 2005 84
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||m_-c'u]n Volumetric Interpretation
OO gogoon

m |n the case of(A) uniform, we have

Pla(a)> 3, } = 7\</2)II((ABZC’))

m Therefore
PiPdaa)> 3y }<ef=1-0
is equivalent to

P{vol(A,..) < evol(B, )} 21- 3

—
...'.',—.e..J.. Confidence Intervals
) — e — . e e |

m The Chernoff and worst-case bounds can be comutg
priori and are explicit

m The sample size obtained with the confidence iaisris
not explicit

m Given 00(0,1), upper and lower confidence intervp|s
andp, are such that

P{p.<p,<p}=1-0

Course on Randomized Algorithms, Seville © IENIT — CNR 2005 85 Course on Randomized Algorithms, Seville © IENT - CNR 2005 86
= ; flf
\EITONR Confidence Intervals - 3 JENTONR Confidence Intervals - 3
[ OO gogoon [ S E— o  w—  —
m The probabilitesp, and p, can be computeda 8 [T
. . . . I D Y 7
posteriori when the value oNy,,4 is known, solving ass 2774
equations of the type s Z /
& (N N-k _ P ZEJ 6// Z
Z K P (1_ pL) =9 S ]
K=Ngooq AR iz i
Nexe (N % thaanan
k N-k _ 7 _
2 (kjpu(l-pu) =4 /A dunaan
k=0 5=0.05 o2 LAR Zi N
with §+4,=9 o Zae 1 H
o il Tt |
[ 0l 02 03 04 05 06 07 08 5 09 10
Estimated Probability py
Course on Randomized Algorithms, Seville © IEIIT — CNR 2005 87 Course on Randomized Algorithms, Seville © IENT — CNR 2005 88
f’r_: | 'T:'
\EUT-GNR Example \ENT-CNR Example -2

[ OO gogoon
m Let J(q) be the maximum real part of the roots of the
closed loop polynomial

p(s,0) = 39(Q) +a(a)s+--- +a,(a)s"
with g varying in the bo8,={qUR",|[|L.<1}
m Suppose thai(s,0) is stable. Then, a box
B(O)={a0R" |ll.<o}
of radiusp>0 can be determined so that
J(g)<0 for allg U B,(0)

Course on Randomized Algorithms, Seville © IENT — CNR 2005 89

S E— o  w—  —
= Can we estimate a box bigger th8g{o) so that only a
small number of plants in this box are unstable?

m We solve such a problem by applying the previod
results

[

Course on Randomized Algorithms, Seville © IENT - CNR 2005 90
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setl,,qis not greater thaavol(8,) = €= 0.001
m We obtain an increase in size which is at least
6,250,000

Course on Randomized Algorithms, Seville © IENT — CNR 2005 93

sample size for the problem
P{PI(3(A) <y)- py|<e,030T}21-6
whereJ is a class of functions

Course on Randomized Algorithms, Seville © IENT - CNR 2005 94

(=

\EUT-GNR VC and P-dimensidh?
[ OO gogoon
m The bounds obtained depend on quantities called

dimension (if J is a binary valued function), or P}

dimension (ifJ is a continuous valued function)

m VC and P-dimension are measures of the prob
complexity

m The bounds obtained are very conservative

[1] M. Vidyasagar (1997)
[2] E.D. Sontag 1998)

95

Course on Randomized Algorithms, Seville © IENT — CNR 2005

=

G Systems and Control Applicatio
[ ) I E— — O — — o

m The class of functions can take into account con
parameters

m We replacel(d) with J(A,x) wherek are the controller
parameters

m With this approach, we generate random samples|
bothA andx;, i.e.

AL A2 AN

m We will discuss this approach in the broader cdnbés

control system design with randomized algorithms

and k%, k2 ..., kN

© IENT - CNR 2005 96

(= =
e Example -3 o Example - 4
[  — — I — — i) [ f — E— i o o o o
= Consider the polynomial » The parameters=[q,,0,,0,0,] vary in the box [-1/2,1/2]
P(s,0) = ay(q) +a(q)s+ay(q)s’ +a,(q)s’ m Sincea,(q)=0 for g,=0.01, the box containing only stable
where plant is surely smaller than [-0.01,0.01]
a,(0) = ilOQ}l—l)z(SOqz + 0.5)2(08]+1)(q4 +2) m Taking&0.001 and>=0.01 we compute
a(d)= |(L00g, ~1)" +(500, + 05)"[(a, +1(a, +2) logi
+(100g, ~1)2(500, + 05) (g + 7 +3) N =4603> ﬁ
= (g5 +1)(q, +2) +(100y, —1)*(50q, + 05)° e
(0 &ur(lo()iﬂq _1)z)+ ((50;1 0'2)2(](231 a +)3) m We generateq,@?,...,q%% ii.d. samples using the
a(@)= (100y -17(50, + 05) +(q, + g, +3) uniform density function
Course on Randomized Algorithms, Seville © IENIT — CNR 2005 91 Course on Randomized Algorithms, Seville © IENT — CNR 2005 92
= =
\EiIT.GNR Example - 5 e Computational Learning Theory
[  — — I — — i) [ f — E— i o o o o
m We define the performance functiod(q) as the m The Law of Large Numbers studies the problem
maximum real part of the roots pfs,q) and compute Pr{\ p, - f)N\ < 5}21—6
3y = max J(A) =-0.0000042395 0 wherep, = Pr{J(8) <y}
. |t = The functionJ(2) is fixed
= With probability at least 15=0.99, the volume of the bad = Computational Learning Theory computes bounds enlth

j}

for

Course on Randomized Algorithms, Seville
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\EITGNR Choice of the Distribution
[ [ I E— — O — — oy il
m The probability Prf 0.}
depends offy,(A)

m [t may vary between 0
and 1 depending on the
pdf f,(2)

Course on Randomized Algorithms, Seville © IENT — CNR 2005 97

(=
G Choice of the Distribution

[ f — E— i o o o o

m The bounds discussed are independent on the chdice

of the distribution. To compute the estimates wedne
to know the distribution

m Some research has been done in order to find f
worst-case distribution in a certain cldlss

m Uniform distribution is the worst-case if a certain
target is convex and centrally symmetric

[1] B. R. Barmish and C. M. Lagoa (1997)

Course on Randomized Algorithms, Seville © IENT - CNR 2005 98

=
....'rm-,,,, Choice of the Distribution

[  — — I — — i)

m Minimax properties of the uniform distribution have
been shown i#

[1] E. W. Bai, R. Tempo and M. Fu (1998)

Course on Randomized Algorithms, Seville © IENT — CNR 2005 99

i
|EIIT-CNR
[ f — E— i o o o o

CHAPTER 4
Random Vector Generation

Keywords:radial distributions, inversion method, generalized
Gamma density, uniform distribution in norm balls

Course on Randomized Algorithms, Seville © IENT - CNR 2005 100

=
i L .
\RIIT.ONR RN and Univariate Generation
[ OO gogoon
m Random number generation (RNG): Various meth

available for uniform generation in the intervallp

ds

m Linear and nonlinear RNGs, Fibonacci, feedbackt shif

register, BBS, MT, ...

= Non-uniform univariate random variables: Suital
functional transformations (e.g., inversion method)

e

Course on Randomized Algorithms, Seville © IENT — CNR 2005 101

(=

EToNR Multivariate Sample Generatio
[ S E— o  w—  —
m Emphasis on finite sample size (Chernoff bound)

m Development of techniques not based on asympt
methods such as Metropolis (random walk) or Hit-
Miss

m Multivariate random variables: Rejection and corail
density methods

m Conditional density method requires computation
multiple integrals and can be used in some spea&g#s

=]

btic
Dr-

Course on Randomized Algorithms, Seville © IENT - CNR 2005 102
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....5,—;-.!.. Uniform Sample Generation ﬁb Balls

 — — I — — i)

= We study parametric uncertairgyn £, norm balls

m Objective: Uniform sample generation in the ball

By ={q0R": gl < 1}

IENT-CNR

(=

Rejection Method

f — E— i o o o o

m Rejection method: Curse of dimensionality
m Rejection rate for generation of uniform samplethim
Euclidean sphere using an hypercube as bounding se

n(n) = RIN7)" T(n/2+1)

n=1 n=2 n=3 n=4 n=10 |n=20 |n=30
1 1.2732(1.9099 | 3.2423 | 401.54 |4.10 |5. 103
Course on Randomized Algorithms, Seville © IENIT — CNR 2005 103 Course on Randomized Algorithms, Seville © IENT - CNR 2005 104
= = Non-uniform Distributions:
T Gamma Density e Inversion Method
[ I E— — O — — oy il ) I E— — O — — o
m Need to introduce a technical tool m A standard tool for univariate random variab

m A random variablex has (unilateral) Gamma density
with parametersa(b) if

1 AL/
r(a)b®

f (x) = ,x20

m We writex 0G(a,b)

m There exist standard and efficient methods for oamd
generation according 18(a,b)

Course on Randomized Algorithms, Seville © IENT — CNR 2005 105

generation is theaversion method
m LetwR be a r.v. with uniform distribution in [0, 1]. Le|
F be a continuous distribution function Brwith inverse
Fi(y)=inf{x:F(x)=y0<y=<]
m Then, the r.vz=F-}(w) has distributior~

m The generation is obtained by passing a uniform
through an appropriate transformate#

Course on Randomized Algorithms, Seville © IENT - CNR 2005 106

=
\EIIT.CNR Change of Variables

[ OO gogoon
m Letxbe ar.v. with pdf,(x)

m Letx=g(y), g invertible

m The pdf ofy is

(y)= fx(g(y))“’%—‘yy)‘

m This method also has multivariate extensions

Course on Randomized Algorithms, Seville © IENT — CNR 2005 107

=

Gamma Density

IENT-CNR

f — E— i o o o o

m A random variablexdR has Gamma density with
parametersa,b) if

1
r(a)b®

f (X)) = X x>0
= We denotex 0G(a,b)

m There exist standard and efficient methods for oamd
generation according 18(a,b)

Course on Randomized Algorithms, Seville © IENT - CNR 2005 108
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Generalized Gamma Densit

 — — I — — i)

Yy

=
If

ImIToNR Generalized Gamma Density -

[ f — E— i o o o o

12

m A random variablCOR has Generalized Gamma densjty
with parametersa(c) if e 6.l p)= 1
. e
f.(x)= _C g x>0 o8 )
r(a)
= We denotex Gy(a,c)
Course on Randomized Algorithms, Seville © IENIT — CNR 2005 109 Course on Randomized Algorithms, Seville © IENT - CNR 2005 110
= (=
\EITONR Comments JENTONR Joint Density
[ OO gogoon [ S E— o  w—  —
m If z~G(a,1), takingx = 2 we havex ~ Gy(a,c) m Let x=[x,...x] be a rv. with components
independently distributed according to the (bilafer
= Samples distributed according to a bilateral dgnsit Generalized Gamma density with paramelépsp
f(X) can be obtained from a unilateral dengity f,(2)
taking m The joint density ok is
X =8z - o
f (x)= xl® = CIxp
O Mrwy © “zrwp ©
wheres is an independent random sign taking values =

+1 and-1 with equal probability

Course on Randomized Algorithms, Seville © IENT — CNR 2005 111 Course on Randomized Algorithms, Seville © IENT - CNR 2005 112
= o
\EITONR Examples JENTONR Radial Densitieg

 — — I — — i)

m Multivariate normaN(0,l)

fx(x) - (ZJ;I)H e_EX X
is G4(1/2.2)
= Multivariate Laplace density
1 >
fX(X) _Ee !
is Gy(1,1)

Course on Randomized Algorithms, Seville © IENT — CNR 2005 113

[ f — E— i o o o o
= A random vectok[F" has/ -radial density if

£,00= g =K,

wherexl, =( x|

m g(r) is called thedefining functiorof x

Course on Randomized Algorithms, Seville © IENT - CNR 2005 114
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....'ﬁ-J. Examples of Radial Densitie
[  — — I — — i)
m The multivariate NormaN(0,1)

f ()=t
7 (2ay

N

e2

(%)

(=

e Radial Densityp=2

[ f — E— i o o o o

f,(x) = ke e

is /,-radial p \
. : . Rt LA
= The multivariate Laplace density m:,:é’gf::::‘*:‘\m@\\
1 Ikl %ﬂ’:’:’;‘%’:”;’:‘:’:&?&\\\\\\\.
fL(x)=_e i S L
2
is /,-radial
Course on Randomized Algorithms, Seville © IENIT - CNR 2005 115 Course on Randomized Algorithms, Seville © IENT - CNR 2005 116
(= =
....'M-..l.. Radial Densityp=1 ..;.,_c..', Radial Densities and Uniformit)

[  — — I — — i)

fx(x) = e i

Course on Randomized Algorithms, Seville © IENIT — CNR 2005 117

[ f — E— i o o o o
m The key connection betweef)-radial densities and

uniform distributions in¢, norm balls is given by th¢
following fact

m LetxUR"be(-radial, and letv be uniform in [0, 1],
then the random vector

X /n
y=—
I,

has uniform distribution on the norm ball

b id, <1

Course on Randomized Algorithms, Seville

© IENT - CNR 2005 118

=

....'m'..l.. Real Random Vector
[ OO gogoon
m Theoreni: Let F=R. If § are real r.v. distributed

according to the Generalized Gamma density

&~Gylt.p)
and w/[0,1] is a uniformly distributed r.v., then th
vector

"4

™

X

X,

is uniformly distributed irB

[1] G. Calafiore, F. Dabbene and R. Tempo (1998)

y=w

x=[&,...&]

Course on Randomized Algorithms, Seville © IENIT — CNR 2005 119

r

..;.,_c..', Algorithm for Real Uniform GeneratiorL
[ S E— o  w—  —
Generaten independent real scalafs-Gy(1/p,p

Construct vectox of components=s; &, wheres are
random signs

Generateg=wl", wherew is uniformin [0, 1]

Return y =@z
p

Similar algorithm exists for complex vectors

Course on Randomized Algorithms, Seville © IENT - CNR 2005 120
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....'ﬁ-J. Real RandomVectors Step 1
[ OO gogoon

step1

Course on Randomized Algorithms, Seville © IENT — CNR 2005 121

Real RandomVectors Step 2

f — E— i o o o o

step2

Bl
1 08 06 04 02 0 02 04 06 08 1

Course on Randomized Algorithms, Seville

© IENIT - CNR 2005 122

=
|

....'u'..l.. Real RandomVectors Step 3
[  — —  —  — - i)

step3

Course on Randomized Algorithms, Seville © IENIT — CNR 2005 123

Real Random Vectorz=1

f — E— i o o o o

Course on Randomized Algorithms, Seville

© IENT - CNR 2005 124

=
[
....'u'..l.. Real Random Vectors=0.7

[  — — I — — i)

Course on Randomized Algorithms, Seville © IENT — CNR 2005 125

IENT-CNR

Real Random Vectors=4

f — E— i o o o o

Course on Randomized Algorithms, Seville

© IENT - CNR 2005 126
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\EUT-GNR Complex Random Vector

[  — — I — — i)

m Theorem: LetF=C. If 7 are complex r.v. uniformly|
distributed on the unit circled are real r.v. distributed
according to the Generalized Gamma density

Ei~GQ(%J’p)

and w/]0,1] is a uniformly distributed r.v., then th
vector

1y

y=wh

X,

is uniformly distributed ir8

x =&

Course on Randomized Algorithms, Seville © IENT — CNR 2005 127

=

\EITGNR Non-uniform Distributions

[ S E— o  w—  —

m /-radial densities may be used to obtain genégic
radial distributions (other than uniform) on thenorm
ball

m Let XOR" be /-radial, and lez~f,a scalar r.v., then the

X .
random vectory=-—12 has density

I,

L=00= L LOr=ly,

wherev is a normalization constant

Course on Randomized Algorithms, Seville © IENT - CNR 2005 128

(=

\EIT-GNR Matrix Extensions

[ OO gogoon

m Matrix Hilbert-Schmidt norms

m For 1-induced aneb-induced matrix norms, the proble
reduces to vector case

=]

m Matrix spectral (max singular value) norm does ot
reduce to vector case

Course on Randomized Algorithms, Seville © IENIT — CNR 2005 129

|EIIT-CNR
[ f — E— i o o o o

CHAPTER 5
Matrix Sample Generation

Keywords:singular value decomposition, spectral norm, Haansiy,
conditional density method, Selberg integral, exaspl

Course on Randomized Algorithms, Seville © IENT - CNR 2005 130

(=

IEIT-GNR Matrix Sample GeneratiorL
[ OO gogoon
m How to generate efficiently uniform matrix samples?

m Vector case is solved for the real and complex,case
any¢, norm ball

m Matrix case is solved for the real and complex céme
any Hilbert-Schmidp-norm (reduces to the vector case)

m For 1 andw -induced matrix norms, the problem reduc
to the vector case

D
n

m Hard problem for the spectral norm

Course on Randomized Algorithms, Seville © IENT — CNR 2005 131

=

e A First Attempt: Rejection
[ S E— o  w—  —
m Methods based on rejection of samples generated f

an outer-bounding set fail, due to dimensionaguies

m Let

B (Vn)={a0c: A, < /n}
8@ ={anc™:[a), <1
80 ={a0c™:o(n) <y
then

B OB° (Vn); 8O OB8° O

m Uniform generation irBF andB~ is easy

Course on Randomized Algorithms, Seville © IENT - CNR 2005 132
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\EiITGHR Rejection Rates

[ OO gogoon

m Let /7 be the average number of samples that one n
to generate in the outer set, to find one sampléhén
good set

beds

(=

Singular Value Decompositio

IENT-CNR

f — E— i o o o o

m ConsiderACIF™™ m=n.
m Singular Value Decomposition
A=UZV
where UOF™" and VOF™" have orthonormal columns|
and

-

n= 2 3 4 5 6 8 10

n. | 12 |8,640| 8.7e8| 2e16 | 2¢26 | 5e54 | 1e95 2= diag{,,0,....,q;}

n | 8 | 468 | 1.8¢5| 4e8 | 6e12| 2e23| 1e37 whereo>0p..>0,>0
Course on Randomized Algorithms, Seville © IENIT - CNR 2005 133 Course on Randomized Algorithms, Seville © IENT - CNR 2005 134
= (= The pdf of the
\EITONR A Class of Matrix pdfs e Singular Values — Real Cade
w 1 e s s o w s s s o Y
m Unitarily Invariant densities: Depend only on oA » Theorenil: Let ADR™™. The following statements are equivalent

F . ={fr(8) = f,(2)} m The pdffy(8) is unitarily invariant
. . - m The joint pdf ofU, ZandVis fy sy (U,Z,V) = f, U) (D) f, (V)
m Radial Symmetric densities: Depend only on norm of Jolnte o e
Fr ={2(8) = 1,(@(2))} U =ulfu:uuT =1
, N f, ) =ufv vy =1, >
m Uniform distribution in8 n
- m-n 2 2
f,(0) = U[B] fs(2) =Y, fA(Z)DUk KII;LS@ -a7)
is a special case of radial density
[1] G. Calafiore, F. Dabbene and R. Tempo (2001)

Course on Randomized Algorithms, Seville ©IEIIT — CNR 2005 135 Course on Randomized Algorithms, Seville © IENIT - CNR 2005 136
=, =
\EITONR Real Matrices e Uniform Matrices — Real Casg

[  — — I — — i)
m Y is a normalization constant

_@n)"™2 2 r(k-1/2) & r(k-1)/2)
YIR - n(m+1)/2 _ -
2 r (k 1) k=m-n+1 r (k 1)

m Proof of previous theorem is based on the deterinima
of the Jacobian of the mapping betweeand its SVD
factorsU,Z,V. Details are highly technical

Course on Randomized Algorithms, Seville © IENIT — CNR 2005 137

[ S E— o  w—  —
m For particular case of uniform matrices

Mo -a?)

I<i<ksn

f2(2) = Ky Hak -
with 0,>0,>...>0,>0

m The value oKy is given by the Selberg Integral

K :nunm"'l r((m+i+1)/2)
RO uF(3/2+i/2)r(i/2+1)l'((i+m—n+1)/2)

Course on Randomized Algorithms, Seville © IENT - CNR 2005 138
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The pdf of the

Singular Values — Complex Cage
OO gogoon

.’,I T

IENT-CNR

m Theoren: Let AOC™™ The following statements are equivalent]

= The pdffy(A) is unitarily invariant
m The joint pdf ofU, ZandVis f,;y,U,Z,V) = f,(U)f:(2) f, (V)

f,U)=ulu:uu =1}
f, ) =ulv vy =i,v, >

1(5) =Y, (%) H a2 (02 - a2f
= 1<i<ks<n

[1] G. Calafiore, F. Dabbene and R. Tempo (2001)

© IENT — CNR 2005 139
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(=
Complex Matrices
S E— o  w—  —

m Y is a normalization constant

IENT-CNR

YC = nL
H(n—k)!(m—k)!
m Proof of previous theorem is based on the detetinima

of the Jacobian of the mapping betwe®and its s.v.d.
factorsU,z,V

Course on Randomized Algorithms, Seville © IENT - CNR 2005 140

(=

(4%

Uniform Matrices — Complex Cas
OO gogoon

m Consider particular case of uniform matrices, amahge
of variables=g?, with ordering condition removed

IENT-CNR
I

600 =K []H []06-%)°

1<i<ksn
m The value oK, is given by the Selberg Integral

_15 r(m+i+1)
ol rEi+ri+m-n+1)
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Outline of Sample Generation Methad
S E— o  w—  —

m  For uniform A, its SVD factors are independently
distributed

IIIIT-CN|R

1. Generate the sampleslofandV (easy problem)
2. Generate the samplesXthard problem)

3. Build matrix samplé&=UZVT

Course on Randomized Algorithms, Seville © IENT - CNR 2005 142

=
Generation of Haar Sample
 — — I — — i)

m Uniform distribution over orthogonal (or unitaryjouip
is known as the Haar invariant distribution

IENT-CNR

m Fundamental property: i is Haar, therQU has same
distribution asU, for any fixed orthogonal (unitary

matrix Q

© IEIIT — CNR 2005 143
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=

Generation of Haar Samplgs
f — E— i o o o o

m  Haar matrixUOR™" may be generated by means of QR
decomposition as follows
1. X =randn(n,n);
2. [Q,RI=QR(X);
3. U=Q;

m  Complex case works similarly

m  Rectangular Haar matrices work similarly

© IENT - CNR 2005 144
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\EIIT-GNR \EITGNR Conditional Density Method
[ OO gogoon [ S E— o  w—  —
m |s a general method that reduces generation aceptdi
Generation of the Singular Values one n-dimensional distribution ton one-dimensional
for Complex Matrices sample generation problems
m Drawback: Requires computation of marginal densitiep
m The previous is a very hard problem in genenal:
Computing multiple integrals
Course on Randomized Algorithms, Seville © IEIIT — CNR 2005 Course on Randomized Algorithms, Seville © |ENT — CNR 2005 146
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\EITONR Conditional Densities Method - P JENTONR Conditional Density Method - 3
[ OO gogoon [ S E— o  w—  —
m Write f,(x,...x,) as m A vector XOR" with density f(x) can be obtained
(X Xg) = FL00) T (% 1)< (X ] %+ Xooy) generating sequentially thxe i=1,...,n
where
: fia (% %) m Each x is generated independently according to the
and univariatedistribution
£10+%) = [ £ 0G0, ) A -, FiO% 1%+ %)
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= Computing the Marginal Densitie$: =
....'M-..l.. Complex Matrices e Key Result
OO gogoon S E— o  w—  —
m The marginal densit peens X is eqaal t
£L0+X) = [ 060X ) g0, g “"z _)”I) “
n-i)! R
f(%%,) =K VMY, "
L1 . (%0%,) =K, m v, \ka
% X m WhereM=R,
Let — V=[X X o X |E[X00) X(x) - X(%)]
P [Rl,=— = ri=1..n
)(1"_1 X;'_l )gn-l or+l+m-n-1
be a partial Vandermonde matrix m Proof of result based on Dyson-Mehta Theorem
Course on Randomized Algorithms, Seville ©IEIIT — CNR 2005 149 Course on Randomized Algorithms, Seville © IENIT - CNR 2005 150
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\BUT-GNR Dyson-Mehta Theorem
\ ) e s s [ s [ s
m  LetZ [OR""be a symmetric matrix such that

L [Z]i=%.%)
o Jwdu( =c

o [wOonw(y, 2)duty) =¢(x.2)

whereduis a suitable measure, aod a constant. Then
[det@,)du(x,) = (c-n+1det@, )

whereZ, ,is the submatrix obtained fro&, removing the row

and column containing,

(=

Key Result - 2

IENT-CNR

f — E— i o o o o

m Givenxy, %,..., X4, the marginal density is expressed
a polynomial inx;

7n2(n71)
P(x)=CoX™ 2 b
m The constant§, and the coefficientb, are computed by
means of appropriate recursions
m We have efficient way to compute conditional deesit

2(n-1)
06150 %) =KX 3 b
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= = Computing the Marginal Densities:
\EUT-GNR \ENT-CNR Real Matrices

[  — — I — — i)

Generation of the Singular Values
for Real Matrices

Course on Randomized Algorithms, Seville © IENT — CNR 2005
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m Use again the conditional method
m Mathematical details are different from the compiese

= We again obtain marginal densities in “closed form”

Course on Randomized Algorithms, Seville © IENT - CNR 2005 154

P .

!.”rr_f
IEIT-GNR Key Result
\ ) i e e s s o i 1

m The marginal densitf(a,..., 7)) may be computed as

f (0)= L W(d... a)nak'

where
W (X,...,%) = jj...levvn(x) | du(x,) - dpr(Xy)
being ={0<>g1<~~-<x1<]}
du(x) = %0,

v=3(m-n-1)

Course on Randomized Algorithms, Seville © IENIT — CNR 2005 155
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Computation ofp

IENT-CNR

f — E— i o o o o

= Theorem¥(x,,...,x) is equal to

X Sdet]| 0

M)
0

=V (KpoaXa) O]

4&---»&1

wherea;=(v+1)(n-1)

{ X'(x) X% )} for n—ieven
M(x)=4] S(x) X(x) F(x)
-X"(x) 0 0 forn—iodd,
0

FT(x) 0

Sk(x) =

i

(j-k)¥*
2k ;(l*kl Fi(q) = T

robe
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\EiITGHR Marginal Densities \EITGNR Sample Generation: Summa
[ OO gogoon [ f — E— i o o o o
. m Details are highly technical
9420 ;s m Computation of the pdf of the singular values
- e m Computation of the pdf dfl,V (Haar distribution)
S — ol m Conditional density method
- s m Closed-form solution of a multiple integral
z " £ = Dyson-Mehta Theorem
Course on Randomized Algomhms? Seville © IEIIT — CNR 2005 : 157 Course on Randomized Algorithms, Seville © |ENT — CNR 2005 158
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\EiIT.GNR Polynomial-Time Algorithms e

[ OO gogoon

m Polynomial-time algorithms for the recursive getiera
of the singular values have been developed

m Algorithms require at each step only additions &
multiplications of polynomial matTrhiAces

m Technical details and MATLAB software can be
found at the URL_http://www.polito.it/~dabbene

m Method becomes ill-conditioned for large n (n>20)

f — E— i o o o o

Quasi-Monte Carlo Methods

m Uniform matrices concentrate on the boundary of fhe

norm-ball
Course on Randomized Algorithms, Seville ©IEIIT — CNR 2005 159 Course on Randomized Algorithms, Seville © IENIT — CNR 2005
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e Quasi-Monte Carlo Methdd b Quasi-Monte Carlo Methoq
[ OO gogoon [ S E— o  w—  —
m RAs presented are based on Monte Carlo (MC) m For integration, discrepancy is a measure of how
= Monte Carlo used for integration and optimization sample set is “evenly distributed” within the integon

] ) o ) domain (unit cube)

m Quasi-Monte Carlo (QMC) is a deterministic versidn p

MC

[1] H. Niederreiter (1992)

Course on Randomized Algorithms, Seville © IENT — CNR 2005 161

m For optimization, the measure is the dispersion

Course on Randomized Algorithms, Seville © IENT - CNR 2005 162
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N Discrepancy

[ OO gogoon
m Let Sbe a non-empty family of subsets of [0,2hd let
AL,...,ANO[0,1]" be a (deterministic) point set

= The discrepancy is defined as
Q)

Dy (&,...AY) = sup|- N

-Vol(s)

where supremum is taken w8 O S Vol is the
volume ofSandl is the indicator function of the s8t

Course on Randomized Algorithms, Seville © IENT — CNR 2005 163
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\EIIT.ONR Integration Error

[ f — E— i o o o o

m Integration error is given by the Koksma-Hlawk
inequality

|Ig<A) da-(U/N)Y 9@) | < V(g) Dy(&..A")

where V@) is the variation of

m To minimize integration error, we need to minimiz
discrepancy

Course on Randomized Algorithms, Seville © IENT - CNR 2005 164

(=

\EIIT.CNR Optlmal Sequence

[ OO gogoon

m Need to find low discrepancy (optimal) sequencgs
which minimize discrepancy

\°2}

m There are various low discrepancy sequences imgudi
van der Corput (fom=1), Halton, Sobol, Nieterreiter
(for n>1)

m For Halton sequence we have

Dy (AL 42, ..., AN) = O(N1 (log N)")

Course on Randomized Algorithms, Seville © IENT — CNR 2005 165

=

|||I|1'-cm\ MC and Q MC

[ f — E— i o o o o

= The average absolute error of MC iN9f)

m Main result of QMC: The (deterministic) error is
O(N*(log N)")
wheren is the problem dimension

m This error is asymptotically smaller thanN&¥{?) but it
depends on

m Huge sample size is required before QMC is supéoio
MC

Course on Randomized Algorithms, Seville © IENT - CNR 2005 166
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CHAPTER 6
Randomized Algorithms for
Robust Design

Keywords:LQ regulators, probabilistic quadratic stabilizatip
gradient based algorithms, probability-one conteoll

© IEIIT — CNR 2005 167
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IIIIT-CN|R
[ S E— o  w—  —
m Starting point: worst-case analysis versus design

m Consider an interval family(s,q), aU8,={ qCR",|g|[.=<1}
= Analysis problem:
— Check ifp(s,g) is stable for aly05,
Answer: Kharitonov Theorem

m Design Problem:
— Does there existgl8, such thap(s,q) is stable?
Answer:Unknownin general

Course on Randomized Algorithms, Seville © IENT - CNR 2005 168

Analysis vs Design with Uncertainty
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||||.1Tc'“n Example

 — — I — — i)

m Example:

P(s,) = (S~ Gp)(S =)+ (S~ o)
with ¢0[-0.5,0.5]
= Probability of stability is 0.5
m Forn large the probability goes to zero

m Nevertheless, it is easy to design a stable polyalom
the family, e.gp(s,g*) for

Gp =0 ==, =025
m Notice that this is not a fragile solution

Course on Randomized Algorithms, Seville © IENT — CNR 2005 169
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Synthesis Paradign

f — E— i o o o o

(=]

d e
L)
KS

m Design the parameterized
stability and performance

controllél, to guarantee

Course on Randomized Algorithms, Seville © IENT - CNR 2005 170

(=

IENT-CNR

Probabilistic Synthesis Paradigmn

OO gogoon
= Uncertainty randomization & in 8,,
m Convex optimization to design the controlk(s)

L
o

© IEIIT — CNR 2005 171

I
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K(s)

=

Synthesis Performance Functi
f — E— i o o o o
m Recall that the parameterized controlleKis

IENT-CNR

m We replace)(A) with a synthesis performance function|

J=J00)

where® 00 ® represents the controller parameters to|be

determined and its bounding set

Course on Randomized Algorithms, Seville © IENT - CNR 2005 172

=

Randomized Algorithms for Synthesjs

OO gogoon
m Two classes of RAs for probabilistic synthesis

IENT-CNR

= Average performance synthé8is

= Robust performance synthédis

[1] M. Vidyasagar (1998)

[2] B. Polyak and R. Tempo (2001)

Course on Randomized Algorithms, Seville © IENT — CNR 2005 173
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f — E— i o o o o

Average Performance Synthesis

Course on Randomized Algorithms, Seville
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Statistical Learning Theory for Desig
OO gogoon
m Statistical learning theory for probabilistic dediy

m Controller randomization and uncertainty randoniarat
= Bounds on the sample size: issue of conservétism

Illl:ﬁ'llll

[1] M. Vidyasagar (1997)
[2] V. Kolchinskii, C.T. Abdallah, M. Ariola, P. Drato and D. Panchenko (2000)

(=

Average Performance Syntheg

IENT-CNR

f — E— i o o o o

m Denote the average performance of the plant by

¢(6) = B, {J(A.0)}
where E is expectation wrtA and optimal averagg
performance is

o*= inf ()
800

m RA returns with probabilityl-o a design vectod,, such
that

00, - o* < £

Course on Randomized Algorithms, Seville © |IENIT — CNR 2005 175 Course on Randomized Algorithms, Seville © IENT — CNR 2005 176
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....m..l.. RA for Average Performance Synthesis ..;.m., Comments
OO gogoon S E— o  w—  —
1. Determine finite sample si2é=N(g,J) m This RA is based upon Statistical Learning Th&bry
2. DrawN sampleshZ,..., AV according to the given pdf m Sample complexity may be determined using the bou
3. Return the controller parameter N> (128k2)(log(8/d) + d (log (32ef) + log log (32e4)))
0, =arg inf Nyooq(6)/N for any £ 0(0,1) andd 0(0,1) and where d is an uppg
e} bound on the P-dimension of the function family
where Ny,.q () is the number of samples such that
I @)<Yy J ={J(-9), for all 6}
[1] M. Vidyasagar (2002)
Course on Randomized Algorithms, Seville ©IEIIT — CNR 2005 177 Course on Randomized Algorithms, Seville © IENIT — CNR 2005 178
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\EUT-GNR Comments |I|I|1'-cm\
[ OO gogoon [ S E— o  w—  —
m An upper bound for d can be computed for sevgral
control problems. However, this introduces an eldval
of conservatism.
m First issue: The sample complexity is huge
m Second issue: How to compute “inf”
= Randomization may be used also in this case, bst [th Robust Performance Synthesis

implies to generate controllers at random
m Advantage: Convexity a(A, 0) is not required

Course on Randomized Algorithms, Seville © IENT — CNR 2005 179
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Robust Performance Synthegis

= RA returns with
that

m Controller parameteB,, is constructed using a finitg
numberN of random samples @

 — — I — — i)

probabilityl-d a design vecto8,, such

Pr{id(p, 0,)<y}>1-¢

Course on Randomized Algorithms, Seville
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(=

mwawe  RA for Robust Performance Syntheg

[ f — E— i o o o o
. Initialization

Determine sample size functidifk)=N(z,Jk)

Set k=0, i=0 and choos8’

Feasibility loop

Set I=0 and feas=true

While | <N(K) and feas=true
Seti=i+1, I=H+1

Draw A’ according to f

If J(Av, @) >yset feas = false
0. End While

BooNo0a wN e

11. Exit condition
12. Iffeas = true
13. SetN=|

14. Return@, =@~
15. End If

“land Exit

16. Update
17. Update 8= y,,,(2, 8)
18, Set k=k+1 and goto 4

Course on Randomized Algorithms, Seville © IENT - CNR 2005 182
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 — — I — — i)

m This RA is based on convexity of the performancacfion

JD.8)ind

= Key point: Update rulgy,,,4(4', 8%) in the update step

m Specific implementations of the update rule areaalignt step or
a step of the ellipsoidal method

m For anye, &, number of stepN(k) of the algorithm is given &

N(K) <

[1] Y. Oishi (2003)

2logni(k +1) —log(69)
logsL

Course on Randomized Algorithms, Seville
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[ f — E— i o o o o

RAs for Optimal Control (LQR)

Course on Randomized Algorithms, Seville © IENT - CNR 2005 184
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Uncertain Systems in State Space

 — — I — — i)

m We consider a state space description of the wine

system

(=

|I|I|.1'-cun LQ regulator

[ f — E— i o o o o

m The performance index is the quadratic cost function

X(t) = A(A)x(t) + Bu(t)
with x(0)=x,; xXOR"; uOR™ A B,,

m For example,A(d) is an interval matrix with bounded
entries a; <a; <a/

Course on Randomized Algorithms, Seville © IENT — CNR 2005 185

J= J:o (x"Sx+uTRu)dt

whereS>0 andR >0 are given weights

m The state feedback controller is

u=-R'B"Qx
whereQ=QT >0 is solution of a QMI

Course on Randomized Algorithms, Seville
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T Quadratic Matrix Inequality

[  — — I — — i)

m Find Q=QT >0 such that, for given 8y<1,

AL)Q+QAT(A) - 2BR'B +y(QSQ+BR'B")<0

for all AO B,
m Then, the cost

1141
J<=XQ
yXo %

is guaranteed for ali0] B,

Course on Randomized Algorithms, Seville © IENT — CNR 2005 187

(=

Robust Quadratic Stabilizatio

IENT-CNR

f — E— i o o o o

m Quadratic stabilization and guaranteed cost can
reduced to checking a finite number of matr
inequalities

m Example: If A(Q) is an interval matrix andR=I, for
quadratic stabilization we take= 0 and we need to find
a solutionQ=QT >0 of

AQ+ Q(A) -2BE <0

for all vertex matriceg\

Course on Randomized Algorithms, Seville © IENT - CNR 2005 188
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\EIIT.GHR Probabilistic Quadratic Stabilizatio

[ OO gogoon

m Critical problem: The number of LMIs may be too larg
and not tractable with classical interior point hoets

m Example: If A(d) is an interval matrix the number of
LMls is equal to the number of vertex matrices

N, =27

m Probabilistic version of quadratic stabilizationdabQ

regulator

-

Course on Randomized Algorithms, Seville © IENT — CNR 2005 189
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Probabilistic Solution

IENT-CNR

f — E— i o o o o

m Randomly generatAl,..., AN 00 8,,. Then, check if the
LMI
AQ+ Q(A) -2BB <0
is feasible fori=1,...N and find a common solutior]
Q=Q">0
m Critical problem: Even iiN is relatively small, this is a
hard computational problem

Course on Randomized Algorithms, Seville © IENT - CNR 2005 190

=
=TGR Sequential Algorithm

[ OO gogoon
m Key point: Sequential algorithm which deals with onpe
constraint at each step

m At stepk we have
Phase 1: Uncertainty randomizationfof
Phase 2: Gradient algorithm and projection

m Final result: Find a solutio®@=QT >0 with probability
one in a finite number of steps

Course on Randomized Algorithms, Seville © IENT — CNR 2005 191
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Definitions

IENT-CNR

f — E— i o o o o

m Let & be an Euclidean space

A= Zai}

ik=1

&, :{A: ATOR",

andC be the cone of positive semi-definite matrices

c={A0¢&,:A20}

Course on Randomized Algorithms, Seville © IENT - CNR 2005 192
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projection BJ*OC as
[A]" =argmin|A- X|
decompositiolA=TATT
m Then

[ =TAT
whereA;*=max {A; ,0}

Course on Randomized Algorithms, Seville

Projection on a Cong
[ OO gogoon
m For any real symmetric matribA we define the

m The projection can be computed through the eigeleva

© IENT — CNR 2005
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Phase 1. Uncertainty Randomizati

f — E— i o o o o
= Uncertainty randomization: Generate(] B,,

m Then, for guaranteed cost we obtain the QMI

AL)Q+QAT(A) - 2BRBT + y(QSQ+BR'B)<0

Course on Randomized Algorithms, Seville
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=

m Define a matrix valued function
V(Q.A) =

A(A)Q + QAT (A) - 2BR™BT +y(QSQ+ BR'B")
and a scalar function

QA= V@Al

where |[]] is the Frobenius norm

= We can also take the maximum eigenvalu¥(@ AY)

Course on Randomized Algorithms, Seville

Matrix Valued Function
[

 — — I — — i)

© IEIIT — CNR 2005 195
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Phase 2: Gradient Algorithn

m We write

and r>0 is a parameter

Course on Randomized Algorithms, Seville

f — E— i o o o o

o= {[Qk oM@ AN if vieh.a)>o0
Qk

otherwise

wheredy, is the subgradient and the stepsi#és

) oo e

LEUCRY iy

© IEIT - CNR 2005
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= The functionv(Q,AK) is convex inQ and its subgradien
is given by

d Qe )=
(@) (k) + s) + (A +1os) Q&)

viQ.4)
if v(Q,AK)20, and it is zero otherwise

Course on Randomized Algorithms, Seville
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Closed-form Gradient Computatio

IENT-CNR

Theorent

m Assumption: Every open subset &, has positive
measure

m Theorem: A solutiorQ, if it exists, is found in a finite
number of steps with probability one

m Idea of proof: The distance ¥ from the solution set
decreases at each correction step

[1] B.T. Polyak and R. Tempo (2001)

Course on Randomized Algorithms, Seville
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Worst-Case Solutior
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OO gogoon

m The sequential algorithm provides a candidate guiu
for the set of QMls

m We can check if this candidate solution satisfidls |a
QMils and it is a worst-case solution, otherwise we
the algorithm again

Course on Randomized Algorithms, Seville © IENT — CNR 2005
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Extensions

f — E— i o o o o

m  Minimization of a measure of violation for problent
that are not strictly feasibie!

= Uncertainty in the control matriB=B(A), AQ B,
We take the feedback law
u=YQ'x
whereY andQ=QT >0 are design variables

[1] B.R. Barmish and P. Shcherbakov (1999)
[2] G. Calafiore and B.T. Polyak (2001)

7]
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\EIT-GNR Further Extensions
[ OO gogoon
m Nonlinear constrained systems

m Disturbance rejection and relations with game tyiglor
= Improvements from the numerical point of view

[1] T. Basar and P. Bernhard (1995)

Course on Randomized Algorithms, Seville © IENT — CNR 2005 201
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Related Literature

IENT-CNR
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m Related literature on optimization and adapt
control with linear constrainis?3:4]

m Stochastic approximation algorithms have bg
widely studied in the stochastic control a
optimization literaturé !

[1] S. Agmon (1954)

[2] T.S. Motzkin and 1.J. Schoenberg (1954)
[3] B.T. Polyak (1964)

[4] V.A. Bondarko and V.A. Yakubovich (1992)

[6] H.J. Kushner and G.G. Yin (2003)
[71J.C. Spall (2003)
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\TENR Subsequent Researgh
[ OO gogoon
m Design of common Lyapunov functions for switched
systenit]

= From common to piecewise Lyapunov functi@hs
m Ellipsoidal algorithm instead of gradient algoritRim
= Stopping rule which provides the number of stéps
m Nonlinear constrained systems

[1] D. Liberzon and R. Tempo (2004)

[2] H. Ishii, T. Basar and R. Tempo (2004)

[3] S. Kanev, B. De Schutter and M. Verhaegen (2002)
[4] Y. Oishi and H. Kimura (2003)
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Examplé!
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m We study a multivariable example for the designao
controller for the lateral motion of an aircraft.

m The model consists of four states and two inputs

0 1 0 0 0 0
0 L L L 0 -391
“(t) = P B J 1) + t
0= g oy, -1 [O% o035 o 'O
Ny(%) N, Ng+NY, N -N, -253 031

[1] B.D.O. Anderson and J.B. Moore (1971)

Course on Randomized Algorithms, Seville © IENT - CNR 2005 204
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Example - 2
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m The state variables are
— X, bank angle
— X, derivative of bank angle

IENT-CNR

(=

Example - 3

f — E— i o o o o

m Nominal values: Lp:-2.93, Lg=-4.75, L,=0.78,
g/V=0.086, Y;=-0.11, N;=0.1, N,=-0.042, N,;=2.601,
N,=-0.29

_ x, sideslip angle m Perturbed matriA(A): each parameter can take values|in
x. iaw rate a range of£15% of the nominal value
) . » Quadratic stabilityy=0): takeR=I andS=0.01
m The control inputs are . e .
dder deflecti m Remark:A(A) is multiaffine in the uncertain parameterg:
~ U rudder deflection quadratic  stability can be ascertained solvihg
— U, aileron deflection simultaneously 2512 LMIs
Course on Randomized Algorithms, Seville © IEIIT — CNR 2005 205 Course on Randomized Algorithms, Seville © |ENT — CNR 2005 206
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T GNR Example - 4 e Example - 5
[ OO gogoon [ S E— o  w—  —
m Sequential algorithm: m The corresponding controller
— Initial pointQ, randomly selected T4 _|38.619. -4.373. 43.128 -49.958'
. K=B' Q™ =
— 800 random matrice/s¢ -2.8814 -10.1758 10.2370 -0.4954
— The algorithm converged to satisfies all the 512 vertex LMIs and thereforesiaiso a
0.756( -0.084% 0164 0.733¢ quadratu.: stabilizing controller in a deterministense .
m The optimal LQ controller computed on the nomirjal
= -0.0843 1.0927 0.7020 0.4452 plant satisfies only 240 vertex LMIs
0.1645 0.7020 0.7798 0.7382
0.7338 0.4452 0.7382 1.2162
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\EUT-GNR |I|I|1'-cm\ Robust LMlIs
[ OO gogoon [ S E— o  w—  —
m We discuss stochastic optimization methods for

CHAPTER 7
Probabilistic Algorithms for
Robust LMIs

Keywords:robust LMI, robust and approximate feasibility, stastic
gradient methods, quadratic stability

Course on Randomized Algorithms, Seville © IENT — CNR 2005

determining admissible solutions to robust Lineaatfix
Inequalities (LMIs)

m Robust LMI
F(x,A)<0;0A08,,xOR"
where

F(x8) = Fy(8) + Y XF(8); F = KT OR™

i=1

Course on Randomized Algorithms, Seville © IENT - CNR 2005 210
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Robust LMIs - 2
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 — — I — — i)

m The set B, indicates a structured norm bound¢d
uncertainty set

D ={A:A =blockdiadgl, -+, 0,1, Ay, A Jf

B, (p)={0:A0D |8 < p}

Course on Randomized Algorithms, Seville © IENT — CNR 2005 211
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Robust Feasibility

f — E— i o o o o

m Let XOR™ be a non-empty convex and clossd

m A point X is a robustly feasible solution if aouly if
XOX,ancF(X,A)<0,0A08,

m Computing robust solution to LMIs is in gener
numerically difficult

m Robust SDP techniques can handle relaxations of
problem

2l

the

Course on Randomized Algorithms, Seville © IENT - CNR 2005 212
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\EIIT.CNR Feasibility Indicator Functior]
[ [ I E— — O — — oy il
m Introduce a scalar function

P(x.0) = |F" (x.0)|

whereF* indicates the projection df onto the cone of
positive semi-definite matrices

F* =argmin,,W - F|

=

Robust and Approximate Feasibilit

IENT-CNR

f — E— i o o o o

m A point X is a robustly feasible solution if aouly if
XOX,anc ¢(X,A) <0;0A0 B,
m In case no robustly feasible solution exists, waua®e a

probability density onA, and say thatx is an
approximately feasible solution if

x=aremin E,{#(x A)}

y

m The functiong(x,4) is convex:in

Course on Randomized Algorithms, Seville © IENT — CNR 2005 213 Course on Randomized Algorithms, Seville © IENT - CNR 2005 214
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- Recall: Projections o Subgradients o

[ OO gogoon

m Let F* be the projection of a symmetric matifxonto
the positive semi-definite cone, then

m F*=RD*R", whereF=RDR is the eigen-decompositiof
of F, with D=diag(@,,d,,...,d,)), and
D*= diag@,*,d,",...,d,*), whered,*=max(;,0)

m The (matrix) functior*(x) is convex irx
® The (scalar) functiog(x,4) = [F*(x,4)| is convex irx

Course on Randomized Algorithms, Seville © IENT — CNR 2005 215

f — E— i o o o o

m A subgradient ofp(x,4) atx is computed as follows. Let
TrEF*(x,4)

Op(x,A) = :
$(x.0) .
TrF, F*(x,0)
Then

Og(x,A)if #(x,A)# 0

3 #(x.A) = .

Ootherwise
Course on Randomized Algorithms, Seville © IENT - CNR 2005 216
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Algorithm for Approximate Feasibility
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Assumed is a random matrix with pdf;

Let g(X)=E{ ¢#(x,4)}

Let x be the minimum o§(x) overX

Let [0, {g(x.0)}| < 4; OxO X, A

Given an initial vectok, consider the recursion

Xk+1 = |_Xk _/]kax{¢(xkvAk)} X

where [}, denotes the projection onto the sgtandk
are i.i.d. samples drawn frofyp

Course on Randomized Algorithms, Seville

© IENT — CNR 2005
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Approximate Feasibility - 2

IENT-CNR

f — E— i o o o o

m Let further
X :%xk-ﬁixk'xo =m,=0,m =m_ +A,
m m

= Theorenfl: E{g(x)} - 9(x) £ C(k)

2 2k—1 >
P

1

[1] G. Calafiore and B. Polyak (2001)

Course on Randomized Algorithms, Seville
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Approximate Feasibility - 3

 — — I — — i)

m Moreover, if stepsizes are chosen so that

{Ai} -0

Then
lim E{g(x)} = 9(x)

m The proof of this result is based on convexity §&en
inequality) and properties of projections

Course on Randomized Algorithms, Seville © IENT — CNR 2005 219
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Algorithm for Robust Feasibility

f — E— i o o o o

m Assume that a strong feasibility condition holdstefie
exist X' 0 X,& > 0,such that

#(x.0)< 0, OxOX:|x-x| <& 0ADSB,

m Assume that, ik is not a robustly feasible solution, thg
it must hold that

Pr{F(x,4) >0} >0

Course on Randomized Algorithms, Seville © IENT - CNR 2005 220
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\EIT-CNR Robust FeaS|b|I|ty -2
[  — — I — — i)
m Consider the recursion
X =% = A0, 4206 B
whereAkare i.i.d. random samples drawn frém

m Define the stepsizes

AL RGN
A= Haa{mxk,m)}uz

A P(%.A) #0

otherwise

m For anyx, 0X the recursion finds a robugthysible
solution in a finite number of steps, w.p. 1

Course on Randomized Algorithms, Seville © IENT — CNR 2005 221

=

e Example: Quadratic Stabili#y
[ S E— o  w—  —
m Consider a linear system with

A(B) = A +4,0,|<rS;, 1 >0
-2 -2 0 1651 .9394 5691
A= 1 0 0| S=|.2451 4727 .1457
1 0 -2 7004 .4014 3141

m System is quadratically stable if and only if thesésts
P>0 that satisfies simultaneously 512 Lyapunov
inequalities for the vertex matrices

[1] B. R. Barmish and P. S. Shcherbakov (2002)

Course on Randomized Algorithms, Seville © IENT - CNR 2005 222
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IENT-CNR Example = 2 IENT-CNR Example - 3
[ OO gogoon [ S E— o  w—  —
m Let r=0.5 The stochastic algorithm (robust feasibility) m For r=1, we know that no actual robustly feasible
converged afteN=50 iterations to the solution solution exists
m After N=250 iterations of the approximate feasibili
1.2487 08155 0.3177 . 1€ app Y
algorithm, we found the solution
P=|0.8155 20443 0.2425 12042 09899 -0.2649
03177 02425 05371 P=| 09899 17455 -00967
» This solution may be checked to actually satisfy |al -0.2649 -00967 05577
Lyapunov inequalities m A posteriori probability of feasibility (computed itiv
Monte Carlo using 100,000 samplesp;is=0.996
Course on Randomized Algorithms, Seville © |IENIT — CNR 2005 223 Course on Randomized Algorithms, Seville © IENT — CNR 2005 224
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\EiIT.GNR Example - 4 \EITGNR Example - 5
[ OO gogoon [ S E— o  w—  —
m We recall that to assess quadratic sztability form a m Consider an example witi=10
deterministic  viewpoint one needg&" to sol 55 -3 90 37 —16 -1 4 -9 17 3
simultaneous Lyapunov equations S 40 -ar2 241 %0 29 203 103 -8 54
56 56 —140 =36 58 106 —80 82 =32 -28
1 =54 113 =24 -111 -174 198 —46 —68 -85
m Forn=4, 65,536 vertex matrices s | B0 8L 7% -®o-2M -9 T 38R
) 44 107 =191 =176 197 164 276 111 -58 26
m Forn=10, 1,26 18° vertex matrices _18 96 -278 —188 283 202 —4d0 107 29 101
-58 —134 82 173 =77 -89 181 135 76 -20
39 133 —438 -215 273 422 -376 165 -8 T8
m n=4 is already beyond the capabilities of many aurrp e e
SDP solvers = Nominally stable
Course on Randomized Algorithms, Seville ©IEIIT — CNR 2005 225 Course on Randomized Algorithms, Seville © IENIT — CNR 2005 226
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\EiIT.GNR Example - 6 \EITGNR Comments
[ OO gogoon [ S E— o  w—  —
m Check . quac}ratic stability for element-wise indepsrd m Two randomized algorithms for determinimgbustly
uncertainty wittr =0.5 feasible or approximately feasiblesolutions to robust
= N =2000 iterations yielded the solution LMIs
0.0898  0.0133  0.0708  0.0288 —0.0148 —0.0745 0.0516 0.0050 —0.0226 —0.0481 i i Y
0.0133  0.0843 —0.0890 —0.1109 0.1252 0.1242 -0.1433 0.0603 —0.0071 0.0336 - For the latter algorlthms Convergence IS Only am
0.0708 —0.0890 0.4107 0.2060 —0.3488 —0.3592 0.3319 —0.1474 -0.1014 —0.1467 H H
0.0288 —0.1109 0.2060 0.1998 —0.2236 -0.2538 0.2653 —0.0988 -0.0168 —0.0908 u These teChanueS are usefu' for prObIemS WhICh are
—=0.0148 0.1252 —0.3488 -0.2236 04252 0.3490 -0.3325 0.1988 0.0553 0.1282 1
Py = —0.q745 01242 -03592 —0.2538 0.3490 0.4237 -0.3797 0.1688 0.0404 0.1337 IntraCtable by means Of Standard (eXaCt) LMI meﬂ-]Od
0% 00005 01471 ~00%S 01085 01658 0149 041 0008 00ir » These solutions may serve as a good initial guess f
Toomi 003 0 owe ob® 0157 oA 00ir 00 008TL deterministic algorithm

m The estimated a posteriori probability of stabiléy.,=1.0

Course on Randomized Algorithms, Seville © IENT — CNR 2005 227
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Optimization Problem3
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m Extensions to optimization problems

m Consider convex functiorf(x) and function g(x,4)
convex inx for fixed 4

m Semi-infinite (nonlinear) programming problem
min f(x)
g(x,4) forall 40 B8
m Reformulation as stochastic optimization
m Drawback: Convergence results are only asymptotic

IENT-CNR

[1] V. B. Tadic, S. P. Meyn and R. Tempo (2003)

IENT-CNR

(=

Scenario ApproadH

f — E— i o o o o

m The scenario approach for convex problems

m Non-sequential method which provides a one-s
solution for general convex problems

m Randomization ol O 8 and solution of a single conve
optimization problem

m Derivation of a new bound on the sample size

m Applications to control systems design

[1] G. Calafiore and M. Campi (2004)

hot

D

Course on Randomized Algorithms, Seville © |IENIT — CNR 2005 229 Course on Randomized Algorithms, Seville © IENT — CNR 2005 230
= =
\EUT-GNR |I|I|1'-cm\ LPV
[ OO gogoon [ S E— o  w—  —
m LPV applications: Aircraft control, automated larn
guidance, communication networks
CHAPTER 8 m Parameterg=q(t) are unknown but bounded in ﬁa
Probabilistic LPV SyStemS m They can be measured on-line by the controller
Keywords:gain scheduling, Linear-Parameter Varying systems, m Critical issue: Parameter discretization (compléxity
parameter discretization
Course on Randomized Algorithms, Seville © IEIIT — CNR 2005 Course on Randomized Algorithms, Seville ®© IENT - CNR 2005 232
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e Quadratic LPV e Quadratic LPV -2
[ OO gogoon [ S E— o  w—  —
m LPV plant m The main goal is to design an LPV controller of tyyme
MO [ 2l BEG) R0 |20 {xc(t)} _ [Mq(t» Bc(q(t»}[xc(tq
e(t) | =| G (a(t) 1(a(h) | d(t) u(t) |~ | C.(ac) 0 y(t)
y®) | [C(qt)) Dy(alt)) 0 u(t)
) such that quadratic performance of the closed-|
with g [ 5, system is guaranteed and

= Assumption: Orthogonality conditions are satisfied

Course on Randomized Algorithms, Seville © IENT — CNR 2005 233

00 T d 3
. ([0 €' (t)e(t) t)i < ta0s,
¢ :dT(t)d(t)dt

Course on Randomized Algorithms, Seville © IENT - CNR 2005 234
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\EITGNR Structured QMI Solutio®

[ OO gogoon
m The LPV problem is solvable if and only if thereiséx
X=XT> 0 andY=YT> 0 such that foe> 0

P(X,q) = A(q)X + XAT(q) + XC (q)C,(q) X +
Yy *Bi(@)B/ (a) ~B,(q)B] (q) +& <0
Q(Y,q) = A"(Q)Y +YAQ) +YB(q)B (q)Y +
Y *Cl(9)C,(9) = C; (Q)C,(q) +4 <0

R(X,Y):—{ X yll}so

vy

[1] G. Becker and A. Packard (1994)

Course on Randomized Algorithms, Seville © IENT — CNR 2005 235
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\EITGNR Matrix Valued Function
[ ) I E— — O — — o
m Define a matrix valued function

P(X,q) 0 0
vV(X,Y,q)=| O Q(Y,9) 0
0 0 R(X)Y)
and a scalar function

v(X,Y,0) =| V(XY

m Remark: The gradient8,{v(X)Y,q)} and o{v(X)Y,q)}
can be computed in closed form

Course on Randomized Algorithms, Seville © IENT - CNR 2005 236

= =
i Gradient-based Algorithnp S Probabilistic LP\A!
[ OO gogoon [ S E— o  w—  —
n We write ) { ( . k)} . = Assume thag is random vector with suppas,
" O AUXE, Y g . . .
X ki _{ Xk - H0x e m Consider positive measure withiy
. or T m Theorem: The algorithm converges with probabilibe o
Ykt :{Yk _H0y ;(ka’kY Lq )}} in a finite number of iterations
Y4

if v(X*,Y*,g")> 0, or X* = X* andY*" = Y* otherwise
m Here/Kis a stepsize and

o vt )= (o, fobx vt @} o bkt v et} )

Course on Randomized Algorithms, Seville

© IEIIT — CNR 2005 237

m Remark: No assumption on the dependenceqoof
matricesA, By, B,, C;, C,, Dy, D,y

[1] Y. Fujisaki, F. Dabbene and R. Tempo (2003)

Course on Randomized Algorithms, Seville © IENT - CNR 2005 238
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\EIIT.CNR Application Example

[ OO gogoon

m Multivariable example for the design of a controffer
the lateral motion of an aircraft (2 inputs, 3 aufp 4
state variables)

m Nine uncertain parameters entering multiaffinelpitite
state matrix

m Each parameter is perturbed by relative uncertginty

Course on Randomized Algorithms, Seville © IENT — CNR 2005 239
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EToNR Numerical Resultg
[ ) — e — . e e |

m Sequential algorithm
— Initial conditions randomly selected
— 800 iterations
— Computation ok and Y«
— Construction of the controller
m We sety=3

m With p = 5% X890 and Y8 satisfy all 2=512 vertex
QMls

Course on Randomized Algorithms, Seville

© IENT - CNR 2005 240
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IEIT-GNR Numerical Results

[ OO gogoon

m With p = 8% X890 and Y8 still satisfy all 512 vertex
QMils

0.687. -0.071f -0.003¢ 0.146
oo _|~00715 04841 0.0687 0.029
-0.0035 0.0687 0.3395 0.140
0.1461 0.0299 0.1408 0.500
0.4814 0.1546 0.2158 0.1296
w0 | 0.1546 0.4166 0.1335 0.1246
"|0.2158 0.1335 0.6073 0.0187
0.1296 0.1246 0.0187 0.461

Course on Randomized Algorithms, Seville © IENT — CNR 2005 241
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WEIT-GNR Algorithm Updates
[ f — E— i o o o o
m The plot shows the algorithm updates

update

0 100 200 300 400 500 600 700 800

iteration

Course on Randomized Algorithms, Seville © IENT - CNR 2005 242
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\EITONR Fault Tolerant Control (FTC

[ OO gogoon

m Definition: Fault is an unpermitted deviation of leist
one characteristic property or parameter of thdesyq
from the acceptable/usual/standard condition

= Example (dramatic): Chernobyl pl&ht

[1] R. Isermann and P. Ballé (1997)
[2] G. Stein, Bode Lecture “Respect the Unstabl&80)

Course on Randomized Algorithms, Seville © IENT — CNR 2005 243
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e Robust Fault Tolerant Contf8l
[ S E— o  w—  —
m Discrete-time plant with time-varying faults
X(k+1)= A(f) x(K) + By(f) d(K) + B,(f) u(k)
(k) = Cy(f) x(K) + Dyy(f) d(K) + D(f) u(k)
Y(K)= C(f) X(K) +D5y(f) d(K) + D,(f) u(k)
The vector of faults i§= [f;,....f]
fi(k) = (L+w;; (K) ) 9i(k)
whereg;(K) is the nominal value and the fault estim
uncertaintys; is bounded by

15,1<1

[1] S. Kanev and M. Verhaegen (2004)

Course on Randomized Algorithms, Seville © IENT - CNR 2005 244
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\EUT-GNR Robust Fault Tolerant Contrg

[ OO gogoon
Reformulation of the problem as LPV

Fault estimate uncertaingyis taken as a random variabje
with given pdf
Development of randomized algorithms for computing
controller parameteis?]

Random generation éfand use of ellipsoidal method
Application: Brushless DC motor

[1] S. Kanev and M. Verhaegen (2004)
[2] S. Kanev (2004)

Course on Randomized Algorithms, Seville © IENT — CNR 2005 245

=

e Model Predictive Control (MP®)

[ S E— o  w—  —

m Development of randomized algorithms for MPC is
open area

m The separation principle does not hold when panaen
uncertainty is present

m Difficulty of deriving output feedback controller

m BMI solution isNP-hard

m Approaches based on finite-horizon output feedb)
MPC do not always guarantee robust stability of
closed-loop system

[1] E. F. Camacho and F. Bordons (2004)

Course on Randomized Algorithms, Seville © IENT - CNR 2005 246
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CHAPTER 9
Randomized Algorithms for
Switched Systems

=
(fr

IENT-CNR
I s o o o o

Common Lyapunov Functions for Finite

Keywords:common Lyapunov functions, piecewise quadratic fomgct Families
switching rules
Course on Randomized Algorithms, Seville © IENIT - CNR 2005 247 Course on Randomized Algorithms, Seville © IENT - CNR 2005 248
=, . fr=
[ Switched Systems Problent IT , 'L
..m'..l.. y IRIT-CHR Common Lyapunov Functio

[  — — I — — i)

We deal with a finite set of matrices

[ f — E— i o o o o

m If P> 0 exists, then the quadratic function

A={4;:i€T} V(x) = XTPx
Given Hurwitz matriceid, @ € Z and matQ >0 , is a common Lyapunov function for the family of
find matrix P > 0 asymptotically stable linear systems
PA+ATP<-Q Vi
Course on Randomized Algorithms, Seville © IENT — CNR 2005 249 Course on Randomized Algorithms, Seville © IENT - CNR 2005 250
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\EIT-CNR SpeCIaI Caéé T o Functionf
[ [ I E— — O — — oy il [ ) I E— — O — — o
In the special case when matrices commute m Functionf is convex differentiable real-valued functiona

C quadratic common Lyapunov function
PiA+ ATP = -1

PmAm + A?npm = —Imp-1

[1] K. S. Narendra and J. Balakrishnan (1994)

Course on Randomized Algorithms, Seville © IENT — CNR 2005 251

on the space of symmetric matrices with the prgpert

f(R) <0 ifand onlyif R<O0

Course on Randomized Algorithms, Seville © IENT - CNR 2005 252

42



o
=
[

IENT-CNR

Two Examples of Functiorfs

 — — I — — i)

1. If A,ads a simple eigenvalue we take
f(R) = 2madR)
2. f(R) = IR |2

where || || is Frobenius normtis projection into the
cone of non-negative definite matrices

Course on Randomized Algorithms, Seville © IENT — CNR 2005 253

IENT-CNR

Gradient Algorithms: Preliminaries

f — E— i o o o o

v(P,A) := f(PA+ ATP 4 Q) - convex irP

1. f(R) := Amax(R) given

Gradient: 9pv(P, A) = AzzT 4+ zzT AT

(z is unit eigenvector of R with eigenvalue Amax(R))

2. f(R) :=||RT|?
Opv = 2(AS + SAT), §:=(PA+ATP+ Q)T

© IENT - CNR 2005 254

Course on Randomized Algorithms, Seville
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el Gradient Iteration
\ 1 e s s o
Aq,...,Am — finite family of Hurwitz matrices
h:Zy —{1,...,m} - visits each index o© times

Py — arbitrary symmetric matrix

Gradient iteration: (ftx — suitably chosen stepsize)

Poyq = P, — /tkap’l)(Pk,Ah(k,)), 7)(Pk‘7Ah(k))>O
+ Py, otherwise
Course on Randomized Algorithms, Seville © IENT — CNR 2005 255
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Theoreni!

f — E— i o o o o

m Theorem: SolutiorP >0, if it exists, is found in finite
number of steps

m |dea of proof: Distance d?, from solution set decreasg
at each correction step

[1] D. Liberzon and R. Tempo (2004)

Course on Randomized Algorithms, Seville © IENT - CNR 2005 256
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EIT-GNR Example: Interval Family
[  — — I — — i)

m We study interval family of triangular Hurwitz
matrices

ajy ok

A=+ - ,LijSG%SUij

i
0 - apy

m We have 27(n+1)/2 vertices

Course on Randomized Algorithms, Seville © IENT — CNR 2005 257
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Numerical Results

IENT-CNR

f — E— i o o o o

m Results with deterministic gradient

m n = 4 (2%inequalities): 10,000 iterations (a few
seconds)

m n =5 (2% inequalities): 10,000,000 iterations (al
few hours)

m Randomized gradients gives faster convergende

m For comparison: quadstamatLa ™ stacks

whenn =5

© IENT - CNR 2005 258
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= Contribution

m Gradient iteration algorithms for solving simultansly
Lyapunov matrix inequalities

m Deterministic convergence for finite families

Course on Randomized Algorithms, Seville © IENT — CNR 2005 259
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\EIIT.ONR Open Computational Issug

[ f — E— i o o o o

m Performance comparison of different methods
m Comparison with advanced LMI algorithms

m Addressing existence of solutions

m Optimal schedule of iterations

m Additional requirements on solution

Course on Randomized Algorithms, Seville © IENT - CNR 2005 260
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- | Switched Systems: Another Approach
IENT-CNR IENT-CNR
[ OO gogoon [ S E— o  w—  —
m Consider the switched system
dx(t)/dt = Aggy (1)
Plecewise Quaqratlc Lyapunov where x(t) is the state amdt) = 1, 2 is the switch
Functions
m Beyond common quadratic Lyapunov functions:
Piecewise quadratic Lyapunov functions
m Less conservative but harder to construct
Course on Randomized Algorithms, Seville ©IEIIT — CNR 2005 261 Course on Randomized Algorithms, Seville © IENT - CNR 2005 262
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| Piecewise Lyapunov Functidhd d Switching Rule
IENT-CNR IENT-CNR

[  — — I — — i)

m Giveny> 0 and B, P, > 0, suppose that for any x:
[Ix[}=1

XT(PA, +ATP) x<-y if  XT(P-P)x>0
and

XT(PA, + AT Py) x<-y if XT(P-Py)x <0

[1] M. Wicks and R. DeCarlo (1997)
[2] J. Malmborg, B. Bernhardsson and K. J. Astronb@9

Course on Randomized Algorithms, Seville © IENT — CNR 2005 263

[ f — E— i o o o o

m Then, we construct a switching rule
a(t) = arg max-; 5, X(M)' P, x(t)

m The piecewise quadratic Lyapunov function
V(X) = max=; 5 X(OT P, (1)

decreases along trajectories of the system
m GAS is achieved

Course on Randomized Algorithms, Seville © IENT - CNR 2005 264
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- Solution via RAYU L
IENT-CNR IENT-CNR
[ OO gogoon [ S E— o  w—  —
m This switched system problem is not convex
Solution: Combination of randomized algorithms CHAPTER 10
m with branch and bound methods . .
Miscellaneous Topics
m Design a piecewise quadratic Lyapunov function
= with probability one in a finite number of steps Keywords:robustness in statistics, value set predictors
m Specific RA and proof techniques are technical
[1] H. Ishii, T. Basar and R. Tempo (2005)
Course on Randomized Algorithms, Seville © IENIT - CNR 2005 265 Course on Randomized Algorithms, Seville © IENT - CNR 2005 266
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IENT-CNR IENT-GNR Robustness in Statistic

[  — — I — — i)

Robustness in Statistics

Course on Randomized Algorithms, Seville © IENT — CNR 2005 267

[ ) I E— — O — — o
m Parameter estimation

Y =0 +4
N . 13

6 =argminly, 6=,
i=1

i=1...,/¢

m If £ ON(O,) i.i.d., thend is the best estimate
m However, if there are outliers, that can be modeaked
& 0(1-9N(0,1)+£N(0,02l) with 02>>1
thend may be very bad

[
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m Consider

yi=0 +¢& i=1..1
m & is i.i.d. with some densit(€) belonging to a clas®
m Then

l
0 = argmgin;G(yi -6)

m where G(-) is a given function, may be better §an
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EToNR Robust Estimates — Choice @f
[ ) — e — . e e |
m For instance

G()
linear
quadratic

is good for normal contaminated distributions
m 4, is an intermediate betweéh  and the median
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m Consider an interval polynomial

n

P(s,8) =8y +as+as’ ++s

where § —a%<ra;,i=1,...n-1
m For fixed frequency, the value set is a rectanp
(Kharitonov theorem)

B

V()

© IEIIT — CNR 2005 275
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m Consider a spherical polynomial

P(s2) = +as+as ++s"
where
n-1 _ Aa0\2
Z(a g) <r
i G
m V(o) and V(a) are ellipsesV(«) can be rigorously
calculated
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[ OO gogoon [ S E— o  w—  —
m Fisher information L2
1(f,)= (f‘((t)j dt
(f)=] 0
m The least favorable distribution is given by
; =argmin (1,) Value Set Predictors
f0P
m The best G in the sense of asymptotic variana®, &f
G'(t)=~Inf;(t)
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\EITONR Robust Stability — Value Set e Probabilistic Predictors of Value Sgt
[ OO gogoon [ S E— o  w—  —
m Consider the uncertain closed-loop polynomial m Letqbe a random vector uniformly distributed 8
p(s,0) = ay(a) +a(a)s+-- +a,(a)s" Define the risk-adiusted value set
with g varying in the box8,={q0R",| |1} u Define the risk-adjusted value se
m Zero exclusion principle: define the value set as V,(w): Pr{p(j w,q v (W)} 2l-y
V(w) ={p(ja.q):q08,f = V(&) may be much smaller thaffc)
m If p(s,0) is stable and
00V(w) forall0<sa <o
then robust stability holds
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\EiIT.GNR Example — Interval Polynomia| e Example — Spherical Polynomial -2

46



= (=
\EIIT.GHR Example — Spherical Polynomial - 2 wmrenr  Linear Functions of Uniform Vectorg
[ OO gogoon [ S E— o  w—  —
m Then m Let g be uniformly distributed on a ball
a~ul8,| qOR®
m Then, forAOR™"
@ r=((Aa")" Aq,Aq]
V(o) has beta distribution with density
n m_- n-m
f.(7) :%r? l1-17 o0s<r<1
r(g)r(sr+1)
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[ OO gogoon [ S E— o  w—  —
m Development of RAs motivated by intractability qf
CHAPTER 11 various problems in systems and control
Mixed Deterministic/Randomized = RAs provide (efficiently) a probabilistic solution
m The drawback is that this solution is given with a certain
Methods accuracys and confidence
Keywords:deterministically tractable and intractable pararee, m Deterministic algorithms provide a strong solutiomt 4
stability and performance with fixed order contes# g p a ’
can be used for a narrow class of problems
m Randomized algorithms give a weaker solution, but ¢gan
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be utilized for a broader set of problems
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= Mixed Randomized and Deterministic = Stabilization with Fixed
||||.'r-c'nn Methods IENT-CNR Ordel’ ContrO”er

[ OO gogoon

m Key idea: Development of algorithms which combing
randomized and deterministic technigi4és

m ProblemP(5,0) with parameterg andd

= We divide these parameters in two sets consisting fof
(deterministically) tractable and intractable

m 5 are tractable parameters deterministic methods
m ¢ are intractable parameters randomized techniques

[1] Y. Fuijisaki, Y. Oishi and R. Tempo (2004)
[2] Y. Fujisaki, Y. Oishi and R. Tempo (2005)
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m Specific problem7(6,17)
m Strictly proper SISO plarR(s) = Np(S)/Dp(s)
m Fixed order controller
('(,s) _ _\'(w(,g) _ X'(HZ) + HY(HZ)
Dc(s) Z(s2) + sV (s?)

whereX(s?), Y(s?), Z(s?) andV/(s?) are even polynomials
ins

m Objective: Find a stabilizing controller placing thets
of the closed-loop polynomial in the open LHP
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Tractable vs Intractable Parametg
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= Characterization of Tractabl
Parameter Se

IENT-CNR

D

[ OO gogoon [ S E— o  w—  —
= Definition: The (deterministically) tractable paraers = Lemma: Suppose that the parametgrare selected
are the coefficients@ of X(Sz) and the intractable according to a RA. Then’ the sétof all (tractab|e)
pasrzameters are the coefficients of Y(s?), Z(s?) and stabilizing controller parameters is either empty or is|a
V() union of a finite number of polyhedral sets
Step 1: We use RAs to compute the coefficiepts o . . S
P ) . .p on ; m Exploitation of this result to determine a stabilizing
Step 2:We use deterministic methods to determine controller
the coefficientsd
The set of all tractable parametétss denoted by@
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\EIT-GNR Polynomial-Time Algorithm i Extensions tdH,, Performance
[ OO gogoon [ S E— o  w—  —
m We construct an algorithm which proceeds in twp m Consider a performance problem with sensitivity
phases: function
1. Computation of a marginal stabilizing controller b S(s) = 11 PH)C(s)
means of a method based on matrix inversion
2. Computation of a stabilizing controller using a and a (stable) weighting functioh(s)
sensitivity approach » The objective is to find a controll€(s) satisfying
The resulting algorithm is polynomial-time W ()S(s) |l <1
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mre  Characterization for,, Performance) =5 Further Results and Extensions
[ OO gogoon [ S E— o  w—  —
= Theorem: Suppose that the parametgrare chosen with a RA. m Development of polynomial-time algorithms fot,,
Then, the sef of all tractable controller parameters satisfying performance based on matrix inversion and sertsitiyi
[T (5)S(5)]|c < 1 methods, adding an extra paramepér [0, 274
is either empty or is given by m Extensions to uncertain plants wh&@) is replaced by
i an interval planf(s,q,
o U N ro plan®(s,q,1)
i=1,2,...<00 ¢£[0,27]
' _ _ m This extension can be carried on invoking sometiexis
where/7 (¢ is a (possibly unbounded) polyhedral set for fiyed results of parametric stability and by means of|a

andi
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additional parametex [ [0, 1]
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CHAPTER 12

Applications of Randomized
Algorithms

Keywords:flexible structures, high-speed networks, brushzGsmotors,
quantized systems

Course on Randomized Algorithms, Seville

© IENT — CNR 2005 289

IENT-CNR

(=

Application of RAs

f — E— i o o o o

m Randomized algorithms have been developed |for

various specific applications
m Control of flexible structures
m Stability and robustness of high speed networks
m Stability of quantized sampled-data systems
m Brushless DC motors
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Application 1

Control of Flexible Structures

(=

Flexible Structure

IENT-CNR

f — E— i o o o o

Course on Randomized Algorithms, Seville

© IEIIT — CNR 2005 291

m Mass spring damper model

m Real parametric uncertainty affecting stiffness an
damping

m Complex unmodeled dynamics (nonparametric)

© IENT - CNR 2005 292
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Flexible Structure

 — — I — — i)

m M-A configuration for controlled systems

(=

G Probabilistic Stability Margin

[ f — E— i o o o o

m For fixedp, we let
p(p) = P{A+ BAC isstablg

M(s)=C(sI-A"B
m For given pf][0,1] we define the probabilistic
qls 0 O = :
stability margin
A= 0 qls O
0 0 A p(p*) =sur{p: p(p) 2 p*}

0y, g, OR

A, OC44 m Clearly o(p") > 1
U
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Estimated probability degradation

|

0.94

035 104

0.45 0.5 0.55 0.6 0.65 0.7
—=0.394
"

Probabilistic radius p
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Application 2

Stability and Performance of
High-Speed Networks
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\EIIT.CNR Stability and Robustness
[ OO gogoon

m Network topology

m Source and destination
nodes, links (with buffer
and capacity)

m Bottleneck link

m Stability and robustness
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\TENR Non-Symmetric Single Bottleneck

\ ) | s o o o 1

m Closed form analysis is no
possible o

05

m We use RAs based on M(
and QMC )
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=

JENT-GNR Symmetric Single Bottleneck

\ | o | o o o o

m Parametric stability (discrete
time) with real uncertain
parameters

m Stability and robustness can .|
be studied in closed form

= Case study with 20 users

= Roots of the closed loop ™

polynomial (discrete-time) Il
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|=|.|1'-cm\ Additional Simulations
\ ) Y e e e o s [ [ Y 1

06 07 08 09

1 11
capacity 10t
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\EUT-CNR IRIT.GNR Structured Real Stablllty Radiu
[ OO gogoon [ S E— o  w—  —

m Let ALIC™"be a stable matrix, and consider the perturhed
. . matrix
Application
PP cation 3 A(A)=A+BAC,AD08,
Probabilistic Structured with B, Cof appropriate dimensions
Real Stability Radius m The real stability radius is the size of the small
destabilizing perturbation
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ITGNR Probabilistic Stability Radius TGhR Numerical Example
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m We assume\ random, and estimate the probability pf
stability as a function of the uncertainty radms

p(p) = P{A(D)isstableAD B, }

m For givenp’, the probabilistic real stability radius i
defined as

12

Pe(A D) =sudp: p(p) = p'}
m We estimate the probabilistic stability radius gsip
randomized algorithms
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m We studied the example

—0931909633 11021 28166-15852-1327

-3566714700 23962 52311-28212-4264

14202-11677-16874-3336210364 2870!

-0194606813 Q0580 04244-02107-0697|

12169-03964-08681-1913901026 Q719

—-2844520764 14435 41812-18238-2980)
B=C=l
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m We computed(p) for oJ[0.01 0.05] with two different
structures:

= A composed by three 2x2 full real blocks
= A composed by a 4x4 and a 2x2 full real blocks
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1

N

wly structure|1

Probability of stability

Uncertainty| structure 2

o

o1 0.015 0.02 0.025 004 0045 0.05

003 0,035
Uncertainty radius P
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\EITGNR IENTONR Uncertain Least Square
[ OO gogoon [ S E— o  w—  —
m Consider the problem
. . A(A)x =b(A)
Application 4 with x OR", b0 R™ AC 8,
L m Robust least squares
Probabilistic Robust A _ ,
Least Squares XrLs = argmxm gggﬂ)ﬂ A(A)X - b(A)H
m Probabilistic least squares
R =argmin E{ |AQ)x -~ b(A)HZ}
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- Probabilistic Robust Least Squargs | e PRLS Example
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m GeneratéN samples ofA and compute

%y =argminEy (X)

th “ N . S2
" Ev00 = 3| A) b

m We can computé,
R = R+ QenA” (A)(B(A™) - AL™)R),
Qk+]_ - Qk + AT (Ak+l) A(Ak+l)

recursively
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m We consider an uncertain matdQd)=A+4A, ||Al|l<1

3 1 4 0
0 1 1 2
A= B=
-2 5 3 1
1 4 52 3
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PRLS Example - 2
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m We compute the estimates obtaining

%, =[-0.17680.10090.344§"; N =10,000
% s =[~10.0000~ 9.72859.9834"
R4« =[~0.03120.20730.2055"
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m To compare the previous estimates we computed

worst-case and the sample residuals

m Worst-case residuals are defined as

1 = may AB)x - b(a)*

we obtained

r° = 2.6532| ' =18.9394| ra = 25720

312
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m A lot of research remains to be done
m Applications Randomized algorithms and samplg
generation for specific structures of uncertainty
m Theory Beautiful and nonstandard math behing
randomized algorithms
m Complexity Studying computational complexity of
these algorithms
m Computation High dimensional problems are ill
conditioned
m Other Directions Randomized algorithms for MPC
and FTC
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m Statistics for the sample residuals
i = A@)x -b@)|’
Average Peak SampleCovariance Conclusions and Discussion
rv | 22650 26344 0.0198
rs | 118962 185164 9.4090
fas | 22848 25515 0.0107
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m A number of years ago, closed-form meant writing
down a “good looking” equation on a piece of paper

m Notion of closed-form solution has changed

substantially

m Various experts (rightfully) convinced us that avne
notion of closed-form is to re-write (if possible)
control problem as convex optimization

© IENT - CNR 2005 316
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NN (Controversial) Conclusion
[ OO gogoon

m Unfortunately, many important control problems arg
not convex

m In such cases, we can either introduce relaxation
use randomization

m Perhaps the control community should pay mor
attention to randomization accepting a differentd(a
weaker) notion of problem solution
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