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Abstract— In this paper, we present a new mechanism, named while the other is unstable. If the system has an equilibrium

the oscillation killer (OSKIL), intended for extinguish limit point’ its local Stabi"ty is not affected by the emergen(ﬁe o
cycles that may occur as a consequence of: unexpected extdrna such limit cycles.

disturbances, interactions with the environment, changes in Th ddl de bif fi f iodi bits i I
systems set-points and physical parameters, etc. Examples eat € saddie-node biturcation or periodic orbits Is we

from controlled systems with friction, to electrical networks Studied in the literature. Although it is a local bifurcatjat
with varying loads and impedances. The proposed mechanisms is difficult to find analytical conditions for its occurrendaut
is shown to be particulary adapted for nonlinear systems it serves as a guide for simulation and control design. Is thi
displaying a local stable region with a stable limit set outside paper we will focus in systems displaying such bifurcation

this local domain. The method is applied to the stick-slip limit . . .
cycle elimination in a system with dry friction. although the ideas can be possibly applied to a larger class

Index Terms— Oscillations cancellation, stabilization, nonlin-  Of systems.

ear systems.
y Il. THE PROBLEM

|. INTRODUCTION We consider SISO closed-loop systems of the form
N a large class of nonlinear system, non-desired oscil- t = Az+g(z,u) (1)
lations and limit cycles can be produced as a result of y = Cz )

various factors such as: external disturbances, intersti . ] . ]
with the environment, changes in systems physical param&here A is a strictly stable(n x n) matrix, C' is a vector,
ters, variations of set-points, etc. Examples of such a¢gpe ©f dimensions(1 x n), g(x,u) is a nonlinear function, non

be found in mechanical systems, electrical networks, ppwepecessarily smooth, with the property that, ) = 0, and
converters, etc. u is the system “parameter/signal”, that is responsible for

One possible way to cope with such a problem is t@0ssible oscillations. We assume that the variation rarige o

redesign the control to avoid potential oscillations, but i % IS betweenu,,, uy]. Letu be defined as,
some cases, it is more practical to “add” an outer loop
to remove the oscillations by actuating over “external’
parameters/signals such as: set-point values, normaé for¢here @ is the error or discrepancy betweenand the
magnitudes, etc. The idea is, to bring back the systefipminal operation valuei € (un,un). The regulation
operation within the local stable domain where is designe@echanism,u = i, must assure that is kept within
to operated at. It is also implicit that those parametegeads  Pre-specified domaifu,,, uas]. These values, although not
should be changed “provisorily” until the oscillations leav mandatory, may ordered as follows:

been extinguished, but that they are required to retour to
their nominal operational values thereafter. In this paper
introduce such a mechanism, named here @%xillation wherew; which describes a possible bifurcation point.

U=1uy+u

Um < Up < Uy < Ups

KiLler (OSKIL). Definition 1 (Nominal System): Let the nominal system
These ideas will of course not be applicable to any systerhe defined from (1), withu = . That is witha = 0.

but to a particular class of systems covering a large number .
: o . i = Az +g(z,uo)

of important examples including the ones mentioned above. Y = Cux 3)

These are nonlinear systems displaying a local stablemegio

with a stable limit set outside this local attraction domain A. Nominal System Properties

particular, there is a generic situation for which this ascu It is assumed that the nominal system (3) has the following

systems displaying a saddle-node bifurcation of periodiproperties:

orbits [6], [5]. In this class of systems, two limit cycles Property 1: Unique equilibrium. There exist an unique

emerge at the bifurcation point, being one of them stableolution,z* for Az*+g(z*,ug) = 0. In particular we assume
thatxz* = 0.

C. Canudas-de-Wit is with The Laboratoire d’Automatique der®ble, Property 2: Local stability. The equilibrium point:* = 0

UMR CNRS 5528, ENSIEG-INPG, B.P. 46, 38 402, ST. Martin éféb,

FRANCE. Email:car | 0s. canudas- de-wi t @ npg. fr. is locally exponentially stable for every value of paramete
Javier Aracil, Francisco Gordillo and Francisco Salas aith wthe
Escuela Superior de Ingenieros, Universidad de SevillaniGa de los 1see for instance the drive example in Section V where the daifion

Descubrimientos s/n, 41092-Sevilla-SPAIN point lies aboveug.



/
=/
@&/

Stable orbit 'Y

AN .
NS

M

a) b) c)

Fig. 1. Schematic representation of system trajectorietifernominal  Fig. 2. Saddle-node bifurcation of periodic orbits. Fig. i2as shown

system (3). The local attractive s&., includes the unique equilibrium a state space where the system is globally stable; wherefig.i2c the

x* = 0, and the invariant sed/ including the stable periodic orbif. equilibrium is locally stable and it is surrounded by the tiirait cycles
described above. The bifurcation is produced in Fig. 2b eltlee two limit
cycles come together and coalesce.

u, i.e. there exist a closed-s@t, Q,, = {z: |[z|[* < 7o, }
including the equilibriumz* = 0, such that ifz(0) € €,,,
then z(t) — 0, ast — oo. We denotery = r(ug), the Property 7: Problem solvability. There exist at least one
nominal radius associated with the nominal system (3). path trajectory (in the bifurcation diagram) far such that:
Property 3: Invariant set M. Assume that there exists an
invariant set,M C R™ of (3), such that\/ N, is empty.
For simplicity, we consider here hyper-spherics shapes, i.

« alimit cycle reached under = ug, can be extinguished
by bringingu below the valueuy,
« there exists a retour path trajectory for from such a
M = {x s r(ug) < ||z|* < OQ} (4) region to its nominal value,y, such that the system is
keep within the local attraction domain of= 0.
Last property is needed for the solvability of the problem,
and discussed further in the next subsection.

M being open from above)/ U Q,, contains all possible
bounded values irR". Then(2,, defines the attraction set
to the origin, outside which oscillation may occur.
Property 4: Closed stable orbits «y. Let y(ug) C M be a

set of closed orbits indexed by the parametgrassociated C. Saddle-node bifurcation of periodic orbits
with the unique (for a givem) periodic solutionscr(t) of
(3) with periodT. The periodic orbity(ug)
of zr(t) in the state space, defined by

) . The generic bifurcation diagram of a saddle-node bifurca-
is thus the image tion of periodic orbits is shown in Fig. 2. These three graphs

are parameterized by the bifurcation parameter, being Fig.
Y(ug) = {z: 2(t) =27(t),0 <t < T} 2b the one corresponding to the bifurcation point.

Assume that the system has a bifurcation parameter value
corresponding to Fig. 2c and that it is originally at the
equilibrium point. That means that the system is at the
(lolg?(ljlgza;it:glgf?r?elzr:)?n?rﬁ?)sist]grﬁ are sketched by Figuredeired equilibrium point. Assume also that a perturbation

€ads the system out of this point. If the perturbation islkma

wﬂ:rvéhajiswmzonsi?sggsﬁ'and using the definition (4ihe system remains in the attraction basin of this equilifri
g ' and, thus, it recovers the desired state. But if the pertianba

We further assume, that(ug) is attractive in the sed/,
or equivalently, that system (3) is asymptotically orhjtal

lim a(t) — { 0 it z(0) € Qy, is large enough to leave the attraction basin then it will fal
t—00 ¥(uo) elsewhere in the one of the stable limit cycle and, thus, the system will
Note that the size of,, can be enlarged by changing thetend towards this attractor and will oscillate.
value ofuyg. The shape of Fig. 2 suggests a way to recover the desired

equilibrium. Once the oscillating behavior is approached
the action on the system should be such that it moves to
Examples of systems of the form (1), may exhibit a richethe left changing the value of the bifurcation parameter
behavior away from the nominal operation value #o= uy.  tending towards the bifurcation poing. Once this point is
For instance system (1) is assumed to display a bifurcatigflightly surpassed the system leaves the oscillatory mnde a

B. Behavior away from nominal operation

point atu = w. It is then assumed the following: ~ returns to the equilibrium, but for a value of the bifurcatio
Property 5: Global stability below w,. System (1) is parameter different from the desired one. Thus, the lakt tas
globally asymptotically stable for att € [uy,, up). is to lead the value of the bifurcation parameter to the

Property 6: Local Stab|||ty in the set [ub,uM]. SyStem nominal Va|uefu0_
(1) has the same propertfethan the nominal system (3) for  giateq formally, the problem can be formulated as follows:
all u € [up, un]- Problem 1: Let #(0) = x, be any possible bounded value

2The size of the local attraction domain may change as a funofithe in Rn_' Assume_ that Sy_Stem (1) fuffills all the properties
value ofu. described previously, with.(0) = wuy. The problem is to



Fig. 3. Shape of Hamiltonian functioff given by (5) foru = 2 > u,
describing the case where limit cycles may occur (left), amccése where
the system is globally stable = 1 < wuy, (right).

find a feedback law fot: (or @) such that

tlim z(t) = 0, x(0) = xg
lm a(t) = 0, @(0)=0

under the constraint(t) € [wm, uar], ¥t > 0.

IIl. EXAMPLE: A SECOND-ORDERHAMILTONIAN
SYSTEM

o Foru > /3 = u, the system exhibits two limit cycles
(see for the stability discussion below): one unstable of

radius JT3
S Ak (10)
and one stable of radius
N/
r? = %H (11)

such thatrg > r,,.

o Foru < /3 = u, the origin is globally stable.
Stability of the sets (equilibrium point and the orbit), dam
analyzed by introducing the Lyapunov functidh= 27z =
r2, and noticing thatl’ = —2kr2T'(V). Thus for all values
of u < wu, we havel'(V) > 0, and henceV < 0. We
can conclude that the only possible invariant set included i
V = 0 is the equilibriumz* = 0. Using LaSalle’s invariance
principle, it is seen that the system is globally asymp#aiyc
stable for values 06 < u < up.

Following the same type of reasoning, we can check that
whenu > w,, T'(V) changes sign: it is negative fo£ <
V < r2, and positive fol” > r2 and forV < r2. Therefore,
V > 0, in the domainr? < V < 2, andV < 0 for V >

We consider a second-order Hamiltonian system with the and for vV < 2. As a consequence, the set defined by

Hamilton function

H=—(r* —ur® + 1%

®)

N |

wherer? = z? + z3. In Fig. 3 the shapes off before and
after the bifurcation is produced are shown. Functidrtan
be associated with the dynamic system

@ -k i Vo, H,
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wherel'(z) = 1 — 2ur? + 3r4, andk > 0. This leads to

5.31 = T2 — kr($)$1
.%"2 = —X1 — kr($)$27 (8)
which is a special case of (1), with
| -k 1 .2 | T1
A—[_l _ky g(x,u) = kr*(2u 37"){332].

A. System properties with constant

System (6) belongs to a class which is an extension of
the one studied in [1]. In this system, the limit cycles are § = {
characterized by circles of radius It can be seen from
Eq. (8) thatH < 0 and this oscillation occurs for values

of » such thatI'(r) = 0, that is for the roots off'(r) =
1 —2ur? + 3r* = 0, and they are given by:

2 U +vu? -3
S T—
Bifurcation will occur foru? = 3. Then:

)

V =12, or equivalent the set? + 23 = r2 becomes a local
attractor for the solutions of (8), whei(0) is taken outside
Q., ={z: 2Tz <r2}

The above properties are true for an¥ [0, co), while for
practical reason, the range of variationwofmay be restricted
to u € [um,upr], where these two extremes values should
respect the order) < u,, < up < ug < upy < oo. For
this particular example the following numerical valueslwil
be usedu,, = 0, up, = V3, up = 3, andu,; can take any
suitable value verifyingiy; > wo.

Figure 4 shows the bifurcation diagram in tiie?, u)
plane. The upper (filled dots) curve describes the values of
(r?,u) where stable oscillation lies at, whereas the curve
with empty dots represent the unstable limit cycles. The
dotted curve also represents an exact boundary of the lbcal a
traction domain since we are dealing with a two-dimensional
system. From here we can also get some useful insight in
how to design a mechanisms to kill oscillations in the case
they appear.

B. Adaptation loop design

We are only interested in the case where 0 andu > 0,
with u; being any suitable valdeThe following regulation
mechanism is considered
—r—eu fu>00r —r—ceca>0
0 else
ug =+ 7.~L

12)
(13)

Notice that the switch in Eq. (12) prevenisto be negative:
(0 is set to zero in the case reachesu = 0, otherwise
u =u = —r — et would makeu < 0.

u =

3The considered adaptation law can be modified to ensureutyais an
upper bound foru, for to make the presentation simpler, we assume that
any bounded:,, is admissible.



This adaptation law is now shown to be globally stabilize 0
the point(z; = 0,22 = 0,u = ug).

Proposition 1: Consider system (8) controlled with the .
algorithm (12)—(13). Assume thatis small enough so the -
curveI'(r,u) = 0 does not intersect the line, :

°
°
o
0000000
000000000000

r-|—5(u—u0) =0. L lewg 0 TTrerreeesssecas
o
0

Then, every trajectory of system (8)—(12) starting in the

Uo
quadrantr > 0, v > 0 tends to the unique equilibrium O
(0,0,U0). 0
Proof: Changing variableg;, x> in system (8) into u

olar coordinates, 6, we have
P Fig. 4. Bifurcation diagram of the second-order Hamiltorggstem in the

_ —krF(r u) (14) (r,u)-plane and regions defined by the isoclines of system (18)—(1
== - ]. . (15) External
disturbances L
Since these equations are decoupled we just focus in Eq. w N Nonlinear output Y
(14) u System
Assume for the moment > 0 (remember that the switch u
in Eq. (12) prevents to be negative). Withu > 0, the
SyStem reads L Adaptation law & Oscillations
with saturation detector
= —kT (16)
’l:L _ r 6(u " ) (17) Oscillator Killer OSKIL i
= —r— — Uug). .

Fig. 4 shows the isoclines of this system in the pléane:). Fig. 5. Block scheme of the oscillation killer control.
The liner + e(u — up) = 0 corresponds ta: = 0. Then,

for the points below this lineg > 0 (region 23 in Fig. 4),

while @& < 0 above the line. On the other hand, on the curve V. THE OSCILLATION KILLER (OSKIL) MECHANISM

I' =0, the time derivative of is equal to zero. In Fig. 4, Inspired in the heuristics of the previous Sections a gen-

?henoteg the rhegl(;n Wgeféd< (t))(a%d, t.husg >It (.)) a:wdQlthlst eral structure for the OSKIL controller can be defined. Its
€ region where > U and, besidesy < 0. 1tis clearthal o, 16 is shown in the block diagram in Figure 5. It is

the set2; N Q3 is invariant since trajectories cross the curve ; :
) ’ . tomposed of following two main components:
I" = 0 towards the left and trajectories can not leave the first P 9 P

quadrant since for = 0, # = 0. Moreover, with similar 1) The oscillation detector, is a map from some freely

arguments it can be seen that regi@ is also invariant. chosen system outpyf to &. It should designed: to
Furthermore, trajectories will eventually leave regian detect the frequency of the oscillations, to extract the
since, in this regiordy, : @ < 71 < 0. bias if r_1eegled, and_ to generate a siggaleflecting
Consider now the Lyapunov function candidate the oscillation amplitude. The aspects related to the
frequency detection are not treated in this paper.
V(u,r) = ur + f(u — ug)?. 2) The saturated adaptation mechanismis a dynamic
2 map from¢ to u, not necessarily smooth (commutation
Its time derivative is laws may be used as well), and provides a correction

term that is bounded such thatis keep within its
known range of variatiofu,,, us].

which is non-positive in the invariant regiof2; N Qs. The design of these components is not unique, but depends

FurthermoreV” is zero only at the desired point. on the application at hand. An elementary choice was shown
In order to apply LaSalle invariance principle to proof thein the previous section, but this choice does not includes al

statement, it only remains to consider the technical prablepossible components, e.g. oscillation detector. One plessi

associated with the switch since its presence makes the figjgucture for the OSKIL mechanism is the following one:
non-differentiable. For this, let us analyze the motion whe

V = —kur®T — (r + (u — uo))?,

u = 0. It is clear that forr > cuy, variabler will decrease yr = F(s)y (18)
(Fv2 : 7 < 2 < 0). Therefore the trajectory will eventually t+T )

reach the segment < sug, u = 0. In this segmenty; > 0 £ = /t yy(r)dr (19)
and the system quits the vertical axis and can not return to - wnr N

o . . = ! 2
it since it enters regiofl; wheres > 0. - u Pt {9 (&, @, u0) } (20)

= up+u (21)



The role of each of these component is: OSKIL

« Equation (18) defines a pre-filtdr(s) used to extract ﬂ
the bias and the main oscillatory component, + upr - ;
o Equation (19) computes the RMS used to transform the oy PI o
main oscillation into a continuous variable, - -
« Equations (20)—(21) describes the saturated controller,
where (€, 14, u0) is the adaptation law, an®2 is a Friction
projection operator that ensures that the valueas wfil
be in the rangéu,,, unr].
The rationality behind the equations (18)—(21) is as fol-
lows. Assume that for some reasons the system undeg. 6. Closed loop configuration of a drive with friction &tger with the
consideration has left the local attractive §gf, and as a ©O°KIL mechanism.

v

consequence the state vecidt) has reached the stable orbit —
(limit-cycle) ~. If the outputy(¢) has been properly chosen ss| 3
so that the oscillations are reflected on that measure, we can 3.0l '-.
then assume that(¢) will be of the form I I X
y(t) = yo + Ag cos(wot + @o) + -+, Ceal %
1.5] .
whereyg is the bias component of the oscillatiod, and Lol ‘oo, SNPO
wo = %’T g are: the amplitude, frequency and phase, of the os) /
main oscillatory component. oo {{
Using a filter of the form 000 ' 020 ' o040 ' o0 ' o8 | 1.00
0.10 0.30 0.50 0.70 0.90 u
Kys . o . .
F(s)= Fig. 7. Bifurcation diagram in thév,v) plane. The maximum values

(s +wi)(s+w2) of (unstable) stable limit cycles are represented by (emp}y flled (e)
] o o dots. Stable (unstable) equilibria are represented byl §dhshed) curves.
with w; = wo — Aw > 0, andw; = wy + Aw > 0. (H=Hopf bifurcation,S N PO=Saddle-node of Periodic Orbits bifurcation).
The value of; and Aw are designed such thf (jwo| ~
1, and frequencies away frooy be filtered out. The output
of (18), can be approximated ag;(t) ~ Ao COS(wo_t+'901)- Consider a servo with friction controlled with a standard
Equation (19) computes the RMS valuegf(t), yielding,  velocity Pl-control loop. Its closed loop representation t
5 gether with the OSKIL mechanism is shown in Fig 6, where
AT ) . o
>0 k; and k, represent the integral and proportional gaifs;
is the friction force;v,. is the reference velocityyp; is the
This signal reflects the magnitude of the oscillation and it iforce applied and is the rotational velocity.
suited to control oscillations. Note that in this compuwati The closed-loop equations of motion are

&= / A2 cos? (woT + ¢1)dT =~
t

the exact value of’ is not mandatory. For instance,If is . 1
over estimated, the signal will still reflecting the amount o= j(UPI - F) (22)
of oscillation in the outputy. Similar arguments apply if ipr = ki(vp —v) — kyd (23)
|[F'(jwo| # 1.

Equations (20)—(21) are for the purpose of producing a 2 = v-— ;?';;'2 (24)
control signals bounded in the range,,, uy/]. The value F = oozt oui+0aw (25)

of u should reflect the growth of in this interval with the
appropriate direction, with the property thatéif— 0, then  with g(v) = F,+ (F, — F,)e~"/v). The last two equations
u — ug. This can be obtained by a suitably adjusted lineatorrespond to the LuGre friction model, see [2]. Note that th
stable filter with input saturation, as it will be shown in thevelocity reference: = v, is used as control parameter/signal.
next example. Doing that, the OSKIL can be interpreted as a stabilizing
outer loop used to die off oscillations. Parameters values
shown in the Appendix will be used.

In this section, we illustrate how the OSKIL can be used a) Bifurcation diagram with respect to parameter
to eliminate limit cycles produced by friction in a speedAlthough, not continuously differentiable, system (225
controlled drive with dry friction. The parameter used toexhibit similar properties to the class of systems family (3
die off the oscillation is the reference velocity. Anotherunder consideration. For instance, in the bifurcation diay
example of this kind is a drillstring system which has highefcomputed with AUTO [4]) displayed in Fig. 7, it can seen
dimension. The actuation variable is the Weight-on-bitakhi that for small values of the bifurcation parameter(i.e.
is the normal force used for the drilling operation, see more < u, = 0.177m/s; point H) the system has an unstable
details in the companion paper [3]. equilibrium point atv = v,, = u surrounded by a stable limit

V. MECHANICAL SYSTEMS WITH FRICTION



u = —u+ Sat™ {K¢} (29)
> oF A U = ug+u (30)

SR

with o sufficient small andi = v — ug. Note that as the
oscillation is not pure sinusoidal as in system (6), a filter

I must be used to detect the oscillations, and due to the non-
h ZJ}/WM\MMWW— zero equilibrium it is better to usg = v — u as the input to
s, | the filter (27).
The result of a simulation carried out with the parameter
0 20 40 60 80 100 120 140t160 180 200 220 240 260 280 300 Va|UeS Shown In AppendIX anab :027/”/8 are presented
in Fig. 8. In this simulation at = 20s a perturbation
is introduced to make the system oscillate with stick-slip
behavior and at = 80s the OSKIL mechanism is activated.
As can seen from figures, the oscillation<rnvanishes and

204000 80100 120 140,160 180 200 220 240 260 260 300 the velocity references recover its nominal value,.

I I I I I I I I I I I I
0 20 40 60 80 100 120 140 160 180 200 220 240 260 280 300

0.8 4
o6 i

0.4 o

Fig. 8. Time profiles of the closed-loop solution of the vetpcPI- VI. CONCLUSIONS
controlled system. The velocity (upper curve), the error between reference  \\je have introduced an innovative mechanism. named
and velocityv — u (middle) and the evolution of (lower). A perturbation S . . . ST
is given att — 20s and the OSKIL mechanism is activatedtat: 80s the oscillation killer (OSKIL), intended for extinguish limit
cycles in nonlinear systems. The mechanism is shown to be
particulary adapted for nonlinear systems displaying alloc
cycle. This means that a PI control structure alone is na ab?tame region with a stable limit set outside this local doma
to stabilizev when .. is too low It is shown that a saddle-node bifurcation of periodic arbit
" . corresponds to this behavior pattern. The mechanism can be
If the parametew. = v, is increased, the system presentsada ted to several systems that share analogous bifurcatio
a subcritical Hopf bifurcation at = u, = 0.177m/s (point attgrns y 9
H). After this value, the equilibrium point become stable’ '
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limit cycle, then the OSKIL mechanism must increase
above the bifurcation value. > w;, and then return to

the operation point: = ug. With this desired behavior the  Parameters used in simulations:

APPENDIX

proposed OSKIL mechanism is: J=1[Kgm?/rad], F, = 0.285, F, = 0.315 , 0o = 260
[1/rad], o1 = 1.64 [s/rad], vs = 0.01 [rad/s], o5 = 0.018
y = v—u (26) [rad/s],k, =0.044, k; =1, Ky =4, w; = 5 rad/s,wy = 15
Kys rad/s,c = 0.013 rad/s,K; = 0.5.
Yy = Y (27)
(s+wi)(s+ ws)

t+T
¢ = / y2(r)dr (28)



