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This paper deals with cooperative games in which only certain coalitions are allowed to form. There have
been previous models developed to confront the problem of unallowable coalitions. Games restricted by a
communication graph were introduced by Myerson and Owen. In their model, the feasible coalitions are
those that induce connected subgraphs. Another type of model is introduced in Gilles, Owen and van den
Brink. In their model, the possibilities of coalition formation are determined by the positions of the play-
ers in a so-called permission structure. Faigle proposed another model for cooperative games defined on
lattice structures. We introduce a combinatorial structure called augmenting system which is a general-
ization of the antimatroid structure and the system of connected subgraphs of a graph. In this framework,
the Shapley value of games on augmenting systems is introduced and two axiomatizations of this value
are showed.
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1. Introduction

The purpose of this paper is to develop a new framework in
which to analyze cooperative games in which only certain coali-
tions are allowed to form. We will study the structure of such
allowable coalitions using the theory of augmenting systems, a no-
tion developed to combinatorial abstract theory. The first model in
which the feasible coalitions are defined by the connected sub-
graphs of a graph is introduced by Myerson [14]. Contributions
on graph-restricted games include Owen [15], Borm et al. [6] and
Hamiache [12]. In these models the possibilities of coalition forma-
tion are determined by a communication graph between the play-
ers. Another type of combinatorial structure introduced by Gilles,
Owen and van den Brink [11] and van den Brink [7] is equivalent
to a subclass of antimatroids. This line of research focuses on the
possibilities of coalition formation determined by the positions of
the players in the permission structures. In addition, given a cooper-
ative game and a set system of feasible coalitions, a restricted game
is then defined by using the maximal feasible subsets of a coalition.
The Shapley value [16] has been generalized by Myerson [14] for
restricted games by communication situations, which are defined
by a cooperative game and the family of all connected subgraphs
of a graph. Bilbao [5] obtained explicit formulas for the Shapley va-
lue of games restricted by augmenting systems.

Let us consider a set system ðN;FÞ, where F# 2N is a family of
feasible subsets of the player set N. An important fact is that all the
ll rights reserved.
above contributions are devoted to analyze standard cooperative
games vF : 2N ! R, named restricted games and defined by

vFðSÞ ¼
X

T2CFðSÞ
vðTÞ for all S # N;

where CFðSÞ is the set of maximal nonempty feasible subsets (com-
ponents) of S and CFðSÞ is a partition of a subset of S. Notice that
vFðSÞ ¼ vðSÞ for all S 2F. Furthermore, if S R F the definition of
vF assigns to S the sum of the outputs of feasible coalitions that
players from S could jointly achieve.

In this paper we consider an augmenting system ðN;FÞ and a
real-valued function v : F! R such that vð;Þ ¼ 0. Thus, our way
of looking at the problem of unallowable coalitions is completely
different and there is not overlap with the approach given by
Bilbao [5]. Most closely related to our approach is the work of Fai-
gle and Kern [10] on cooperative games under precedence con-
straints, which are games defined on a lattice of feasible subsets.
Their model has been generalized by Bilbao and Edelman [3,4] to
games on convex geometries. Since convex geometries and anti-
matroids are special case of augmenting systems our analysis fol-
lows the above mentioned papers quite closely. Note that in this
approach, cooperative games are defined only in the set of feasible
coalitions and the notion of restricted game makes no sense.

In Section 2, we recall the concept of augmenting system and
describe its fundamental properties. Section 3 introduces games
on augmenting systems and by using the classical approach of
Weber [18], we obtain a characterization of the extended Shapley
value under the axioms of linearity, dummy, efficiency and chain.
Finally, in Section 4 we show a new axiomatization of the extended
Shapley value of games on augmenting systems by using linearity,
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dummy and efficiency axioms, and the hierarchical strength axiom
instead the chain axiom.
2. Augmenting systems

Antimatroids were introduced by Dilworth [8] as particular
examples of semimodular lattices. Since then, several authors have
obtained the same concept by abstracting various combinatorial
situations (see Korte et al. [13]). Let N be a finite set. A set system
over N is a pair ðN;FÞwhere F# 2N is a family of subsets. The sets
belonging to F are called feasible. We will write S [ i and S n i in-
stead of S [ fig and S n fig, respectively.

Definition 1. A set system ðN;AÞ is an antimatroid if

A1. ; 2A,
A2. for S; T 2A we have S [ T 2A,
A3. for S 2A with S–;, there exists i 2 S such that S n i 2A.

Let ðN;AÞ be an antimatroid and let S; T 2A such that jSj < jTj.
Property A3 implies an ordering T ¼ fi1; . . . ; itg with fi1; . . . ; ijg 2A

for j ¼ 1; . . . ; t. Let k 2 f1; . . . ; tg be the minimum index with ik R S.
Then S [ ik ¼ S [ fi1; . . . ; ikg 2A by property A2. Therefore, the def-
inition of antimatroid implies the following augmentation property:
If S; T 2A with jSj < jTj then there exists i 2 T n S such that
S [ i 2A.

Convex geometries are a combinatorial abstraction of convex
sets introduced by Edelman and Jamison [9].

Definition 2. A set system ðN;GÞ is a convex geometry if it satisfies
the following properties:

G1. ; 2 G,
G2. for S; T 2 G we have S \ T 2 G,
G3. for S 2 G with S–N, there exists i 2 N n S such that S [ i 2 G.

We will introduce a new combinatorial structure as follows.

Definition 3. An augmenting system is a set system ðN;FÞ with
the following properties:

P1. ; 2F,
P2. for S; T 2F with S \ T–;, we have S [ T 2F,
P3. for S; T 2F with S � T , there exists i 2 T n S such that

S [ i 2F.
The relationship between the combinatorial structures above
mentioned is given by Bilbao [5] in the next proposition.

Proposition 4

(i) An augmenting system ðN;FÞ is an antimatroid if and only if F
is closed under union.

(ii) An augmenting system ðN;FÞ is a convex geometry if and only
if F is closed under intersection and N 2F.

Example. The following collections of subsets of N ¼ f1; . . . ;ng,
given by F ¼ 2N , F ¼ f;; figg, where i 2 N, and F ¼ f;; f1g; . . . ;

fngg, are augmenting systems over N.

Example. Let us consider a communication graph G ¼ ðN; EÞ,
where N is the set of players and E is the set of edges which repre-
sents the bilateral communication between some players. Given a
coalition S # N, the set of edges between players in S is denoted by
EðSÞ ¼ fij 2 E : i; j 2 Sg. Thus, the set system ðN;FÞ given by
F ¼ fS # N : ðS; EðSÞÞ is a connected subgraph of Gg

is an augmenting system.

The next characterization of the augmenting systems derived
from the connected subgraphs of a graph is proved by Algaba
et al. [2]

Theorem 5. An augmenting system ðN;FÞ is the system of connected
subgraphs of the graph G ¼ ðN; EÞ, where E ¼ fS 2F : jSj ¼ 2g if and
only if fig 2F for all i 2 N.

Example. Gilles et al. [11] showed that the feasible coalition sys-
tem ðN;FÞ derived from the conjunctive or disjunctive approach
contains the empty set, the ground set N, and that it is closed under
union. Algaba et al. [1] showed that the coalition systems derived
from the conjunctive and disjunctive approach were identified to
poset antimatroids and antimatroids with the path property, respec-
tively. Thus, these coalition systems are augmenting systems.

Example. The set system given by N ¼ f1;2;3;4g and

F ¼ f;; f1g; f4g; f1;2g; f1;3g; f2;4g; f3;4g
f1;2;3g; f1;2;4g; f1;3;4g; f2;3;4g;Ng

is an augmenting system. Since f1;4g R F the system ðN;FÞ is not
an antimatroid. Moreover, f1;2g \ f2;4g ¼ f2g R F and hence
ðN;FÞ is not a convex geometry.

Definition 6. Let ðN;FÞ be an augmenting system. For a feasible
coalition S 2F, we define the set S� ¼ fi 2 N n S : S [ i 2Fg of aug-
mentations of S and the set Sþ ¼ S [ S� ¼ fi 2 N : S [ i 2Fg.

Proposition 7. Let ðN;FÞ be an augmenting system. Then the inter-
val ½S; Sþ�F ¼ fC 2F : S # C # Sþg is a Boolean algebra for every non-
empty S 2F.

Proof. It is suffices to show that ½S; Sþ�F ¼ fC # N : S # C # Sþg, i.e.
for every C # N such that S # C # Sþ we have C 2F. If S� ¼ ; then
½S; Sþ�F ¼ fSg. Otherwise S� ¼ fi1; . . . ; ipg and S # C # Sþ implies
C ¼ S [ fi1; . . . ; iqg for some 1 6 q 6 p. We prove that C 2F by
induction on q. For q ¼ 1 we know that S [ fi1g 2F. Assume
S [ fi1; . . . ; ikg 2F. Since S [ fikþ1g 2F and ðS [ fi1; . . . ; ikgÞ \ ðS[
fikþ1gÞ ¼ S–;, property P2 yields S [ fi1; . . . ; ik; ikþ1g 2F. h

Definition 8. Let ðN;FÞ be an augmenting system. An element i in
S 2F is an extreme point of S if S n i 2F.

The set of extreme points of S is denoted by exðSÞ. Note that
property P3 implies A3 and hence jexðSÞjP 1 for any nonempty
S 2F.
3. Axioms for the Shapley value

A cooperative game is a function v : 2N ! R with vð;Þ ¼ 0. The
players are the elements of N and the coalitions are the elements
of the Boolean algebra 2N .

Definition 9. A cooperative game on the augmenting system
ðN;FÞ is a triple ðN; v;FÞ, where v : F! R is a real-valued
function such that vð;Þ ¼ 0.

The coalitions are the feasible sets belonging to F and the play-
ers are the elements of N. Let CðFÞ be the real vector space of the
games on the augmenting system F# 2N . We will follow the work
of Weber [18] to obtain an axiomatic development of the Shapley
value for games on augmenting system. This way to extend the
Shapley value is the logical path to obtain the adaptation of the
classical axioms (linearity, dummy, efficiency, and symmetry) to
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cooperative games on combinatorial structures. For this, we con-
sider the following game on F. For any T 2F; T–;, the identity
game dT : F! R is defined by

dTðSÞ :¼
1 if S ¼ T;

0 if S–T:

�

Let U : CðFÞ ! Rn a map such that UðvÞ ¼ ðU1ðvÞ; . . . ;UnðvÞÞ.
The meaning of this function is to give the expected payoffs to
the players of a game. We introduce several axioms that give rise
to a unique function for games on augmenting systems. If
F ¼ 2N then this function is equal to the classical Shapley value.
First, we consider the linearity property.

Linearity axiom: For all a; b 2 R, and v;w 2 CðFÞ we have

Uiðavþ bwÞ ¼ aUiðvÞ þ bUiðwÞ for every i 2 N:
Theorem 10. Let Ui : CðFÞ ! R be a value for i which satisfies the
linearity axiom. Then there exists an unique set of coefficients
fai

S : S 2F; S–;g such that

UiðvÞ ¼
X

fS2F:S–;g
ai

SvðSÞ

for every v 2 CðFÞ.

Proof. The collection fdS : S 2F; S–;g is a basis of the vector space
CðFÞ. Then, for every game v 2 CðFÞ

v ¼
X

fS2F:S–;g
vðSÞdS:

Let ai
S ¼ UiðdSÞ for every i 2 N, and every nonempty S 2F. Applying

the linearity axiom we obtain

UiðvÞ ¼
X

fS2F:S–;g
ai

SvðSÞ;

for every v 2 CðFÞ. h

We will now introduce the concept of dummy player.

Definition 11. The player i 2 N is a dummy player in the game
v 2 CðFÞ if for all S 2F such that i 2 S�, we have

vðS [ iÞ � vðSÞ ¼
vðfigÞ if fig 2F;

0 otherwise:

�

This definition derives from the observation that a dummy
player has no strategic role in the game, because of such a player
contributes precisely vðfigÞ or zero. We need a preparatory lemma
about some properties of the dummy player in the identity game.

Lemma 12. Let ðN;FÞ be an augmenting system and consider a
nonempty S 2F. Then:

(i) If i 2 S n exðSÞ then player i is dummy in the identity game dS.
(ii) If i R Sþ then player i is dummy in the identity game dS.

(iii) If i 2 S� then player i is dummy in the game dS þ dS[i.
Proof

1. Note that if fig 2F then i 2 exðfigÞ, and hence S–fig. This
implies dSðfigÞ ¼ 0. Now let C 2F be such that i 2 C�, and it is
sufficient to prove that dSðC [ iÞ � dSðCÞ ¼ 0. If S ¼ C [ i then
C ¼ S n i 2F, so that i 2 exðSÞ, a contradiction. If S ¼ C then
i 2 S� ¼ Sþ n S, which is a contradiction. Thus, dSðC [ iÞ ¼ 0 and
dSðCÞ ¼ 0.

2. If S ¼ fig 2F then i 2 Sþ, contradicting the hypothesis. Then
dSðfigÞ ¼ 0. Consider C 2F such that i 2 C�. Since i R Sþ ¼
S [ S� we have S–C [ i and S–C, because otherwise i 2 S or
i 2 S�. Thus, dSðC [ iÞ � dSðCÞ ¼ 0.

3. If fig 2F where i 2 S� then i R S, and hence S–fig. Since S–;we
also know that S [ i–fig. Then dSðfigÞ þ dS[iðfigÞ ¼ 0. We now
take C 2F such that i 2 C�. Since i 2 S� ¼ Sþ n S we obtain
S–C [ i and S [ i–C, because otherwise i 2 S or i 2 C. Thus

ðdS þ dS[iÞðC [ iÞ � ðdS þ dS[iÞðCÞ ¼ dS[iðC [ iÞ � dSðCÞ:

Finally, the equivalence S [ i ¼ C [ i() S ¼ C implies

dS[iðC [ iÞ � dSðCÞ ¼ 0

for all C 2F such that i 2 C�. h

The following axiom gives the payoff received for a dummy
player.

Dummy axiom: If the player i 2 N is a dummy in v 2 CðFÞ, then

UiðvÞ ¼
vðfigÞ if fig 2F;

0 otherwise:

�

Theorem 13. Let Ui : CðFÞ ! R be a value for player i 2 N that
satisfies linearity and dummy axioms. Then, for every game v 2 CðFÞ

UiðvÞ ¼
X

fT2F:i2T�g
ai

T[i½vðT [ iÞ � vðTÞ�:

Moreover, if fig 2F thenX
fT2F:i2T�g

ai
T[i ¼ 1:

Proof. We know from Theorem 10 that for a fix player i 2 N

UiðvÞ ¼
X

fS2F:S–;g
ai

SvðSÞ

¼
X

fS2F:i2exðSÞg
ai

SvðSÞ þ
X

fS2F:iRSg
ai

SvðSÞ þ
X

fS2F:i2SnexðSÞg
ai

SvðSÞ:

Lemma 12 (i) implies that if i 2 S n exðSÞ then player i is dummy
in the identity game dS. Applying dummy axiom we obtain
ai

S ¼ UiðdSÞ ¼ 0, for all i 2 S n exðSÞ. Moreover, N n S ¼ S� [ ðN n SþÞ
and S� \ ðN n SþÞ ¼ ;, and then we have

UiðvÞ ¼
X

fS2F:i2exðSÞg
ai

SvðSÞ þ
X

fS2F:iRSg
ai

SvðSÞ

¼
X

fS2F:i2exðSÞg
ai

SvðSÞ þ
X

fS2F:i2S�g
ai

SvðSÞ þ
X

fS2F:iRSþg

ai
SvðSÞ:

If i R Sþ then player i is dummy in the identity game dS by Lemma 12
(ii). Hence dummy axiom implies ai

S ¼ UiðdSÞ ¼ 0, for each i R Sþ.
This shows that

UiðvÞ ¼
X

fS2F:i2exðSÞg
ai

SvðSÞ þ
X

fS2F:i2S�g
ai

SvðSÞ:

Since i 2 exðSÞ () S n i 2F() S ¼ T [ i, where T 2F and
i 2 T�, we haveX
fS2F:i2exðSÞg

ai
SvðSÞ ¼

X
fT2F:i2T�g

ai
T[ivðT [ iÞ:

If i 2 S� then player i is dummy in the game dS þ dS[i by Lemma
12 (iii). By linearity and dummy axioms

ai
S þ ai

S[i ¼ UiðdSÞ þUiðdS[iÞ ¼ UiðdS þ dS[iÞ ¼ 0;

which implies that ai
S ¼ �ai

S[i for all i 2 S�. Then the above proper-
ties yield
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UiðvÞ ¼
X

fT2F:i2T�g
ai

T[i½vðT [ iÞ � vðTÞ�:

Now we suppose that fig 2F and compute

X
fT2F:i2T�g

ai
T[i ¼

X
fT2F:i2T�g

UiðdT[iÞ ¼ Ui

X
fT2F:i2T�g

dT[i

 !
:

We claim that player i is dummy in the game w ¼
P
fT2F:i2T�g

dT[i. Observing that for any C 2F such that i 2 C� the feasible set
T [ i–C, we obtain

dT[iðC [ iÞ � dT[iðCÞ ¼
1 if C ¼ T;

0 if C–T:

�

This implies that wðC [ iÞ �wðCÞ ¼ 1. Observe that fig 2F implies
i 2 ;þ, and hence wðfigÞ ¼ d;[iðfigÞ ¼ 1. This proves the claim. Finally,
by using dummy axiom, we get UiðwÞ ¼ wðfigÞ ¼ 1. h

If the vector UðvÞ ¼ ðU1ðvÞ; . . . ;UnðvÞÞ is a distribution of the
available resources to the grand coalition N 2F, then U satisfies
the following axiom:

Efficiency axiom: If ðN;FÞ is an augmenting system such that
N 2F and v 2 CðFÞ then

P
i2NUiðvÞ ¼ vðNÞ.

The efficiency axiom implies the following properties for the
coefficients of the values that satisfy linearity an dummy axioms.
We will assume throughout that ðN;FÞ is an augmenting system
such that N 2F.

Theorem 14. Let U : CðFÞ ! Rn be a value defined for every game
v 2 CðFÞ and every player i 2 N by

UiðvÞ ¼
X

fS2F:i2S�g
ai

S[i½vðS [ iÞ � vðSÞ�:

Then U satisfies the efficiency axiom if and only ifX
i2exðNÞ

ai
N ¼ 1; and

X
i2exðSÞ

ai
S ¼

X
i2S�

ai
S[i

for every nonempty S 2F such that S–N.

Proof. First, we compute the sumX
i2N

UiðvÞ ¼
X
i2N

X
fS2F:i2S�g

ai
S[i½vðS [ iÞ � vðSÞ�

¼
X
S2F

vðSÞ
X

i2exðSÞ
ai

S �
X
i2S�

ai
S[i

 !

¼
X

i2exðNÞ
ai

N

 !
vðNÞ þ

X
fS2F:S–Ng

X
i2exðSÞ

ai
S �

X
i2S�

ai
S[i

 !
vðSÞ:

By considering vðSÞ as variables, we conclude that
P

i2NUiðvÞ ¼ vðNÞ
if and only if the relations are true. h

Let v : 2N ! R be a standard cooperative game and let p a total
ordering of the elements of N, given by i1 < i2 < � � � < in. The classi-
cal Shapley value for the player i 2 N is given by

ShiðN; vÞ ¼
1
n!

X
p2Pn

½vðpi [ figÞ � vðpiÞ�;

where Pn is the set of all permutations of N and pi is the set of the
predecessors of player i in the order p.

Let us consider a compatible ordering of an augmenting system
ðN;FÞ such that N 2F, as the total ordering of N, given by
i1 < i2 < � � � < in such that the set fi1; . . . ; ijg 2F for all
j ¼ 1; . . . ;n. A compatible ordering of ðN;FÞ corresponds exactly
to a maximal chain in F and we denote by ChðFÞ the set of all
the maximal chains in F. Given an element i 2 N and a compatible
ordering C 2 ChðFÞ, let CðiÞ ¼ fj 2 N : j 6 i in Cg.
Let ðN;FÞ be an augmenting system and let v : F! R a coop-
erative game. We define the Shapley value for the player i 2 N as

ShiðN; v;FÞ :¼ 1
cðNÞ

X
C2ChðFÞ

½vðCðiÞÞ � vðCðiÞ n iÞ�;

where cðNÞ :¼ jChðFÞj is the total number of maximal chains in F.
Since CðiÞ n i ¼ S 2F we have that i 2 S�. Thus

ShiðN; v;FÞ ¼
X

fS2F:i2S�g

X
fC2ChðFÞ:CðiÞni¼Sg

1
cðNÞ

0
@

1
A½vðS [ iÞ � vðSÞ�

¼
X

fS2F:i2S�g

cðSÞcðS [ i;NÞ
cðNÞ ½vðS [ iÞ � vðSÞ�;

where cðSÞ is the number of maximal chains from ; to S, and
cðS [ i;NÞ is the number of maximal chains from S [ i to N.

As a consequence, we obtain the following formula for the
Shapley value of games on augmenting systems.

Definition 15. Let v : F! R be a game on an augmenting system
ðN;FÞ such that N 2F. The Shapley value for the player i 2 N is
given by

ShiðN; v;FÞ ¼
X

fS2F:i2S�g

cðSÞcðS [ i;NÞ
cðNÞ ½vðS [ iÞ � vðSÞ�:

Note that the sum of the coefficients of the Shapley value is

X
fS2F:i2S�g

X
fC2ChðFÞ:CðiÞni¼Sg

1
cðNÞ

0
@

1
A ¼ X

C2ChðFÞ

1
cðNÞ ¼ 1

and this implies that the Shapley value satisfies the dummy axiom.
Moreover, for every game v 2 CðFÞ we have

X
i2N

ShiðN; v;FÞ ¼
X
i2N

1
cðNÞ

X
C2ChðFÞ

½vðCðiÞÞ � vðCðiÞ n iÞ�

0
@

1
A

¼ 1
cðNÞ

X
C2ChðFÞ

X
i2N

½vðCðiÞÞ � vðCðiÞ n iÞ�
 !

¼ 1
cðNÞ

X
C2ChðFÞ

½vðNÞ � vð;Þ� ¼ vðNÞ;

which implies the efficiency axiom.
Since the classical axiom of symmetry does not work, we con-

sider a new axiom in which there is a relationship between the
number of chains and the value of the identity game.

Chain axiom: Let ðN;FÞ be an augmenting system such that
N 2F and U : CðFÞ ! Rn a value. For any S 2F such that S–N
and any i; j 2 S�, we have cðS [ i;NÞUjðdS[jÞ ¼ cðS [ j;NÞUiðdS[iÞ.

Combining this axiom with the efficiency axiom, we obtain the
probability that a player joins coalition S 2F over the set ChðFÞ of
all the maximal chains in F.

By using the previous results we prove the following character-
ization of the Shapley value for games on augmenting systems.

Theorem 16. The Shapley value is the unique value U : CðFÞ ! Rn

that satisfies linearity, dummy, efficiency and chain axioms.

Proof. Clearly the Shapley value satisfies all the four axioms. Con-
versely, let U be a value that satisfies linearity, dummy, efficiency
and chain axioms. It follows from Theorems 13 and 14 that for
every game v 2 CðFÞ and every player i 2 N

UiðvÞ ¼
X

fS2F:i2S�g
ai

S[i½vðS [ iÞ � vðSÞ�;

where the coefficients satisfy
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X
i2exðNÞ

ai
N ¼ 1; and

X
i2exðSÞ

ai
S ¼

X
i2S�

ai
S[i

for every nonempty S 2F such that S–N. Thus, it suffices to show
that

ai
S[i ¼

cðSÞcðS [ i;NÞ
cðNÞ ð1Þ

for every S 2F such that S–N and i 2 S�. Note that the chain axiom
is

cðS [ i;NÞaj
S[j ¼ cðS [ j;NÞai

S[i

for all i; j 2 S�. Let us consider a fix coalition S 2F such that S–N
with i 2 S�, and we compute

X
j2S�

aj
S[j ¼ ai

S[i þ
X

fj2S� :j–ig

cðS [ j;NÞ
cðS [ i;NÞ a

i
S[i

¼ ai
S[i

cðS [ i;NÞ cðS [ i;NÞ þ
X

fj2S� :j–ig
cðS [ j;NÞ

2
4

3
5

¼ ai
S[i

cðS;NÞ
cðS [ i;NÞ :

For S ¼ ; the above equality is

X
j2;�

aj
fjg ¼ ai

fig
cðNÞ

cðfig;NÞ ;

where fj 2 N : j 2 ;�g ¼ fj 2 N : fjg 2Fg. By using recursively the
efficiency equationsX
i2exðSÞ

ai
S ¼

X
i2S�

ai
S[i

and the equivalence i 2 S� () i 2 exðS [ iÞ, we calculate the sumX
j2;�

aj
fjg ¼

X
j2exðfjgÞ

aj
fjg ¼

X
fS2F:jSj¼1g

X
i2S�

ai
S[i

¼
X

fS2F:jSj¼2g

X
i2exðSÞ

ai
S ¼

X
fS2F:jSj¼2g

X
i2S�

ai
S[i

..

.

¼
X

fS2F:jSj¼n�1g

X
i2exðSÞ

ai
S ¼

X
fS2F:jSj¼n�1g

X
i2S�

ai
S[i

¼
X

i2exðNÞ
ai

N ¼ 1:

Therefore, we have showed formula (1) for S ¼ ;, that is, for every
i 2 ;�,

ai
fig ¼

cðfig;NÞ
cðNÞ :

We assume the following induction hypothesis: For every
T 2F such that jTj ¼ k, where 0 6 k 6 n� 2, we have

aj
T[j ¼

cðTÞcðT [ j;NÞ
cðNÞ

for all j 2 T�. The case jTj ¼ 0() T ¼ ; has just been proved. Let
now S 2F such that jSj ¼ kþ 1 6 n� 1. Then ;–S–N, and hence
the efficiency equations imply that

X
j2S�

aj
S[j ¼

X
j2exðSÞ

aj
S ¼

X
j2exðSÞ

aj
ðSnjÞ[j ¼

X
j2exðSÞ

cðS n jÞcðS;NÞ
cðNÞ ¼ cðSÞcðS;NÞ

cðNÞ ;

where we have used the induction hypothesis for T ¼ S n j where
j 2 exðSÞ. Moreover
X
j2S�

aj
S[j ¼ ai

S[i
cðS;NÞ

cðS [ i;NÞ ;

which implies the formula (1) for S 2F such that jSj ¼ kþ 1. This
proves that UiðN; v;FÞ ¼ ShiðN; v;FÞ for every v 2 CðFÞ and every
i 2 N. h

Remark 17. Note that if F ¼ 2N then fS 2F : i 2 S�g ¼ fS � N :

i R Sg. Thus, for every game v : 2N ! R and every i 2 N, we have

ShiðN; vÞ ¼
X

fS�N:iRSg

jSj!ðjNj � jSj � 1Þ!
jNj! ½vðS [ iÞ � vðSÞ�:
4. Another axiomatization of the Shapley value

Given an augmenting system ðN;FÞ we consider the partially
ordered set (or poset) ðF; # Þ. Let us denote by IntðFÞ the set of
intervals of ðN;FÞ, that is the collections ½S; T� ¼ fR 2F : S #

R # Tg, where S; T 2F and S # T . We define the zeta function
f : IntðFÞ ! R by fðS; TÞ ¼ 1 for all S; T 2F such that S # T. The
identity function d : IntðFÞ ! R is defined by dðS; TÞ ¼ 1 if S ¼ T
and dðS; TÞ ¼ 0 otherwise. The convolution of the functions
f ; g : IntðFÞ ! R is

ðf � gÞðS; TÞ ¼
X

fR2F:S # R # Tg
f ðS;RÞgðR; TÞ

and the identity function satisfies f � d ¼ d � f ¼ f . Moreover, the
zeta function f is invertible, its inverse is called the Möbius function
and is denoted l (see [17, Section 3.7]).

Lemma 18. Let ðN;FÞ be an augmenting system. Then the Möbius
function of the poset ðF; # Þ is

lðS; TÞ ¼ ð�1ÞjTj�jSj if T # Sþ;

0 otherwise:

(

Proof. It suffices to show that

ðl � fÞðS; TÞ ¼ dðS; TÞ ¼
1 if S ¼ T;

0 if S � T;

�

for all S; T 2F such that S # T. By Proposition 7 we obtain

ðl � fÞðS; TÞ ¼
X

fR2F:S # R # Tg
lðS;RÞfðR; TÞ ¼

X
fR2F:S # R # Tg

lðS;RÞ

¼
X

fR22N :S # R # Sþ ;R # Tg

ð�1ÞjRj�jSj:

If S ¼ T then R ¼ S and hence ðl � fÞðS; TÞ ¼ ð�1ÞjSj�jSj ¼ 1. If S � T
then we consider two cases:

1. Assume Sþ # T and let C ¼ R n S. Then

ðl � fÞðS; TÞ ¼
X

fR22N :S # R # Sþg

ð�1ÞjRj�jSj ¼
X

fC22N :C # SþnSg

ð�1ÞjCj

¼ ð1� 1ÞjS
þnSj ¼ 1 if S ¼ Sþ;

0 otherwise:

�

Since S ¼ Sþ implies that S ¼ N, we obtain a contradiction with
S � T , and hence ðl � fÞðS; TÞ ¼ 0.
2. Assume Sþ"T and let S�T ¼ fi 2 T n S : S [ i 2Fg. Then
fR 2 2N : S # R # Sþ;R # Tg ¼ fR 2 2N : S # R # S [ S�Tg:

We now obtain
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ðl � fÞðS; TÞ ¼
X

fR22N :S # R # S[S�Tg

ð�1ÞjRj�jSj ¼ ð1� 1ÞjS
�
T j ¼

1 if S�T ¼ ;;
0 otherwise:

�

Note that S�T ¼ ; implies that S [ i R F for any i 2 T n S. This
contradicts property P3 of the augmenting system and we
conclude that ðl � fÞðS; TÞ ¼ 0. h

For any T 2F such that T–;, the unanimity game fT : F! R is
defined by

fTðSÞ :¼
1 if T # S;
0 otherwise:

�

The collections of the identity games fdS : S 2F; S–;g and the
unanimity games ffT : T 2F; T–;g are two different bases of the
vector space CðFÞ. Faigle and Kern [10] observed that

fT ¼
X

fS2F:S�Tg
dS:
Theorem 19. Let v : F! R be a game on an augmenting system.
Then there exists an unique set of coefficients fdvðTÞ : T 2F; T–;g
such that v ¼

P
fT2F:T–;gdvðTÞfT . Moreover,

dvðSÞ ¼
X

fT2F:T # S # Tþg

ð�1ÞjSj�jTjvðTÞ:

for every nonempty S 2F.

Proof. The collection of the unanimity games ffT : T 2F; T–;g is a
basis of the vector space CðFÞ. Then, for every game v 2 CðFÞ

v ¼
X

fT2F:T–;g
dvðTÞfT

and hence for every nonempty S 2F we have that

vðSÞ ¼
X

fT2F:T–;g
dvðTÞfTðSÞ ¼

X
fT2F:T # Sg

dvðTÞ:

Applying the Möbius inversion formula [17, Chapter 3] of the poset
ðF; # Þ and Lemma 18, we obtain

dvðSÞ ¼
X

fT2F:T # Sg
lðT; SÞvðTÞ ¼

X
fT2F:T # S # Tþg

ð�1ÞjSj�jTjvðTÞ: �

Let ðN;FÞ be an augmenting system such that N 2F. Following
the work of Faigle and Kern [10], we define the hierarchical strength
hSðiÞ of a player i 2 S in a feasible coalition S 2F as follows:

hSðiÞ :¼ jfC 2 ChðFÞ : CðiÞ � Sgj
cðNÞ :

Note that hSðiÞ is the average number of maximal chains of
ðF; # Þ in which player i 2 S is the last member of S in the chain.
By using these numbers we will obtain a new formula for the
Shapley value.

Proposition 20. Let v : F! R be a game on an augmenting system
ðN;FÞ such that N 2F. The Shapley value for the player i 2 N is given
by

ShiðN; v;FÞ ¼
X

fS2F:i2Sg
dvðSÞhSðiÞ;

where dvðSÞ are the coefficients associated to the unanimity basis.

Proof. Since v ¼
P
fS2F:S–;gdvðSÞfS the linearity of the Shapley value

implies that
ShiðN; v;FÞ ¼
X

fS2F:S–;g
dvðSÞShiðN; fS;FÞ:

For every nonempty S 2F and i 2 N we compute

ShiðN; fS;FÞ ¼
1

cðNÞ
X

C2ChðFÞ
½fSðCðiÞÞ � fSðCðiÞ n iÞ�:

If i R S then S # CðiÞ implies S # CðiÞ n i, and hence

fSðCðiÞÞ � fSðCðiÞ n iÞ ¼
1 if S # CðiÞ and i 2 S

0 otherwise

�

for every chain C 2 ChðFÞ. Thus, we obtain

ShiðN; fS;FÞ ¼
hSðiÞ if i 2 S;

0 if i R S;

�

which completes the proof. h

Now we are ready to introduce a new axiom which gives rise to
another axiomatization of the Shapley value.

Hierarchical strength axiom: Let ðN;FÞ be an augmenting system
such that N 2F and U : CðFÞ ! Rn a value. For any nonempty
S 2F and any i; j 2 S, we have hSðiÞUjðfSÞ ¼ hSðjÞUiðfSÞ.

This axiom implies that players in unanimity games be re-
warded according to their relative hierarchical strengths. More-
over, it reflect that the Shapley value is the expected marginal
contribution of an individual player to the game. Note also that
the above proposition implies that the Shapley value satisfies the
hierarchical strength axiom.

Theorem 21. The Shapley value is the unique value U : CðFÞ ! Rn

that satisfies linearity, dummy, efficiency and hierarchical strength
axioms.

Proof. We know that the Shapley value satisfies the four axioms.
Since U is a linear map and v ¼

P
fT2F:T–;gdvðTÞfT , it suffices to

prove that U coincides with the Shapley value on any game fT ,
where T 2F and T–;. Fix a nonempty T 2F and i 2 N. We show
that any i R T is a dummy player in the game fT . For this, let S 2F

such that i 2 S�. Since i R T we have that T # S [ i implies T # S, and
hence fTðS [ iÞ � fTðSÞ ¼ 0. Moreover, if fig 2F then fTðfigÞ ¼ 0. By
using the dummy axiom we obtain that UiðfTÞ ¼ 0 for every i R T.

By applying the efficiency axiom we haveX
i2T

UiðfTÞ ¼
X
i2N

UiðfTÞ ¼ fTðNÞ ¼ 1:

Now we fix i 2 T and the hierarchical strength axiom gives

UjðfTÞ ¼
hTðjÞ
hTðiÞ

UiðfTÞ

for every j 2 T such that j–i. Thus

1 ¼
X
i2T

UiðfTÞ ¼ UiðfTÞ þ
X

fj2T:j–ig

hTðjÞ
hTðiÞ

UiðfTÞ ¼
UiðfTÞ
hTðiÞ

X
j2T

hTðjÞ:

Since in every chain C 2 ChðFÞ there exists an unique j 2 T such
that CðjÞ � T , we haveX
j2T

hTðjÞ ¼ 1

and hence we conclude that UiðfTÞ ¼ hTðiÞ for every i 2 T . Therefore,
UiðfTÞ ¼ ShiðfTÞ for every nonempty T 2F and i 2 N. h
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