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This paper deals with cooperative games in which only certain coalitions are allowed to form. There have
been previous models developed to confront the problem of unallowable coalitions. Games restricted by a
communication graph were introduced by Myerson and Owen. In their model, the feasible coalitions are
those that induce connected subgraphs. Another type of model is introduced in Gilles, Owen and van den
Brink. In their model, the possibilities of coalition formation are determined by the positions of the play-
ers in a so-called permission structure. Faigle proposed another model for cooperative games defined on
lattice structures. We introduce a combinatorial structure called augmenting system which is a general-
ization of the antimatroid structure and the system of connected subgraphs of a graph. In this framework,

the Shapley value of games on augmenting systems is introduced and two axiomatizations of this value

are showed.
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1. Introduction

The purpose of this paper is to develop a new framework in
which to analyze cooperative games in which only certain coali-
tions are allowed to form. We will study the structure of such
allowable coalitions using the theory of augmenting systems, a no-
tion developed to combinatorial abstract theory. The first model in
which the feasible coalitions are defined by the connected sub-
graphs of a graph is introduced by Myerson [14]. Contributions
on graph-restricted games include Owen [15], Borm et al. [6] and
Hamiache [12]. In these models the possibilities of coalition forma-
tion are determined by a communication graph between the play-
ers. Another type of combinatorial structure introduced by Gilles,
Owen and van den Brink [11] and van den Brink [7] is equivalent
to a subclass of antimatroids. This line of research focuses on the
possibilities of coalition formation determined by the positions of
the players in the permission structures. In addition, given a cooper-
ative game and a set system of feasible coalitions, a restricted game
is then defined by using the maximal feasible subsets of a coalition.
The Shapley value [16] has been generalized by Myerson [14] for
restricted games by communication situations, which are defined
by a cooperative game and the family of all connected subgraphs
of a graph. Bilbao [5] obtained explicit formulas for the Shapley va-
lue of games restricted by augmenting systems.

Let us consider a set system (N, #), where % C 2" is a family of
feasible subsets of the player set N. An important fact is that all the
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above contributions are devoted to analyze standard cooperative
games v” : 2" — R, named restricted games and defined by

SCN,

V(S = Y vl

TECH(5)

for all

where C(S) is the set of maximal nonempty feasible subsets (com-
ponents) of S and C~(S) is a partition of a subset of S. Notice that
v7(S) =v(S) for all S e #. Furthermore, if S¢ # the definition of
v7 assigns to S the sum of the outputs of feasible coalitions that
players from S could jointly achieve.

In this paper we consider an augmenting system (N,.#) and a
real-valued function v: # — R such that v(§) = 0. Thus, our way
of looking at the problem of unallowable coalitions is completely
different and there is not overlap with the approach given by
Bilbao [5]. Most closely related to our approach is the work of Fai-
gle and Kern [10] on cooperative games under precedence con-
straints, which are games defined on a lattice of feasible subsets.
Their model has been generalized by Bilbao and Edelman [3,4] to
games on convex geometries. Since convex geometries and anti-
matroids are special case of augmenting systems our analysis fol-
lows the above mentioned papers quite closely. Note that in this
approach, cooperative games are defined only in the set of feasible
coalitions and the notion of restricted game makes no sense.

In Section 2, we recall the concept of augmenting system and
describe its fundamental properties. Section 3 introduces games
on augmenting systems and by using the classical approach of
Weber [18], we obtain a characterization of the extended Shapley
value under the axioms of linearity, dummy, efficiency and chain.
Finally, in Section 4 we show a new axiomatization of the extended
Shapley value of games on augmenting systems by using linearity,
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dummy and efficiency axioms, and the hierarchical strength axiom
instead the chain axiom.

2. Augmenting systems

Antimatroids were introduced by Dilworth [8] as particular
examples of semimodular lattices. Since then, several authors have
obtained the same concept by abstracting various combinatorial
situations (see Korte et al. [13]). Let N be a finite set. A set system
over N is a pair (N, 7) where # C 2" is a family of subsets. The sets
belonging to # are called feasible. We will write Sui and S\ i in-
stead of Su {i} and S\ {i}, respectively.

Definition 1. A set system (N, .«/) is an antimatroid if

Al. D e o,
A2. for S,T € .« we have SUT € <,
A3. for S € .7 with S#0, there exists i € S such that S\ i € .«/.

Let (N, <) be an antimatroid and let S, T € .« such that |S| < |T|.
Property A3 implies an ordering T = {iy, ..., i;} with {iy,...,ij} € .«
forj=1,...,t.Let ke {1,...,t} be the minimum index with iy ¢ S.
ThenSuUiy =SU {i1,...,ix} € o/ by property A2. Therefore, the def-
inition of antimatroid implies the following augmentation property:
If S,T e .oz with |S| < |T| then there exists i€ T\S such that
Suie ..

Convex geometries are a combinatorial abstraction of convex
sets introduced by Edelman and Jamison [9].

Definition 2. A set system (N, %) is a convex geometry if it satisfies
the following properties:

Gl. ey,
G2. for S,T € 4 we have SNT € %,
G3. for S € ¥ with S#N, there exists i € N\ S such that Sui € .

We will introduce a new combinatorial structure as follows.

Definition 3. An augmenting system is a set system (N, #) with
the following properties:

Pl. 0 e 7,

P2. for S,T € # with SN T#(), we have SUT € 7,

P3. for S,Te % with ScT, there exists i€ T\S such that
SuieZz.

The relationship between the combinatorial structures above
mentioned is given by Bilbao [5] in the next proposition.

Proposition 4

(i) An augmenting system (N, ) is an antimatroid if and only if #
is closed under union.

(ii) An augmenting system (N, ) is a convex geometry if and only
if 7 is closed under intersection and N € 7.

Example. The following collections of subsets of N={1,...,n},
given by 7 =2V, # = {9, {i}}, where i e N, and 7 = {0, {1},...,
{n}}, are augmenting systems over N.

Example. Let us consider a communication graph G = (N,E),
where N is the set of players and E is the set of edges which repre-
sents the bilateral communication between some players. Given a
coalition S C N, the set of edges between players in S is denoted by
E(S) = {ij € E:i,j € S}. Thus, the set system (N, #) given by

F ={SCN:(S,E(S)) isa connected subgraph of G}

is an augmenting system.

The next characterization of the augmenting systems derived
from the connected subgraphs of a graph is proved by Algaba
et al. [2]

Theorem 5. An augmenting system (N, #) is the system of connected
subgraphs of the graph G = (N,E), where E={Se€ 7 : |S| =2} if and
only if {i} € # forallie N.

Example. Gilles et al. [11] showed that the feasible coalition sys-
tem (N, #) derived from the conjunctive or disjunctive approach
contains the empty set, the ground set N, and that it is closed under
union. Algaba et al. [1] showed that the coalition systems derived
from the conjunctive and disjunctive approach were identified to
poset antimatroids and antimatroids with the path property, respec-
tively. Thus, these coalition systems are augmenting systems.

Example. The set system given by N = {1,2,3,4} and

7 ={0,{1},{4},{1,2},{1,3},{2,4},{3,4}
{1,2,3},{1,2,4},{1,3,4},{2,3,4},N}

is an augmenting system. Since {1,4} ¢ Z the system (N, #) is not
an antimatroid. Moreover, {1,2}Nn{2,4} ={2}¢ % and hence
(N, 7) is not a convex geometry.

Definition 6. Let (N,.#) be an augmenting system. For a feasible
coalition S € #, we define theset " = {ie N\ S:Sui e 7} of aug-
mentations of S and the set S" =SuUS" = {ic N:Suic #}.

Proposition 7. Let (N, %) be an augmenting system. Then the inter-
val [S,57], = {Ce # :SCCCS"} is a Boolean algebra for every non-
empty Se 7.

Proof. It is suffices to show that [S,5"], = {CCN:SCCcCS'}, ie.
for every CC N such that SCCCS" we have C € #. If S* = ) then
[S,S"], = {S}. Otherwise S* = {ij,...,i,} and SCCCS" implies
C=Su{ij,...,ig} for some 1< q<p. We prove that C € # by
induction on q. For ¢g=1 we know that Su{i;} € #. Assume
SU{iy,...,ix} € 7. Since SU {ix,1} € # and (SU{iy,...,ix}) N (SU
{iks1}) = S#0, property P2 yields Su {iy, ... i, k1t € Z. O

Definition 8. Let (N, #) be an augmenting system. An element i in
S € # is an extreme point of Sif S\ie #.

The set of extreme points of S is denoted by ex(S). Note that
property P3 implies A3 and hence |ex(S)| > 1 for any nonempty
Se7z.

3. Axioms for the Shapley value

A cooperative game is a function v : 2" — R with v(¢) = 0. The
players are the elements of N and the coalitions are the elements
of the Boolean algebra 2"

Definition 9. A cooperative game on the augmenting system
(N,#) is a triple (N,v,#), where v: % — R is a real-valued
function such that v(9) = 0.

The coalitions are the feasible sets belonging to # and the play-
ers are the elements of N. Let I'(#) be the real vector space of the
games on the augmenting system & C 2". We will follow the work
of Weber [18] to obtain an axiomatic development of the Shapley
value for games on augmenting system. This way to extend the
Shapley value is the logical path to obtain the adaptation of the
classical axioms (linearity, dummy, efficiency, and symmetry) to
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cooperative games on combinatorial structures. For this, we con-
sider the following game on #. For any T € #,T#(), the identity
game 6r : # — R is defined by

1 ifS=T
or(S) == ’
() {o if S=T.

Let @ :I'(#) — R" a map such that @(v) = (®1(v),..., Pn(V)).
The meaning of this function is to give the expected payoffs to
the players of a game. We introduce several axioms that give rise
to a unique function for games on augmenting systems. If
7 = 2N then this function is equal to the classical Shapley value.
First, we consider the linearity property.

Linearity axiom: For all o, € R, and v,w € I'(#) we have

&;(ov + pw) = ad;(v) + fPi(w) for every ieN.

Theorem 10. Let @; : I'(#) — R be a value for i which satisfies the

linearity axiom. Then there exists an unique set of coefficients
{di : S € #,S#0} such that

Pi(v) = asv(S)
{Se7 540}

for every v e I'(F).

Proof. The collection {ds : S € 7,570} is a basis of the vector space
I'(#). Then, for every game v € I'(#)

v=" > v(S)ds.
{SeF:S#0}

Let ai = &;(s) for every i € N, and every nonempty S € . Applying
the linearity axiom we obtain

Pi(v) = av(S),
{Se7:S#0}

foreveryve I'(#). O
We will now introduce the concept of dummy player.

Definition 11. The player i € N is a dummy player in the game
veI'(7)if forall S € # such thati e S", we have

v({i}) if {i} € 7,

0 otherwise.

V(SUi) — v(S) :{

This definition derives from the observation that a dummy
player has no strategic role in the game, because of such a player
contributes precisely v({i}) or zero. We need a preparatory lemma
about some properties of the dummy player in the identity game.

Lemma 12. Let (N, #) be an augmenting system and consider a
nonempty S € #. Then:

(i) If i € S\ ex(S) then player i is dummy in the identity game Js.
(ii) Ifi ¢ S* then player i is dummy in the identity game Js.
(iii) Ifi € S” then player i is dummy in the game Js + Js.;.

Proof

1. Note that if {i} € # then i< ex({i}), and hence S#{i}. This
implies ds({i}) = 0. Now let C € # be such thatie C’, and it is
sufficient to prove that ds(CUi) —ds(C) =0. If S=Cui then
C=S\ieZ, so that i € ex(S), a contradiction. If S=C then
ieS =S"\S, which is a contradiction. Thus, 6s(CUi) = 0 and
ds(C) =0.

2. If S={i} € # then i € S, contradicting the hypothesis. Then
ds({i}) = 0. Consider C € # such that ie C". Since i¢S™ =

SuS" we have S#CuUi and S#C, because otherwise i€ S or
i €S Thus, 5(CUi) — 35(C) = 0.

3. If {i} € # wherei € S" theni ¢ S, and hence S#{i}. Since S#0 we
also know that Sui={i}. Then d&s({i}) + ds.i({i}) = 0. We now
take C € # such that ie C'. Since i€ S"=5"\S we obtain
S#Cuiand SUi#C, because otherwise i € S or i € C. Thus
(05 + 0sui) (CUT) — (ds + d50i)(C) = si(CUT) — 5(C).

Finally, the equivalence SUi = CUi <= S = C implies

55U,'(C @] l) — 55(C) =0

forall Ce # such thatie C'. O

The following axiom gives the payoff received for a dummy

player.
Dummy axiom: If the player i € N is a dummy in v € I'(#), then

_ v({i}) if {i} e 7,
Piv) = {O otherwise.

Theorem 13. Let @;: I'(#) — R be a value for player i € N that
satisfies linearity and dummy axioms. Then, for every game v € I'(F)

(V)= Y (T Ui) - v(T)).

{Te7icT"}
Moreover, if {i} € # then
i
api = 1.
{Te7:ieT"}

Proof. We know from Theorem 10 that for a fix player i € N

d;(v) = atv(s)
)

= > dvS+ > aviS)+ >

{SeFicex(S)} (SeFigS} (SeFieS\ex(S)}

alv(s).

Lemma 12 (i) implies that ifi € S\ ex(S) then player i is dummy
in the identity game Js. Applying dummy axiom we obtain
ak = @;(55) = 0, for all i € S\ ex(S). Moreover, N\S=S"U(N\S")
and S*N(N\ S*) = 0, and then we have

iv)= Y avS+ Y awv(s)

{Se7:icex(S)} {Se7:i¢S}
= Y dvS)+ D dvS)+ > aw(s).
{SeFicex(S)} {Se7:ieS*} {Se7:i¢gSt}

Ifi ¢ S™ then player i is dummy in the identity game Js by Lemma 12
(ii). Hence dummy axiom implies ai = @;(5s) = 0, for each i¢S*.
This shows that

@i(v) = z

{Se7icex(S)}

avS) + > aw(s).

{Se7:ieS"}

Since icex(S) < S\ie # < S=Tui, where Te # and
ieT", we have

> dv(s) =

{Se7:icex(S)}

> dv(Tui).

{Te7:icT"}

If i € S” then player i is dummy in the game &5 + Js,; by Lemma
12 (iii). By linearity and dummy axioms

as + i ; = @i(3s) + Pi(Ssui) = Pi(Js + dsui) =0,

which implies that ai = —ai ; for all i € S". Then the above proper-
ties yield
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Pi(v)= D (T ui)—v(T)).

{TeF:ieT"}
Now we suppose that {i} € 7

Z a;ui: Z (pi(éTui)_(pi< Z 5Tui>~

{TeZF:ieT"} {TeF:ieT"} {TeF:ieT"}

Z and compute

We claim that player i is dummy in the game w= 3" ;-
drui- Observing that for any C € # such that i € C* the feasible set
T Ui#C, we obtain

. 1 ifC=T,
ori(CUD = onl€) = { 0 if C2T.
This implies that w(C Ui) — w(C) = 1. Observe that {i} € # implies
i€ @', and hence w({i}) = dy.i({i}) = 1. This proves the claim. Finally,
by using dummy axiom, we get ®;(w) =w({i})=1. O

If the vector @(v) = (P1(v),...,P,(v)) is a distribution of the
available resources to the grand coalition N € .#, then @ satisfies
the following axiom:

Efficiency axiom: If (N, #) is an augmenting system such that
Ne 7 andv e I'(#) then >, y®i(v) = V(N).

The efficiency axiom implies the following properties for the
coefficients of the values that satisfy linearity an dummy axioms.
We will assume throughout that (N, %) is an augmenting system
such that N € 7.

Theorem 14. Let @ : I'(#) — R" be a value defined for every game
v e I'(#) and every player i € N by

Pi(v)= Y dg(SUi) - v(©S).

{Se7:ieS"}

Then @ satisfies the efficiency axiom if and only if

Z a,=1, and Z ai=> di,

icex(N icex(S, ies*

for every nonempty S € # such that S#N.

Proof. First, we compute the sum

> div) = Y auvSUi) —v(S)]

icN ieN {Se7icS'}
SNCIOEE VS
Se7F icex(S ieS*
(D ¥ (DT
icex(N {Se#:S#N} \icex(S) ieS*

By considering v(S) as variables, we conclude that };
if and only if the relations are true. 0O

®i(v) = v(N)

Let v: 2" — R be a standard cooperative game and let 7 a total
ordering of the elements of N, given by i; < i, < --- < i,. The classi-
cal Shapley value for the player i € N is given by

'Z (T U {i}) — v()],

" melly

where I1,, is the set of all permutations of N and 7 is the set of the
predecessors of player i in the order 7

Let us consider a compatible ordering of an augmenting system
(N,#) such that N e #, as the total ordering of N, given by
i1 <lp<---<i, such that the set {i,...,ij}eZ for all
j=1,...,n. A compatible ordering of (N, #) corresponds exactly
to a maximal chain in # and we denote by Ch(#) the set of all
the maximal chains in #. Given an element i € N and a compatible
ordering C € Ch(#), let C(i)={j e N:j <iin C}.

Let (N, #) be an augmenting system and let v: # — R a coop-
erative game. We define the Shapley value for the playeri e N as

Shi(N, v, 7) == —— 3™ [W(C(i)) — v(C(i) \ i),
Ny

CeCh(#7)

where ¢(N) := |Ch(Z
Since C(i)\i=Se 7

Shi(N,v,7) = ) ( Z C(}V))[v(sm)—v(sn
{Se7:ieS*'} \ {CeCh(F):C(i)\i=S}

- ¥ ic(s)cc(f,;j N ivsui) - vs),
{Se7:ieS*}

7 )| is the total number of maximal chains in #.
we have that i € S". Thus

where ¢(S) is the number of maximal chains from ¢ to S, and
c¢(Sui,N) is the number of maximal chains from Sui to N.

As a consequence, we obtain the following formula for the
Shapley value of games on augmenting systems.

Definition 15. Let v: # — R be a game on an augmenting system
(N, #) such that N € #. The Shapley value for the player i € N is
given by

c(S)c(SU1i,N)

Shi(N,v, ) = LR

{Se7:ieS"}

Note that the sum of the coefficients of the Shapley value is

1 1
— | = —=1
{Se;i:es* } ({CECh(,g:;f(i)\iS} c(N )) @%1%«7) c(N)

and this implies that the Shapley value satisfies the dummy axiom.
Moreover, for every game v € I'(#) we have

SoShi(Nv, ) =Y (ﬁ S () —v(co‘)\i)])

ieN ieN CeCh(7)
1 . . .
1
Ny CE%(;?)[V(N) —v(B)] = v(N),

which implies the efficiency axiom.

Since the classical axiom of symmetry does not work, we con-
sider a new axiom in which there is a relationship between the
number of chains and the value of the identity game.

Chain axiom: Let (N,#) be an augmenting system such that
Ne 7 and @:I'(#) — R" a value. For any S € # such that S#N
and any i,j € S*, we have c(SUi,N)®;(ds;;) = c(SUj,N)P;i(dsi)-

Combining this axiom with the efficiency axiom, we obtain the
probability that a player joins coalition S € # over the set Ch(#) of
all the maximal chains in 7.

By using the previous results we prove the following character-
ization of the Shapley value for games on augmenting systems.

Theorem 16. The Shapley value is the unique value @ : I'(#
that satisfies linearity, dummy, efficiency and chain axioms.

) — R!

Proof. Clearly the Shapley value satisfies all the four axioms. Con-
versely, let @ be a value that satisfies linearity, dummy, efficiency
and chain axioms. It follows from Theorems 13 and 14 that for
every game v € I'(#) and every playeri e N

Bi(v)= > d,vSui) - v(S),

{Se7:ieS*}

where the coefficients satisfy
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> dy=1, and

icex(N)

Z as = Zam

icex(S) ieS”

for every nonempty S € # such that S#N. Thus, it suffices to show

that

c(S)c(SUI,N)

i St it P4
aSui - C(N) (l)
for every S € # such that S#N and i € S”. Note that the chain axiom
is

c(Sui, N)a’

SUj

c(SUj,N)d ;

for all i,j € S". Let us consider a fix coalition S € # such that S#N

with i € §7, and we compute

i ; c(SUj,N) ;
Sy =dt Y et
jest N B {jeS" 1} c(SUi,N) =
agui i i
=——>—[c(SUi,N) + c(SUJ,N)
c(SUIi,N) UE;#Q
i C(S’N)

= IUESULN)

For S = () the above equality is

c(N)
2% = %o g, Ny

Jjeo*

where {je N:je 0"} ={jeN: {j} € #}. By using recursively the
efficiency equations

Z a5 = Zam

icex(S) ieS*

and the equivalence i € " < i € ex(SUi), we calculate the sum
D= > = D ah
Jjen Jjeex({j}) {Se7:|S|=1} ieS*

_ i_
= as =
{Se7:[5|=2} icex(S)

Z ds.;

(Se7S|=2} ieS'

Z agui

(SeF:[S|=n—1} ieS'

- ¥ ya-
{Se7:|S|=n—-1} icex(S)
= > ay=1
icex(N)
Therefore, we have showed formula (1) for S = 0, that is, for every
iel,
4 _ CUiLN)
07Ny
We assume the following induction hypothesis:
T € # such that |T| = k, where 0 < k < n — 2, we have

d ¢(T)c(TUj,N)
nTTN

For every

for all j € T". The case |T| =0 <= T =0 has just been proved. Let
now S € # such that |S|=k+1<n-1. Then 0#S#N, and hence
the efficiency equations imply that

ZaISUJ Z a’ _ Z aJS\I Z c(S\J)e(S,N)

jes* jeex(S jeex(S C(N) C(N) '

jeex(S)

where we have used the induction hypothesis for T = S\ j where
J € ex(S). Moreover

c(S,N)
c(SUL,N)’

Z aJSUJ = asuz

jes*

which implies the formula (1) for S € # such that |S| = k + 1. This

proves that @;(N,v,#) = Shi(N,v,#) for every v € I'(#) and every
ieN. O
Remark 17. Note that if # =2" then {Se # :ieS}={SCN:

i ¢ S}. Thus, for every game v : 2" — R and every i € N, we have

ISI'(INT — IS] =

Shi(N.v) = - Dvisui) - vis)).

{SCN:igS}

4. Another axiomatization of the Shapley value

Given an augmenting system (N, #) we consider the partially
ordered set (or poset) (#, C). Let us denote by Int(#) the set of
intervals of (N,%), that is the collections [S,T]={Re Z :SC
RCT}, where S,Te€ # and SCT. We define the zeta function
{:Int(#) - R by {(5,T) =1 for all S,T € # such that SCT. The

identity function ¢ : Int(#) — R is defined by 6(S,T)=1if S=T

and §(S,T) =0 otherwise. The convolution of the functions
f,g:Int(#) - Ris

F+e)6.T)= >  fSRERT)

{ReFSCRCT}

and the identity function satisfies f * § = 6 x f = f. Moreover, the
zeta function { is invertible, its inverse is called the Mdébius function
and is denoted p (see [17, Section 3.7]).

Lemma 18. Let (N, #) be an augmenting system. Then the Mébius
function of the poset (7, C) is

T8 §f T s,
us,my =4 Y <>
0 otherwise.
Proof. It suffices to show that
1 if S=T,
T)=6(S.T) = ’
(s =as={g ey

for all S, T € # such that SCT. By Proposition 7 we obtain
(x0T = > uSRIRT = > wSRk
{ReZ:SCRCT} {ReZ:SCRCT}

_ Z (_1)|RH5|.

{Re2V:SCRCS* RCT}

If S=T then R=S and hence (u+{)(S,T)=(-1)*" P =1.1fScT
then we consider two cases:
1. Assume S™CT and let C = R\ S. Then

(u=06ST= > DfFE= 3 (-

{Re2N:SCRCS*} {ce2N.ccsh\S}

_ g _qshs _ 1 if S=S1,
=(1-1" "= {0 otherwise.

Since S = S* implies that S = N, we obtain a contradiction with
ScT,and hence (u={)(S,T) =
2. Assume S*¢T andletS; = {ieT\S:Suie #}. Then

{Re2V:SCRCS",RCT}={Re2":SCRCSUS;}.

We now obtain
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1 ifS:=0,
(L 0)(S,T) = Bor="

{Re2N:SCRCSUS}}

(71)\'3\*\5\ =(1- 1)\5}\ _ {

Note that S; =0 implies that SUi¢ # for any i€ T\S. This
contradicts property P3 of the augmenting system and we
conclude that (u*{)(S,T)=0. O

For any T € # such that T#0, the unanimity game {; : # — R is

defined by
1 if TCS,
0 otherwise.

)= {

The collections of the identity games {Js: S € #,S#0} and the
unanimity games {(;: T € #,T#(} are two different bases of the
vector space I'(#). Faigle and Kern [10] observed that

b= >

{Se7 5T}

Theorem 19. Let v: # — R be a game on an augmenting system.
Then there exists an unique set of coefficients {d,(T) : T € 7,T#0}
such that v = 3 rc 7 7.0, dv(T){1. Moreover,

NOEESY

{TeFTCSCT}

(71 )‘SHT‘V(T).

for every nonempty S € 7.

Proof. The collection of the unanimity games {{r : T € #,T#0} isa
basis of the vector space I'(#). Then, for every game v € I'(#)

v="Y  dM

{TeZ:T=0}

and hence for every nonempty S € # we have that

Z dv(T)L.vT S)=

{TeZ7:T0}

dy(T).

{TeFTCS}

Applying the Mobius inversion formula [17, Chapter 3] of the poset
(#, C) and Lemma 18, we obtain

)= Y WIS =

{TeFTCS}

(_1)\5\*\7'\‘,(]')' O

{TeFTCSCT}

Let (N, #) be an augmenting system such that N € #. Following
the work of Faigle and Kern [10], we define the hierarchical strength
hs(i) of a player i € S in a feasible coalition S € # as follows:

[{C € Ch(#) : C(i) 2 )]

hs(i) := )

Note that hs(i) is the average number of maximal chains of
(#, C) in which player i € S is the last member of S in the chain.
By using these numbers we will obtain a new formula for the
Shapley value.

Proposition 20. Let v : # — R be a game on an augmenting system
(N, 7) such that N € #. The Shapley value for the playeri < N is given

by
Shi(N,v,.7) = Y dy(S

{Se7:ieS}

where d,(S) are the coefficients associated to the unanimity basis.

Proof. Since v =3 ;. dv(S)(s the linearity of the Shapley value
implies that

0 otherwise.

Shi(N,v, 7) = dy(S)Shi(N, (s, 7).

{Se7 S0}

For every nonempty S € # and i € N we compute

> s(Ca) -

CeCh(7)

1

Shi(Nv :4575;) :W

(CA\ D]

Ifi¢ S then SCC(i) implies SC C(i) \ i, and hence
. o 1 ifSCC(i) and i€S

C(i)) - ¢s(C =

) - SN ={ ) gpemmatee

for every chain C € Ch(#

hs(i) ifies,

0 ifi¢s,

). Thus, we obtain
Shi(N, &, 7) = {

which completes the proof. O

Now we are ready to introduce a new axiom which gives rise to
another axiomatization of the Shapley value.

Hierarchical strength axiom: Let (N, %) be an augmenting system
such that Ne # and @ : I'(#) — R" a value. For any nonempty
Se 7 and any i,j € S, we have hs(i)®;({s) = hs(j)Pi({s).

This axiom implies that players in unanimity games be re-
warded according to their relative hierarchical strengths. More-
over, it reflect that the Shapley value is the expected marginal
contribution of an individual player to the game. Note also that
the above proposition implies that the Shapley value satisfies the
hierarchical strength axiom.

Theorem 21. The Shapley value is the unique value @ : I'(#) — R"
that satisfies linearity, dummy, efficiency and hierarchical strength
axioms.

Proof. We know that the Shapley value satisfies the four axioms.
Since @ is a linear map and v =" ;.1 (T){r, it suffices to
prove that @ coincides with the Shapley value on any game {,
where T € # and T#(. Fix a nonempty T € # and i € N. We show
that any i ¢ T is a dummy player in the game (7. For this, let S € 7

such thati € S*. Since i ¢ T we have that TC Sui implies T CS, and
hence (;(SU1i) — (1(S) = 0. Moreover, if {i} € # then (;({i}) = 0. By
using the dummy axiom we obtain that &;({;) = 0 for every i ¢ T.

By applying the efficiency axiom we have

Z Di(lr) = Z ®i(Lr) = {r(N) =
ieT ieN
Now we fix i € T and the hierarchical strength axiom gives

hr(l)
hy (i)

for every j € T such that j#i. Thus

1= () = dillr)+ Y Z;Eli

ieT {jeTj#i}

Pi(&r) = @i((r)

JjeT

Since in every chain C € Ch(#
that C(j) > T, we have

Zhr(j) =1

jeT

) there exists an unique j € T such

and hence we conclude that @;({7) = hT(') for every i € T. Therefore,
®;({;) = Shi({;) for every nonempty T€ # andie N. 0O
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