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a fuzzy graph to introduce leveled communications. In this paper players play in a particular cooperative
’G(eywor‘:f" way: they are always interested first in the biggest feasible coalition and second in the greatest level
ame theory (Choquet players). We propose a modified game for this situation and a rule of the Myerson kind.
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Shapley value

1. Preliminary

A transferable utility cooperative game is a pair (N, v) where N is a finite set and » : 2V — R is a function with #(0) = 0. Cooperative games
was introduced by von Neumann and Morgensten (1944). The elements of N ={1,2,...,n} are called players, the subsets S C N coalitions
and ¢«(S) is the worth (benefits) of S. A game (N, v) is superadditive iff for all S, T ¢ N with SN T=( happen ASUT) > «S)+ «(T). In a super-
additive game disjoint groups of players always prefer to join in a bigger coalition. We are only interested in superadditive games, so when
we will mention a game we will want to say superadditive game. For a game v, assuming that the big coalition N will be formed, a solution
concept will prescribe how distribute the profit #(N) among the players. Hence, a solution is an efficient vector x € RN for (N, »), this is
> ienXi = v(N). There exist in the literature many solution concepts: some of them give a set of payoff vectors and others produce only
one outcome. A value is a solution concept that assigns to each game just one payment for each player. One of the most important values
is the Shapley value, introduced by Shapley (1953) as
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o= 3 BB o gy 1)

{SC NiieS)

for each cooperative game (N, »). The Shapley value verifies the following properties: ¢;(a,v; + ay1») = a1¢{(v;) + ax¢pi(1») for all a;,a; € R and
games vy, v» (Lineality), if i € N satisfies «(S) = (S\ {i}) for all S with i € S then ¢;(v) =0 (Null player), and }",_\¢:(v) = v(N) (Efficiency). The
reader can use Driessen (1988) to get more information about cooperative games.

Partial cooperation in games studies cases between universal cooperation of the players (all players will cooperate with each other) and
no cooperation. In this area, Myerson (1977) established the communication possibilities of the players in a game by a graph. Players in the
game are the vertices in the graph and a coalition of players is feasible if it is possible to connect all the vertices of the coalition in the graph.
A (crisp) graph g = (N, L) over the finite set N is defined by a set L of unordered pairs of different (without loops) members of N. The elements
of N are named vertices and the elements of L are named links or edges. He identified the set of players in a cooperative game (N, v) as the set
of vertices and therefore if (i,j) € L then he understood that there is a communication link between i and j. We denote by gN the complete
graph, this is all the links among players of N are possible. The set of all the crisp graphs over N is denoted by G". Myerson identified G" with
the set of the (crisp) communication structures in N, and so gN represents the total cooperation. Let g=(N,L) € GN be a graph. A subgraph
g =(N,L) of g is other graph verifying that N C N and L’ C L. A path in g is defined by a sequence of vertices (ix)x - 1,....m Verifying that
(ig,ix+1) € L is a different link in g for each k=1,...,m — 1. Two players i, j € N are connected in g if it is possible to join both vertices by a
path. When any pair of players are connected in g the graph g is called connected. The crisp communication structure g has a cycle iff there is
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a path (ix)k-1,...m With m > 4 verifying i; = i,,. If g does not have cycles then g is a forest. Particularly, a connected forest g is called tree. A
spanning tree g’ in a connected crisp communication structure g is a tree subgraph of g connecting all the vertices of g. The connected com-
ponents of g are the maximal subgraphs of g which are connected. If S C N is a coalition of players then we denote by gs the subgraph of g
using only the vertices in S and the links among them, and

S/g = {TCS:g; is a connected component of g}. (2)

Coalitions in S/g are disjoints.
An allocation rule for the game (N, v) is any function ¥” : G¥ — R" such that is efficient by components

> wi(g) = v(S)

ieS

for all g € GN and S € N/g. Myerson (1977) indicated two desirable conditions for an allocation rule. The allocation rule ¥ is stable iff for all
g=(N,L) and for all (i,j) € L we have

¥i(g) = ¥/ (g y) and ¥/ (g) > ¥/(g y),
where g_; represents the subgraph g_; = (N,L\(i,j)). The allocation rule " is fair iff for all g=(N,L) and for all (i,j) € L we have
Pi(g) - P/ (gy) =¥/ (8) — ¥/ (8-

Myerson defined a particular allocation rule modifying the superadditive game (N, v) for each crisp communication structure. For each
graph g € G he takes a new game (N,v/g) so that

v/g(8) = v(T) 3)

TeS/g

for all S C N. The Myerson value satisfies
e = o(v/g) @

for every g € GV, and it is the unique allocation rule for » which is fair and stable. It is possible to extend this solution for the game v to graphs
g=(S,L) where S c N. In that case u?(g) =0 if i € N\S.

But, Myerson supposes that the communications are feasible or not feasible. In this paper we introduce a fuzzy graph to analyze the
communication among the players. So, we can discuss which is the outcome of a game depending on the level of the communication
among the players. The paper is organized as follows. In Section 2 the basic fuzzy graph structure background is briefly reviewed. We also
introduce some new definitions which are necessary in the paper. In Section 3 we introduce fuzzy communication structures and the fuzzy
Myerson value. Finally, in Section 4 we study two interesting cases: fuzzy graphs complete by links and forests.

2. Fuzzy graphs

We introduce now some concepts about fuzzy graphs for which the reader can see Mordeson and Nair (2000). In this paper we use the
operators A, V as the minimum and the maximum respectively.

Let N be a finite set. A fuzzy set in N is an application 7: N — [0,1]. We denote by [0,1]" the family of fuzzy sets in N. If t € [0,1]" then a
fuzzy relation over 7 is p € [0,1]"*N such that p(i,j) < ©(i) A (j) for all i, j € N. The fuzzy relation p over t is reflexive if p(i,i) = 7(i) for each

i € N, and it is symmetric if p(i,j) = p(j,i) for all i, j € N. We denote by [0, 1]§*" the set of fuzzy relations which are reflexive and symmetric for

some 7 € [0,1]". If p € [0, 15" then p(i,f) < p(i,i) A p(j.j) for all i, j € N. The set [0,1]N has A, Vv as inner operators.

A (undirect) fuzzy graph is a terna (N, t, p) with N a finite set, 7 € [0,1]Y and p a symmetric fuzzy relation over 7. We consider only fuzzy
graphs where p is reflexive, and we can identify the family of these fuzzy graphs with [0, 1]}*" taking (i) = p(i,i). We denote by p =0 the
null fuzzy graph where p(i,j)=0 for all i, j € N.

Let p € [0, 1])*" be a fuzzy graph. Another fuzzy graph p' verifies that p’ < p iff p'(i,j) < p(i,j) for all i, j € N.If S C Nthen p € [0,1]5" is
defined as ps(i,j) = p(i,j) if ij € S and ps(i,j) = 0 otherwise. The support of p is the set

supp(p) = {(i.j) € N x N : p(i.j) # O},

Particularly, the set of vertices of p is vert (p) = {i € N: (i,i) € supp (p)} and the set of links is link (p) = {(i,j) € supp (p): i # j}. The crisp version of
p is the crisp graph g = (vert (p), link (p)). For each t € [0,1] the crisp t-version of p is a crisp graph g/ = (N/,L!) satisfying

NP ={ieN:p(ii) > t), Lf ={(j)eNxN:i#j p(ij) > t}.

Example 1. We consider the fuzzy graph over N={1,2,3,4} given by p(i,i)=1 for all ie N, p(1,2)=0.3, p(1,3)=0.2, p(1,4)=0.3,
p(2,3)=0.4, p(2,4)=0.5 and p(i,j) = 0 otherwise. Fig. 1 represents this fuzzy graph.

We put in increasing order the different non-null images of p, thatis 0.2 < 0.3 <0.4 < 0.5 < 1, and so we make the different crisp versions
in Fig. 2. For instance, if t € (0.3,0.4) then gf = g} ,.

Every crisp graph g=(S,L) is a fuzzy graph. The graph g is identified with g € [0,1])*" such that g(i,j)=1 iff (ij)e L or i=j €S, and
g(i,j) = 0 otherwise.

A fuzzy graph p € [0,1])*" is connected iff its crisp version g” is connected. The connection level of p is the maximum t € [0,1] such that
g? is connected. If p is not connected then its connection level is zero. The fuzzy graph p is a forest (tree) iff g is a forest (tree). A spanning
tree of a connected fuzzy graph p is a tree p’ < p such that g¢' is a spanning tree of g” and p’ = p in supp (p’). A connected fuzzy graph p’ is a
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Fig. 1. Fuzzy graph (Example 1).
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Fig. 2. Crisp versions.

connected component of p iff p’ < p and there is not any p’ < p” < p such that p” is connected. This is, the connected components are the
maximum connected fuzzy graphs into p.
We need to define three operations among fuzzy graphs.

Definition 1. Let p, p’ € [0,1]}*" be two fuzzy graphs over N.

(1) If p(i,i) + p'(i,i) < 1 for all i € N then the sum is a new fuzzy graph with (p + p’)(i,j) = p(i,j) + p'(i,j) for all i, j € N.

(2)If p’<p then the subtraction is a new fuzzy graph where for all i, jeN, (p—p)(@iJj) =[p.J) —p G, Alpd,i)—
P'EDIA[pG.H) — p'U.1))-

(3) If t €[0,1] then there is a new fuzzy graph defined by (tp) (i,j) = tp(i,j) for all i, j € N.

The reader can observate that sum and subtraction of fuzzy graphs are not opposite operations because the special definition of the
subtraction, but we obtain the next result.

N<N'are three fuzzy graphs over N such that p” < p — p’ and p' < p then

Proposition 1. If p, p’, p” € [0,1]

(1) (p—p)=p"=p—(p'+p")and
2)(p-p)=p'=(p-p")-p.

Proof

(1) We take i, j € N. Since p” < p — p’ and p’ < p we get
pI(AJ) < (p—p)(ij) < p(ij) — p'(i.)),
thus p'(i,j) + p”(i,j) < p(i,j). Therefore both members of the equality are possible. Now we have
[(p—=p") = p"1(.J) = [(p = P)(.J) = p"EDI A Lp = )@ 1) = p" (LD A [(p = p) () = p"G1D)]
=[pi.j) = p'(i.)) = p" (LD A lp(Q,1) = p'(i,1) — p" (LD A [pGJ) — p'GI) — P (LD A lp(i 1) — p'(i,1) — p"(i, 1))
ApG.J) = PG = p" (.0
p(i.j) = p'(i.§) = p" (LD A lp(Q1) — p'(i,1) — p" (LD A [pG.J) — p'G.J) — P ()]
p(.j) = (p'(.0) + p" (L)) A lp(A 1) — (p'(1,1) + p" (D) A [pG.J) — ('GJ) + p"G.0)] = [p = (p"+ p"I(LJ),
because if p'(i,j) < p"(i,i) then p (i.i) — p/(i,i) — p"(i.i) < p(i.i) — p/(i,i) — p"(i.f).
(2) We only have to see that p’ < p — p” because in that case by (1)
p=p)=p"'=p—(p'+p")=(p-p")-p"
We take i, j € N again. As p”(i,j) < p(i,j) — p/(i,j) we obtain p'(i,j) < p(i,j) — p”(i.j). If p'(i,j) > p(i,i) — p"(i,i) then p'(i,j) > p'(i,i) because
—p"(i,i) = — p(i,i) + p'(i,i). Thus we get p'(i,j) < p(i,i) — p"(i,i). O

=
-
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3. Fuzzy communication structures

Let (N, v) be a superadditive cooperative game. We consider a fuzzy graph p € [0, 1]3’*” which changes the initial situation. The number

p(i,i) is interpreted as the real level of involvement of player i € N in the game and p(i,j) represents the maximum level which the link (i,j)
can be used. Therefore, we understand a fuzzy communication structure over N as a fuzzy graph without loops over N. For each fuzzy com-
munication structure p over N we would take the different possibilities of communication among the players. We suppose that players will
construct crisp coalitions as the initial game establishes, but into a coalition they will allocate their involvement levels in the best way for
the coalition as the fuzzy communication structure allows. Considering the big coalition they would choose a communication by a tree
linking a coalition of players with a feasible level in the structure.
Definition 2. Let p < [0, 1])*" be a fuzzy communication structure and t € (0,1]. Another fuzzy graph p’ € [0,1])*" is named a t-tree in p if
p' < pisatree and p'(i,j) = t for all (i,j) € supp (p’). The t-tree p’ in p is maximal iff there is a connected component of p with the same set of
vertices than p’ and connection level t.

Players would select a t-tree in the fuzzy communication structure, but as players can keep looking for cooperation then they choose
t-trees until using up their involvements. Given p a fuzzy graph over N we define a p-partition as a finite sequence P = {(Sk,sk)}ijn such
that for all k=1,... ,m there exists p, € [0,1])*" verifying:

(1) vert (pr) = Sk,
(2) pi is a si-tree in p — 3K p, and
(3) p-ipi=0.

In the set of p-partitions we can do equivalence classes in the sense that P=Q with P = {(S,sk) ﬁj" and Q = {(Tk,tk)}’,jj iff
I=my,

> kes,—s)Sk = >t —s) Lk for every S C N. Furthermore, Q < P iff we can find a partition for each S, this is (R¥)-™ disjoint sets and covering
I=my k=m
Sk, such that P/ = {{(Rf‘,sk> }1 ) } is other p-partition with P’ = Q.
= k=1
Next proposition will prove that a p-partition is not an ordered set actually.

Proposition 2. Let p be a fuzzy graph. If P = {(Sk, Sk) ﬁj’{’ is a p-partition then any order of the elements of P obtains the same p-partition.

Proof. Let 7 be a permutation of the set {1,...,m}. We denote (p,)i=7" the set of t-trees that we have used to construct P. We will prove
that Q = {(Sx, Szw)} ;' is a p-partition with t-trees (p,,), 1. In that case it is obvious the equality Q = P. We get that

P=> Pry=P—>_ P=0.
k=1 k=1

Therefore, we only need to see that for each k=0,...,m — 1 the claim

k
Prgery S P — an(1)~
=1

If k=0 then pr1) < p. We suppose k <m — 1 such that p,,, < p - Ef‘jpn(,) and we take k + 1. We have

Prrny S P — Z P
{I<k:m(k+1)<m()}

and we consider q such that n(q) = Vy<k: nk+1>my7(l). But this element q verifies

Prqy S P~ Z P1 = Pris1)

{I<k:m(k+1)<m(l)}
and hence by Proposition 1(2)

Prksny S P — > PP

{I<k:m(k+1)<m(l)}

We can repeat the same idea with the set {I < k: n(I) < n(q)} and going on we obtain the claim. O
If P = {(Sk,Sk)}i=T" is a p-partition then we denote

m
v(P) = skv(Sk). (5)
k=1
Obviously, if Q = P then Q) = ¢(P), but we also have the following result.

Proposition 3. Let P, Q be p-partitions with p a fuzzy communication structure. If Q < P and v is a superadditive game then v(Q) < y(P).

Proof. We take P = {(Sy,s)}x. As Q < P then there is a partition (classical) of each S, {Tﬁ}p, such that P' = |, {(T?,
P = Q. Therefore «(P') = #(Q). But then we obtain

v(Q) = > siv(Th) <> sev(Se) = v(P),
k )4 k

Sk) }p is a p-partition with

because v is superadditive. O
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So, among the p-partitions we would look for the best profits for the big coalition, but the set of p-partitions is infinite.

Cooperative games with fuzzy coalitions (fuzzy games) were introduced by Aubin (1981) as a pair (N, 7) where v : [0,1]"Y — R is the fuz-
zy characteristic function with ¢(0) = 0. Tsurumi et al. (2001) defined an extension to a fuzzy game from a crisp game ». The Choquet exten-
sion of v is the fuzzy game (N, ch(v)) where for any 7 € [0,1]"

m

ch(v)(t) = Z[hk —haJv({ieN: 1 = h}) (6)
k=1
with h; <-- < hy, the different values of 7 and hg = 0. We can observate that the Choquet extension supposes players in a fuzzy coalition 7 first
look for the biggest feasible coalition in T and second look for the greatest feasible level, thus they go on cooperating in this way. Therefore
we understand as “Choquet action” of players when they want to find in this order, a maximal feasible coalition and the maximal level for
this coalition. It is possible to interpret this kind of action as the inertia produced from the original game.

Definition 3. Let p be a fuzzy communication structure over N. A Choquet p-partition is a finite sequence P = {(Sy, sk)}ﬁj” such that for all
k=1,...,m there exists p, € [0, 1}}*" verifying:

(1) vert (pr) = Sk,
(2) pi is a maximal s,-tree in p — K ! p, and

(3) p—2kpk=0.

The set of all the Choquet p-partitions is denoted by 7.

In this paper we are going to suppose that players’ behavior is Choquet, they select communicated coalitions step by step and they look
in for the biggest coalition with the greatest level in this order for every step. Therefore players choose a Choquet partition for each fuzzy
communication structure.

Example 2. We consider Example 1. In this case p is connected with connection level t = 0.3 (see Fig. 2). Looking at gf ; in Fig. 2 we test that
there are three different maximal 0.3-trees. We choose one of them p; and we have a new connected fuzzy communication structure
p — p1. It is in Fig. 3 with its crisp versions.

The connection level of p — p; is t = 0.2. In this case there is only one maximal 0.2-tree, p,. We repeat the process with the new fuzzy
communication situation p — p; — p2 = p — (p1 + p2). Its crisp versions are painted in Fig. 4.

Now, p — p; — p2 has two connected components and both of them have the same connection level, t = 0.1. We get the unique maximal
0.1-tree in each connected component, p3 and p4 (see Fig. 4).

Finally, we obtain the fuzzy graph p — p1 — p2 — p3 — p4 which has only individual connected components. So, we consider four max-
imal 0.4-trees (ps, ps, p7, ps) With only one vertex, and now p — Zlepk = 0. We obtain the Choquet p-partition P

R

Fig. 3. Choquet partition. First step.

05

2]

el
[¢]

PP
805

Fig. 4. Choquet partition. Other steps.
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Fig. 6. Fuzzy graph (Example 3).

P={(N,0.3),(N,0.2),({1,4},0.1),({2,3},0.1), ({1},0.4), ({2},0.4), ({3},04), ({4},0.4)}.

In Fig. 5 we can see the three feasible Choquet p-partitions.
Unfortunately, the best profit is not always obtained in a Choquet partition as we can test in the next example.

Example 3. We consider the following fuzzy graph p with four players in Fig. 6.

The p-partition P={({1,2,3},0.3), ({2,3,4},0.4)} is not Choquet and there is not a Choquet p-partition Q with P < Q. The only Choquet p-
partition is Q = {(N,0.3), ({2,3,4},0.1), ({2},0.2), ({3},0.2)}. If we take the game #(S) = |S| for every coalition S then #(Q)=1.9 and «(P) = 2.1.

Next lemma about Choquet partitions will be used in the paper.

Lemma4. Let p € [0, 1]3’*” be a fuzzy graph and p’ < p such that p'(i,i) = p(i,i) for every i € N. If Q € F then Qis a p-partition and there exists
P e F, with Q<P.

Proof. We take Q = {(Sk, sk)}, € F, with si-trees associated p;. Obviously, pj < p for each k. The partition Q is a p-partition because the s;-
trees of Q use up players’ levels in p, this is p — ", pj, = 0, by the special election of p’.

We are going to construct a Choquet p-partition P such that Q < P. By Proposition 2 we can arrange the elements of Q according to the
connected components of p. This is, we take any connected component p of p with connection level t; and we put joint every S, with
vertices in this component. Now, we put these elements in order not to repeat vertices Lll‘ltll to cover all the vertices of p once and so we
repeat the process until use all the elements. This is possible because Q is Choquet and p is union of connected components of p'. Let m be
the number of elements in the first group of the component p until repeating players. As partition Q is Choquet then each one of these
elements represents the vertex set of a connected component in p'. The fuzzy graph p” = 3"}", p; is a forest subgraph of p Since p is
connected there is at least a spanning tree ofp greater than p”. To obtain this spanning tree we increase in level each link in the forest until
its level in p, and we only add new edges from link (p)\link (p’) because if not some p, is not maximal. We are going to select a maximal t;-
tree p; in the following way. If we can find the above spanning tree with connection level ¢ then we take the only maximal t;-tree in it as p1.
Otherwise, we have an spanning tree of p with connection level less than t;. We consider an edge (i,j) in the spanning tree with p(i,j) < t;.
If this edge is not in p” then we can always change this link in p; by another one with level greater orequal than t; since p has connection
level t;. Therefore, we suppose (i,j) € link (p,) for some k. Another time, as the connection level of p is t; we can change this edge in p; by a
sequence of links in link (p)\link (p’) joining i with j, with levels greater or equal than t;. So, we obtain always a maximal t;-tree p; in p
which contains p” or a subgraph of its and edges out of p’. Hence, p — p; > p’ — t18°" and

Sk =Ty = vert(p,).

k=1

We have a partition of T; and enough levels in p — p; to cover p’' — t;g*". If we follow this idea with p — p; and so on we obtain P > Q with
PerF, O
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Hence Choquet players in a superadditive game choose a Choquet p-partition for each fuzzy graph p. We consider that players look for

an optimal partition for » and then we denote:
v(p) = Vrer, V(P). (7)

Definition 4. A fuzzy allocation rule for a game v is an application & : [0, 1}gXN — RN such that for every p € [0, I]QXN we have

> &)= vlps)

ieS
for all Se Njg”, and & (p) =0 if i ¢ vert (p).
Particularly, the fuzzy allocation rule &' is stable iff for all p € [0, 1]’0“’\’, (ij) € link (p) and t € (0,p(i,j)] we have
&p)=&p—tey) and  &(p) = &(p — tey),
where e(i,j) = 1 and zero otherwise. The fuzzy allocation rule ¢" is fair iff

& (p) = & (p —tey) = &' (p) — & (p — tey).
Following Myerson we define a new game taking in account the fuzzy communication structure.

Definition 5. Let p be a fuzzy communication structure and » a superadditive game. The vertex fuzzy game of vis a new cooperative game
defined for all S C N by 2°(S) = ¢ ps).
These new crisp games are superadditive for all the fuzzy communication structures as we will prove in the next proposition.

Proposition 5. Let p be a fuzzy communication structure and v a game. The vertex fuzzy game of v is a superadditive game.

Proof. We take S, T C N such that SN T= 0. We have ps+ pr < psur and if i € N then ps (i,1) + p1(i,1) = psur(i,i).
There exists Qs € F,, such that »”(S) = «(Qs). There is also Qr € F, such that v°(T) = Q). Since SN T=0 then Qs UQr € Fp1p,. BY
Lemma 4 there is P € F, . with Qs U Qr < P. Using Proposition 3 we get

vP(S) + v°(T) = v(Qs) + v(Qr) = v(Qs UQr) < w(P) < 7 (SUT).

So, the vertex fuzzy game is superadditive. O
Finally, we define a fuzzy allocation rule.

Definition 6. The fuzzy Myerson value of a game v is defined for each p € [0, 1]§XN as n"(p) = ¢(v°), where ¢ is the Shapley value.

Theorem 6. The fuzzy Myerson value is the only fair fuzzy allocation rule and it is stable.

Proof. First we will prove that there is only one fair fuzzy allocation rule. Let ¢! = ¢2 be fair allocation rules for the game v. If link (p) =0
then each player i ¢ vert (p) satisfies {i} € N/g” and

&(p) =& (p) = plihv({i}).

We take p >0 a minimal in links fuzzy communication structure with &!(p) # ¢%(p), this is for all p’ < p with |link (p")| < | link (p)| happens
£1

E(p) = &(p'). By definition of p we have for each i, j with p(i,j) > 0.
&(p—plijes) = E(p — pli.j)ey).
Using the fair condition,

&(p) =& (p)=¢&(p—pliey) — & (p - pligles) = & (p — pli.fey) — & (p — plid)es) = & (p) — & (p);
and we obtain that &/ (p) — & (p) = & (p) — & (p). Now, let S € N|gf be. When S = {i} it happens ¢&] (p) = & (p) because both of them are fuzzy
allocation rules. If S| > 1 then there is a constant K such that ¢ (p) — 2 (p) = K for all i € S. As both applications are fuzzy allocation rules
these sums are equal, ;¢! (0) = Y57 (p). Therefore,

SIK=Y"¢&l(p)—&p) =D &(p) =Y &P =0,

ieS ieS ieS
and this fact implies K = 0. We obtain &!(p) = & (p).
Second, we are going to test that the fuzzy Myerson value is a allocation rule. Let p € [0, 1]ng be. For any R C N there is P € F, such

that »(pg) = «P) by (7). Obviously, we can write P = Jroy,e Qr with Qr € Fp, - for each Te N/gf and Qr=0 if RN T=(. Moreover,
U pra1) = UQr) for every T. As these partitions are disjoints then

v(pg) = Z V(Prar);

TeN/gP
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and by Definition 6

=" o
TEN)gP

We take a fixed S € N/g”. If T € N/gf with T+ S then any i € S is a null player for . Hence, we obtain using lineality, null player and effi-
ciency properties of the Shapley value (1),

DomE)=d @) =D > G = Y D a0 =D gilv7) = vP(S) = v(ps).

ieS ieS ieS TeN/gr TeN/gP ieS ieS

Finally, we see that our allocation rule is fair and stable. We define for a fixed fuzzy graph p, any (i,j) € link (p) and ¢t € (0, p(i,j)] the game
w = v* — pP~", By construction, w(S) # 0 iff ij € S, and in that case ¢{(w) = ¢j(w). By lineality of the Shapley value we have

ni(p) —ni(p — tey) = n/(p) —n/(p — tey).

Thus, 1" is a fair rule. Now, we take a coalition S such that i, j € S. We can observate that (p — tej)s = ps — te; < ps and (ps — te;)(k,k) = ps(k, k)
for all k € N. By Lemma 4, if Q € F, r; such that «(p — te;) = Qs) then there is P € F,, with Qs < P. We get «p — te;) < ¢ps) by (7) and
Proposition 3, this is »#-%i(S) < 2?(S). This fact implies that w(S) > 0. But then the marginal contributions of players i, j for game w are
non negative, and ¢;(w), ¢;(w) = 0. The fuzzy Myerson value is also stable. O

4. Particular cases

Returning to the Choquet extension (4) introduced by Tsurumi et al. (2001), we are going to establish the relationship between this
extension and the fuzzy Myerson value.

Definition 7. A fuzzy graph p € [0, 1]”*” is complete by links iff it satisfies that p(i,j) = p(i,i) A p(j,j) for all i, j € N.

Each link in p complete by links can be used at maximum permitted from its vertices. Hence, we can identify the complete by links fuzzy
communication structures with the fuzzy coalitions in N by the relation p(i,i) = (i) for each i ¢ N when t € [0,1]. The Myerson value (4),
coincides with the Shapley value (1) when we take the complete graph. Now, we will prove that the fuzzy Myerson value coincides with the
fuzzy Shapley function defined by Tsurumi et al. (2001) when we take a fuzzy graph complete by links. For the game v and the coalition S
we denote by vs the restriction of #to S, this is v5(T) = SN T) for all T C N. Tsurumi define the fuzzy Shapley function for the Choquet exten-
sion (6) of v for each 7 € [0,1]N as:

Z - he 1ld(vm,), 8)
k=1

where h;< .- <h,, are the different non-null values of 7, hg =0 and H, = {i € N: ©(i) > hy} foreach k=1,...,m

Lemma 7. If p is a complete by links fuzzy graph then there is a unique Choquet p-partition. Moreover, if h;< - - - <hp, are the different non-null
values of p, hp=0 and H,={i € N: p(i,i) > hy} for each k =1,...,m, then the only Choquet p-partition is {(Hy, h; — hk,l)}t’]".

Proof. Let i; € N be such that
hy=p(i,in) = /\ pGi).

ievert(p)

Therefore, for all (i,j) € supp (p) we have p(i,j) > h;. For each spanning tree g of g” (p is connected) we obtain h;g maximal h;-tree in p.
Furthermore, p — h;g does not contain any link incident with vertex i,. But we are going to see that the fuzzy graph p — h;g is always
the same for every spanning tree g. We suppose two different spanning trees g, g’ in g°. If g # g then there is (i,j) € link (h;g) such that
(i,j) ¢ link (h,g') and we take p(i,i) < p(j.j)- So p(i,j) = p(i,i) and then

(p = Mg)(i.j) = [p(i.j) = ] Alp(i.0) = hl A[p(.d) — ha] = p(i,1) — Iy

but also
(p—mg)ij) = lpANIAlp(i) =] A [pG.0) — ] = p(i,i) — h.

We can repeat the process with p — h;g because it is a new complete by links fuzzy graph. For all i, j € N with p(i,i) < p(j,j) we have
(P —hmg)(i.j) = p(i,1) — i = (p —hg)(i,i) A (p — g)(.J).

Hence, we have proved that there is a unique Choquet p-partition.

Now we consider h;< - -- <h,, are the different non-null values of p. Following the process, in the first step we have used h;g to get the
pair (Hq,hy), where H; =N ={i € N: p(i,i) > h;}. In the second step the minimal level is h, — h; and then we obtain (H,,h, — h;), where
H,=N={ie N: p(i,i) > hy}. We conclude that the only Choquet p-partition is {(Hy, hy — hx_1) ﬁj’ln O

Theorem 8. If p is a complete by links fuzzy communication and 7 its fuzzy coalition associated then n"(p) = y(ch(v))(z).

Proof. The different levels in p, h,...,h,, are the different values of t because the fuzzy graph is complete by links. By the above lemma we
have that the only Choquet p-partition is {(Hy, by — hi_1)}i=" with Hy = {i € N: p(i,i) > h} for each k. Therefore, for each S C N by (7)
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m

V() = v(ps) = Yk — ha]v(HkNS)

k=1

because ps is also complete by links and {(H, N S, hy — hk,])};jj" is its only Choquet partition. This fact means
m

VP = Z[hk — hk,]] UHk'

k=1
Finally the lineality of the Shapley value implies

00 = 6(0) = S e — bl (o) = W(ch(w)(1). O
k=1

To finish the paper we study what happens when we take a forest. We denote by [0,1]}*" the set of the forest fuzzy communication
structures. In that case we can also prove that there is only one Choquet partition.

}NxN

Lemma9. Ifp € [0,1 then there exists a unique Choquet p-partition.

Proof. Each connected component of p is a tree. Therefore there is a unique t-tree for component and we take p’ the sum of these t-trees.
The new fuzzy graph p — p’ is also a forest and we repeat the process. So, we obtain a unique Choquet p-partition. O
The fuzzy Mayerson value for a forest can be calculated by Myerson values of its crisp versions.

Theorem 10. Let p <€ [0, 1]’1\’ *N be a forest fuzzy communication structure and v a game. The fuzzy Myerson value satisfies that

= kzm:[hk — hiw? <gﬁk>7
=1

where hi< --- <hy, are the different ordered values of p and hy = 0.

Proof. Let p € [0,1]Y" be a forest. We will prove that if hy< - - <h,, are the different ordered values of p then the fuzzy vertex game of v
verifies

m

=t —he ) (v/gh,), 9)

k=1

where hg = 0.

We consider a coalition S C N. Since Lemma 9 there is only one Choquet ps-partition P because ps is a forest. The element (T,t7) € P if we
have subtracted maximal t-trees to ps until obtaining a subgraph p’ where T € S/g”". In that case we have had to delete all the links
between players in T and players in S\T. Just to obtain p’ we had another subgraph p; of ps and, at that moment, we deleted the last links
between T and S\ T. These links must have the same level in p,

PU1:Ja2)-
{01 J2)€link(p)sj1 €T j €S\T}

Obviously, we get p'(i1,iz) = p1(i1,i2) — p1(1,j2) for all iy, iy € T with (iy,i2) € supp (p) and where (ji,j2) € link (p;) with j; € T and j, € S\T. But
(i1,i2) and (jq,j2) were in the same connected component of pq, thus there exists a constant K such that p4(iy,i2) = p(i1,i2) — K and p1(j1,j2) =
p(j1,j2) — K. This fact implies

p'(in,i2) = plir, i) — V PUirJa)-
{(j142)€link(p)j; €T j€S\T}

As pfy is a tree then

tT = /\ p/(ilziZ) = /\ p(ilaiz) \/ p(jlvj2)7

{(i1,i2)esupp(p):iy i €T} {(iy,iz)esupp(p):iy i €T} {(142)€link(p)yj1 €T j €S\T}

taking in account that we have not lost in p’ any link between vertices in T. There exist pr, gr € {1,...,m}, pr<qr, such that

hDT = \/ p(j]ij) and hQT = /\ p(h*lZ)

{(142)€link(p)yj; €T j €S\T} {(iy.ip)esupp(p):iy i €T}

Therefore (T,tr) e Piff T € S/gﬁk for all ke {pr,...,qr}. We get then

ar

tr = hQT - hPT = Z [hk - hkfl]'

k=pr+1

Now, using the expressions (7), (5) and (3),

m

=Y qun =Y Z (e — b o(T) =3 e —hee] S v(T):i[hk—h,<,1]<v/gﬁk)(5).
k=1

(T tr)eP (T tr)eP k=pr+1 k=1 TeS/gﬁk

By the lineality property of the Shapley value (1) and the efficiency by components of the Myerson value (4) we obtain the result of the
theorem. O
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Fig. 7. Fuzzy graph and crisp versions (Example 4).

Example 4. We take the forest in Fig. 7 with two trees and the game »(S)=| S|°. In the same figure we can see its crisp versions.
The Myerson values of the crisp versions are: u”(gf,) = (6,3.33,3.33,3.33), u’(gh,) = (3.67,2.67,1,2.67), u”(gh,) = (2,1,0,2) and
uv(gh,) = (0,1,0,1). Now, we obtain the fuzzy Myerson value by the formula in Theorem 10,

n"(p) = 021" (g5,) + 031" (g55) +0-24"(857) +0.3u”(g7) = (2.7,1.967,0.967,2.167).

The above formula is not useful in other cases because we do not always obtain a fuzzy allocation rule by this way. The reader can see this
fact in the following example.

Example 5. We consider the connected fuzzy graph in Fig. 1 which crisps versions are in Fig. 2. We can apply the above formula to get an
allocation rule but it is not in this case a fuzzy allocation rule because it is not an allocation of #(p) for any superadditive game v. The
allocation rule obtained over p would be

&"(p) = 021" (gh,) +0.11"(gg5) + 0117 (g,4) +0.1u7(g55) +0.5u” (7).
Therefore, as N/gf = {N} and the efficiency by components

D E(p) =02 ul(ghy) +0.1> pi(ghs) +0.1)  pl(ghs) +0.1  pl(ghs) +0.5  pl(gh)

ieN ieN ieN ieN ieN ieN
=0.29¢(N) +0.12(N) + 0.1[p({1}) + 2({2,3,4})] + 0.1[v({1}) + v({3}) + v({2,4})] + 0.5[v({1}) + v({2}) + v({3}) + v({4})]
—030(N) + 0.1({2,3,4}) + 0.10({2,4}) + 0.70({1}) + 0.50({2}) + 0.60({3}) + 0.50({4}).

Now, we take P the Choquet p-partition obtained in Example 2. As v is a superadditive game then by (5),
Z &'(p) < v(P)=0.59(N)+0.1v({1,4}) + 0.12({2,3}) + 0.4v({1}) + 0.4v({2}) + 0.4v({3}) + 0.4v({4}).
ieN

If we choose for instance the game #(S)=|S| — 1 then

o &p)=12<v((P)=17< v(p).

ieN
The fuzzy Myerson value is continuous with regard to the forest when the game is non-negative.

Lemma 11. If v is a superadditive game with v(S) > 0 for every S C N and g a graph with vertices in N then the Myerson value verifies that
0 < u?(g) < v(N) for all playerie N.

Proof. A game vis monotone iff «T) < (S)when T C S. It is known that if » > 0 is superadditive then »is monotone. We will prove that v/
g is also monotone forall g e GV. Let T C S be and g € GM. Each element R € T/g is contained in a coalition H € S/g but it can be into the same
one. If Ry,.. ,R,, are the elements in T/g contained in a particular H € S/g then

> (R < y(LmJ Rk> < v(H)
k=1

m
k=1 =

because v is superadditive and monotone. This fact implies that v/g(T) < v/g(S) and then v/g is monotone.
Hence, the Myerson value of g satisfies u”(g) = ¢;(v/g) > 0. Finally, for each player i € N we have pu?(g) < v(S;), using efficiency by
components, where S; is the only coalition in N/g such that i € S;. We obtain u?(g) < v(N) because v is monotone. [

Corollary 12. The fuzzy Myerson value is a continuous fuzzy allocation rule on forests regarding to the fuzzy communication structures when the
game in non-negative.
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Fig. 8. Positions of the levels.

NxN

Proof. We define the following distance between forests, if p, p’ € [0,1];" then

dip,p) =\ Ip(i.j)—p'(i.j)-

(ij)eNxN

We are going to prove that » is continuous for eachip € Nin p € [0, 1)V, We consider the different ordered levels of p as h;< - - - <h,; and the
set of pairs with a particular level as A = {(ij) € N x N: p(i,j)= hy} for all k=1,...,m.
For any € > 0 we choose

" €
/\ iy } N amu(N)

k:l

Let o’ € [0,1]"" be another forest such that d(p, o) < 6. The different ordered levels of p" are denoted by h}; < --- < h;,. By the election of 5 we
have for each k € {1,...,m} that p'(ixjk) < P’ (ik+1,jk+1) for all (ix,jx) € Ax and (ig+1,jk+1) € Ax+1. Therefore, we take h;nHH << h;nk the differ-
ent levels of p’ for A, with k € {1,...,m}.

We can get the following clalm level hy, ., verifies Lp = L'” for every k< {1,...,m}, this is gﬁ = gh CIf (i) € L” then

p(ij) = h and p'(i,j) = hy — 6 by election of p Looking at Flg 8mwe have p'(i,j) > h,’ﬂkf 41 and (i,)) € L’J dn the other hand if
(i,j) € L” then p'(i,j) = h:'rzk,1+l and p(i,j) = h;nHH — ¢ by election of p’. Another time looking at Flg. 8 we have p(ij) > hy and

""kl

(i,j) € Ly - We will also use that
(=) = (B oy =M )1 < 20

and

my

S (W -ty <20

p=my_1+1

Now, we get using the above lemma

my

Int(p) =13 (p ki:hk b (gh,) - pi;( s (g )| < kzm; (hi— b 1) (g5,) - % (h;hél)uiﬁ(gﬁ;)’
= = = my_q
> SRCEBIAES]
k=1 p=my_1+2

(hi = i) (8,) = (i, o1 - mkl)#xo< mm>_
> (m

() + 3

A
M=

h — 1>u,f] (gﬁp)} <mu(N)4s < €.

=~
Il

1 p=my_1+2

And this fact finishes the proof. O
Finally, we find a relationship between the vertex fuzzy game (Definition 5) and the Choquet integral when the fuzzy graph is a forest.

Let p € [0, 1]’1”” be a forest. We denote by 23’*” the family of all the set of unordered pairs of players, this is the set of coalitions of vertices
and links in the forest. For each coalition S C N we define the capacity ws : 25*” — R such that

ws({(i.j) € supp(ps) : p(i.j) > t}) = v/gl(S).

We can explain the vertex fuzzy game as a Choquet integral of the function p by the capacity ws using (8)
P(S) = / pdws.
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