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Abstract

The purpose of this article is an extension of Shapley’s value for games with restricted cooperation. The classical
model of cooperative game where every subset of players is a feasible coalition may be unrealistic. The feasible coali-
tions in our model will be the convex sets, i.e., those subsets of players belonging to a convex geometry .#. In the last
section, we apply this model to several examples about the power in the Council of Ministers of the European Union.
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1. Introduction

The Shapley value [1] has been generalized by
Myerson [2], in the context of the restricted games
by communication situations, defined by a game
(N, v) and the family of all subsets of N that induced
a connected subgraph of the graph G = (N,E).
There is another extension by Faigle and Kern [3],
the ‘“‘cooperative games under precedence con-
straints”. In the model of Faigle and Kern the
games are defined on distributive lattices of subsets
of players, v : 2 — R, but there may exist some
player i € N such that the coalition {i} ¢ 2.
Then, the restricted games are not included in this
model.
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Note that every distributive lattice is a convex
geometry [4], and we can suppose that every indi-
vidual player {i} € %. Furthermore, the restricted
games by connected block graphs are games on
convex geometries.

First, we define the concept of convex geometry
and describe its fundamental properties. In Sec-
tions 2 and 3, we give four axioms for an alloca-
tion rule and show that there is a unique
“Shapley value” that satisfies the axioms. Finally,
we apply this model to analyze the power of the
countries in the European Union.

Let N be a finite set of cardinality » and consid-
er a family ¥ of subsets of N with the properties:
(HhoeZLandNe 2,

(2) Ac and Be ¥ imply that ANB € &.

The family ¥ gives rise to the operator
— : 2¥ 2% defined by

A—~d:=({Cez|4aCC).
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It is easy to check that the operator — has the
properties of a closure operator: 4 C A4, 4 =4,
and 4 C B implies 4 C B, for all 4,BC N, and
the additional condition that @ = @. Conversely,
every closure operator with the above conditions
defines a family % C 2¥ with properties (1) and
(2) as the family of its closed sets

FL=2L(N,—)={AdCN|4a=4}.

If (M,-) is a closure space then ¥ C 2¥, or-
dered by inclusion, is a complete lattice in which
meet and join operations are defined by

VA, B€ ¥: AANB=ANB, AVB=AUB.

Definition 1. .#2 C 2V is a convex geometry if it sat-
isfies the extension property: For every S € % and
S # N, there exists i € N \ S such that SUi ¢ Z.

We call the closed sets in a convex geometry
convex sets. For a convex set § € & an element
i € §is an extreme point of Sif S\ i € &. In a con-
vex geometry ex(S) # @ and the closure ex(S) = §
(see [4]).

A maximal chain of the convex geometry
& C 2V is an ordered collection of convex sets that
is not contained in any larger chain. From the def-
inition and by induction, Edelman and Jamison {4]
showed that every maximal chain contains # + 1
convex sets

=S CS C---C8_1CS =N,

and the cardinal |S;| =k, forallk =0,1,...,n

Example 1. Let ¥ ={1,2,3,4} be a set and we
consider

¥ = {0’{1}1 {112}’{1’21 3}’N}
and

F ={0,{1}, {2}’ {1,3}, {2,4},N}.

The collection .Z is a convex geometry such that

{={1, {2¥={,2},
m={112:3}7 m=N,

and ex({1,...,k}) =k, 1<k<4. For the collec-
tion & fails the extension property and ex(N) = 0.

Example 2. A graph G = (N, E) is connected if any
two vertices can be joined by a path. A maximal
connected subgraph of G is a component of G. A
cutvertex is one whose removal increases the num-
ber of components, and a bridge is an edge with
the same property. A graph is 2-connected if it is
connected, has at least 3 vertices and contains no
cutvertex. A subgraph B of a graph G is a block
of G if either B is a bridge or else it is a maximal
2-connected subgraph of G. A graph G is a block
graph if every block is a complete graph.

A communication situation is a triple (N, G, v),
where (N, v) is a game and G = (N, E) is a graph.
This concept was first introduced in [2], and inves-
tigated in [5]. If G= (N,E) is a connected block
graph and £ = {S C N | (S,E(S)) is a connected
subgraph of G}, then we have {4, Theorem 3.7]
that .# is a convex geometry.

Example 3. Let (P, <) be a partially ordered set,
i.e., a set with a binary relation ‘<’ which satisfies
the reflexive, antisymmetry and transitivity prop-
erties. A subset S of (P, <) is convex whenever
acS, beS and a<b imply that the interval
[a,b] = {x € P| a<x<b} C §. The convex subsets
of P form a closure system Co(P). If P (or, equiv-
alently Co(P)) is finite, then each element is be-
tween a maximal and a minimal one. If
C € Co(P) then ex(C) is the union of the maximal
and minimal elements of C. Moreover, Co(P) is a
convex geometry ([6, Theorem 3]). For instance,
if we consider the linear order defined by
(P, <) = {1 <2 < 3 <4 <5} then the Hasse dia-
gram of the lattice

Co(P) = {0, {1}, {2}, {3}, {4}, {5}, {1,2},
{2,3},{3,4},{4,5},{1,2,3},
{2,3,4},{3,4,5},{1,2,3,4},
{2,3,4,5},{1,2,3,4,5}}

is the following.



370 J.M. Bilbao ! European Journal of Operational Research 110 (1998) 368-376

A cooperative game is a function v : 2V R,
with v(0) = 0. The players are the elements of N
and the coalitions are the subsets S C N.

Definition 2. A game on a convex geometry Fisa
function

v: ¥ —R, v@)=0

The coalitions are the convex sets of .# and the
players are the elements i € N. Let (&) be the
vector space over R of all games on the convex ge-
ometry ¥ C 2V. A game on a convex geometry is
called simple, monotonic, superadditive or convex
when v: &% — R satisfies the corresponding
property for the partial order, and the join and
meet operations.

Example 4. Let (P, <) be a partially ordered set.
For any X C P,

XX :={yecP|y<x forsomex€X}

defines a closure operator on P. Its closed sets are
the order ideals (down sets) of P, and we denote
this lattice J(P). Since the union and intersection
of order ideals is again an order ideal, it follows
that J(P) is a sublattice of 2°. Then J(P) is a dis-
tributive lattice and so, J(P) is a convex geometry
closed under set-union and ex(S) is the set of all

maximal points max(S) of the subposet § € J(P).
Then the game (¥, v) of Faigle and Kern [3], where
& is the family of down sets of P is a game on a
distributive lattice.

2. Axioms for values on convex geometries

We will follow the strategy of Weber [7] for the
axiomatic approach to the Shapley value for
games on convex geometries. F irst, we consider
the following simple games on £. For any
Te¥, T+#0 the upper game, denoted
{r » & —{0,1}, is defined by

fTCS,
otherwise.

)= { §

The identity game dr is defined by

1 ifS=T,
h““’{o ifS#£T.

The collections of these games are two different
basis of the vector space I'(¥). Faigle and Kern [3]
observed that

r= Y, s
(Se ¥ | §2T}

Let & be a map
& I(£L)— R : v (D1(v), ... Pa(D))-

First, we consider the linearity property for the
values ®;(v) of every player i € N.

Linearity axiom: For all «,B€R, and
v,w € F(&) we have

®;(aw + pw) = a®;(v) + f&i(w) forevery i€ N.

Theorem 1. Let @; : I'(¥) — R be a value for i
which satisfies the linearity axiom. Then there exists
an unique set of coefficients {as|S € £, S # 8}
such that

&,(v) = Y aku(S) forallveI(Z).

Se¥
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Proof. The collection {ds | S € &, S # 0} is a ba-
sis of the vector space I'(.#). We have for every
game v, that v =3 ¢, 0(S)ds. Let daf = @;(ds)
for all S € #. Then the linearity axiom implies

@) = > Bi(Ss)o(S) = D _asw(S). O

Seg sc¥
We define the concept of dummy player.

Definition 3. The player i € N is a dummy in the
game v € I'(¥) if for every convex S € £ such
that i € ex(S) we have

if {i}e ¥,
otherwise.

o(S) — v(S\ i) = {g(i)

Remark 1. A different definition has been suggest-
ed by Faigle and Kern [3].

We need some properties of the dummy players
in the upper and identity games.

Proposition 1. Let & be a convex geometry and let

S € & be a convex set. Then:

1. If i¢ ex(S) then i is a dummy player in the upper
game (s.

2. If i € S\ ex(S) then i is a dummy player in the
identity game Js.

Proof. Let i € N be such that i¢ ex(S). If {i} € &
then S # {i}, hence {5({i}) = 0 and J5({i}) = 0.

(1) We suppose that the player i¢ ex(S) is not a
dummy in {s. Then there exists 7 € &, and i¢ T
such that Tui€ ¥ and satisfies ((TUIQ) #
{s(T). Then (s(TUi)=1 and {s(T) =0, hence
SCTUi and SZ7. Thus S\i=8SNT e 2,
hence we obtain i € ex(S), which is a contradic-
tion.

Q) If Te %, i¢T and TUi € & such that
8s(T Ui) # ds(T) then d5(TUi) =1 or &5(T) =1.
If S=TUi then S\i=Te ¥ If §=T then
i € T, which contradicts the hypothesis. [

Dummy axiom: 1f the player i € N is a dummy
in v € ['(¥), then

i(v) = {S(i) if {i} € £,

otherwise.

Theorem 2. Let §; : I'(¥) — R be a value for i de-
fined by ®;(v) =3 ¢ asv(S) which satisfies the
dummy axiom. Then for every game v,

S)= Y d(S)—v(S\ i

{$e2 | icex(8)}
Moreover, if {i} € & then 3 (5o | icosy 95 = 1.

Proof. Let E; : I'(¥) — R, be defined for i e N
by

Ei(v) := Z

(Se¥ | icex(S)}

ag[o(S) — o(S\ i)}-

The operators E; and &; are linear and the up-
per games form a basis of I'(#). Then it will en-
ough be to show that @;({;) = Ei{{r), for every
convex set T€ ¥, T#0. FixieNand T € %,
and consider two cases.

First, if i ¢ ex(T) then Proposition 1 implies that
i is a dummy player in the game {;. Then
Lr(8) — {7(S\i) =0 for all S %, such that
i € ex(S) because (r({i}) =0, when {i} € Z.
Therefore, the definition of E; yields E;({r) = 0.
Furthermore, the dummy axiom implies that
®:({r) =0.

Now, if we suppose that i € ex(T) then i € T,
hence {7(S\ i) = 0 and we obtain the equivalence

(r(S) = {r(S\i) =1 if and only if
Se¥and SO T,

Observe that

Ei(lr) = > 4
{Se# | icex(8), S2T}
= E ®;(s)
{Se# | icex(S), S2T}

=@, Z Os
(Se# | ST}

= @i({r),

because @;(d5) = 0, when i € S\ ex(S).

Finally, if {i} € & then i is a dummy in the
game (;. Let T be a convex set such that i ¢T
and Tuie¥. Then we have that

{p(TUud) =1, {»(T) =0, and (H{i})=1
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Because @; satisfies the dummy axiom, it follows
from the above equation that

Yo A=y ={u{th=1 O

{Sc# | icex(S)}

We consider a convex geometry with {i} ¢ % for
some / € N. In this case, note that

= 3 a=a(y),

{SeZ | icex(5)} {Se¥ |ieS}

where the upper game on the closure of {i} satisfies

-f—(T)={‘ if {i}CT,

i 0 otherwise.
_ { 1 ifieT,

0 otherwise.

We obtain the following result by application of
Theorems 1 and 2.

Theorem 3. Let &; : I'(£)— R be a value for i
which satisfies the linearity and dummy axioms.
Then for every game v, there is an unique set of co-
efficients {a5 | S € &, i € ex(S)} such that

o)=Y asu(s) - oS\

{5e2 |icex(S)}

Moreover, if D; (Cﬁ) = 1 then E{Semiem(s)} as=1.

Remark 2. For convex geometries which satisfy
{i} € & for all i € N, the condition &, (Cm) =1

is not necessary, because it follows from dummy
axiom.

If the vector of the values for the players
P(v) = (P1(v),..., Pa(v)), is a distribution of the
available resources to the coalition N, then & sat-
isfies the following axiom:

Efficiency axiom: If N is the set of all players of
v e I'(&) then

> ®i() = p(N).
iEN

The efficiency axiom implies the following
properties for the coefficients of the values that sat-
isfy linearity and dummy axioms.

Theorem 4. Let @ : I'(¥) — R" be a value defined

Jor all game v and for all i € N by

OEIESY

{§e2 | icex(8)}

as[o(S) — v(S\ §)].

Then the value ® satisfies the efficiency axiom if and
only if

> ay=1, and

b= 3 4
icex(S) {j¢S | Suje#}

VSeZ, S£0, S#N.

Uy

Proof. For any v € I'(.#) we have

D @)= > a5e(S) - v(S\ )]

icN iEN {Se? |icex(S)}
=2 0| dod— > agyl
Se& icex(S) {j¢S| SujesL}

If the coefficients satisfy the relations, then
S ien @i(v) = v(N) hence @ satisfies the efficiency
axiom.

Conversely, fix a nonempty convex set T € &,
and consider the identity game d7. If we apply
the previous equation to the game J7, then we
have

Z ?;(dr)

ieN
Licer() W if 7=N,
= { Licer(s) I
— (s | suje ) aéu,- if T=8#N.

Thus, if @ satisfies the efficiency axiom then the
relations are true. [

3. Axioms for the Shapley value

The classical characterization of the Shapley
value is as the only value that satisfies the carrier,
symmetry and additivity on the class of all super-
additive games [1]. For the class of all games,
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Weber (7, Theorem 15] considered linearity, dum-
my, symmetry, and efficiency axioms, and proved
the uniqueness of the Shapley value. If (N,v) is a
game then the Shapley value for the playeri € N is

(s — 1)l(n—s)!

¢i(N1 U) = n’

[v(8) — o(S\ 1)),

{§€2V |ieS)

where n = |N| and s = |S].

Edelman and Jamison [4] defined a compatible
ordering of a convex geometry ¥ C 2V as a total
ordering of the elements of N, i; < <<y
such that the set

{il,iz,...,l'k}Eg for all 1<k<n.

A compatible ordering of .# corresponds exact-
ly to a maximal chain in .#. Denote by ({7, S]) the
number of maximal chains from 7 to S, where
T C § and ¢(S) := ([, §]) is the number of max-
imal chains from @ to §+#0. Furthermore,
c([S,8]) = 1 for all § € .

Definition 4. Let v € I'( %) be a game on a convex
geometry. The Shapley value for the playeri € N is
given by

(b,-(v) =

c(S\ 8 c([S, N]) :
C(N) IU(S) - U(S \ I)]

{ScZ |icex(8)}

We will denote the set of all compatible order-
ings by ¥(.#). Given an element i € N and a com-
patible ordering C of &, let

Cli):={jeN|j<iin C}.

Let S € % and i € S. Faigle and Kern [3] de-
fined the hierarchical strength hs(i) of i in S to be

ns(i) = LEEED) | C)n s =5}
- 6(2)| =

i.e., hg(i) is the average number of compatible or-
derings of % in which 7 is the last member of S in
the ordering. Note that As(i)#£0 < ic ex(S).
They proposed the following axiom for the Shap-
ley value on distributive lattices.

Hierarchical strength axiom: For any S € %
and i,j € §,

hs(D)D;({s) = hs(j)®:({s).

Now, we introduce a new axiom, in which the
value of the player depends of the position on lat-
tice structure of the convex geometry.

Chain axiom: For any nonempty S € . and
I,j €ex(S),

oS\ 1)8;(ds) = c(S\ /)@4(55).

We need this axiom because in the model of
convex geometries the hypothesis of symmetry
for the players is not applied. To interpret the
chain axiom, assume that % = 2V Then, the coef-
ficients of the value in Theorem 2 satisfy o5 = a
for every pair i, € § and for all § G N. The same
property is consequence of the classical symmetry
axiom (see [7, Theorem 10]).

By using our previous results, we prove the fol-
lowing characterization for the Shapley value on
convex geometries.

Theorem 5. The Shapley value is the unigue function
D ['(Z)— R" that satisfies the linearity, dum-
my, efficiency, and chain axioms.

Proof. The Shapley value satisfies the axioms. Let
@ be a function that satisfies the linearity, dummy,
efficiency, and chain axioms. It follows from The-
orems 3 and 4 that, for every i € N, there is a col-
lection {a4| S € &, i € ex(S)} such that

®i(v) = as[o(S) — v(S\ 9],
{Sc¥ |icex(S)}
> =1,
i€ex(N)
Z as = Z Ty
icex(S) {/¢8|Suje &)

VSe&, S#0, S£N.
Therefore, it suffices to show that

c(S\ ) (S, N))
(V)
forall S€ .2 and i€ ex(S).

ag =

Note that the coefficients are a5 = ,(5s), hence
the chain axiom implies that alc(S\ i)
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= dke(S\ j) for all i, j € ex(S). If we fix i € ex(S),
then we obtain

P c(S\J) ;
i =d + GO
jeéj(S) T {ieex%:l#i} c(S\)
@ g
_C(S\l)jee;(s) (S\j)
_ <8
~Sas\Y)

For § = N we take the first efficiency equation
and hence ¢(N \ i) = al,c(N), for every i € ex(N).
Thus,

c(W\ i) ([N, N))
c(N)

ay = Vi € ex(N).

We assume the following induction hypothesis:
Forevery T € &, |T| = k=2 we have

o T\ (TN
T W)

Vi € ex(T).

The case k =n, that is T = N has just been
proved. Let Se”?, such that
IS|=k—1<n. Then S#N and the efficiency
equations imply that

Dods= > ay

icex(S) {j¢s|sujeZ}

c(8) c([S U j, N])
c(N)

{i¢s|sujez}

x_cﬂ c(i[SUJ, N

€N) (g5 150 je) (01
_ e(5)e((S,M)
e(N) '

where the second equality follows from the induc-
tion hypothesis for T =S U . Finally, for every
i € ex(S), the identity

i _c(8) _ e(S)e(S, N])

as B\ (V) implies
do SE\D(SND
° cv)

Remark 3. Note that if & = 2" then ex(S) = S for
all coalition § C N, and

e(S'\ i)e([S,N]) _ (s —Dl(n—s)
c(N) n! ’

4. Application to European Union

We study the voting power in the Council of
Ministers of the European Union, which is the
main decision making body in the EU. Herne
and Nurmi [8] have studied the power indices
(Shapley-Shubik and Banzhaf) in the EU Council.
Their analyses are based on the qualified majority
requirement (70 %) and there is no restrictions to
cooperation between countries.

The power index employed is the Shapley value
for games on convex geometries. Furthermore, we
consider the convex geometry of the connected
subgraphs of a communication situation defined
by the next graph. There is a block containing
the following countries {FR, IT, SP} and a chain

{GE, BE, NE, LU, AU, DE,
SW, F1, IR, UK, GR, PO, SP}.
The following figure shows this graph of rela-

tions between the 15 countries of the European
Union.
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Country Population | Votes | Sha 62 | Sha 65 | Sha 78
Germany 0.219 0.115 | 0.125 0.125 0.5
U. K. 0.157 0.115 0 0 0
France 0.156 0.115 | 0.266 0.234 0.25
Italy 0.155 0.115 | 0.266 0.234 0.25
Spain 0.106 0.092 | 0.125 0.125 0
Netherlands 0.041 0.058 | 0.188 0 0
Greece 0.028 0.058 0 0 0
Belgium 0.027 0.058 0 0.25 0
Portugal 0.027 0.058 0 0 0
Sweden 0.024 0.046 0 0 0
Austria 0.022 0.046 | 0.031 0.031 0
Denmark 0.014 0.035 0 0 0
Finland 0.014 0.035 0 0 0
Ireland 0.010 0.035 0 0 0
Luxembourg 0.001 0.023 0 0 0

375
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The above Table and 3D-diagram contain the
population, votes and Shapley values for the fif-
teen countries of the European Union. The quali-
fied majority rule is assumed to be 62, 65, and 78
out of 87 votes in the Council of the EU.
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