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Abstract. We will introduce a generalization of the concept of cooperative
game. First, we consider the set 3N of all the ordered pairs of disjoint coali-
tions. Next, we define bicooperative games b : 3N → R and we study the class
of bisubmodular (bisupermodular) games. Journal of Economic Literature
Classification Number: C71.

1. Introduction

Let N = {1, 2, . . . , n} be a set of players. Aubin [2, Section 13.2] introduced
the concept of generalized coalition as a function c : N → [−1, 1] which associates
each player i with his/her level of participation c (i) ∈ [−1, 1] . A positive level is
interpreted as attraction of the player i for the coalition, and a negative level as
repulsion. In particular, the set 2N is the set of functions c : N → {0, 1}.
We will introduce a natural generalization of the concept of cooperative game.

First, we consider the set of all the ordered pairs of disjoint coalitions, that is, the
set of all signed coalitions given by 3N = {(S, T ) : S, T ⊆ N, S ∩ T = ∅} .
Each signed coalition (S, T ) of 3N can be identified with the {0,±1}-vector 1(S,T )

defined by

1(S,T )(i) =

 1, if i ∈ S
−1, if i ∈ T
0, otherwise,

for all i ∈ N. The support of a signed coalition (S, T ) of N is S ∪ T. A partial
order v on 3N is defined by (S1, T1) v (S2, T2) ⇐⇒ S1 ⊆ S2 and T1 ⊆ T2 for all
(S1, T1) , (S2, T2) ∈ 3N .
Example: Felsenthal and Machover [7] introduced ternary voting games on a finite
set N . This concept is a generalization of voting games which recognizes abstention
as an option alongside yes and no votes. These games are given by mappings
u : 3N → {−1, 1} satisfying the following three conditions:
1. u (N, ∅) = 1,
2. u (∅, N) = −1,
3. If 1(S,T )(i) ≤ 1(S0,T 0)(i) for all i ∈ N, then u (S, T ) ≤ u (S0, T 0) .
A negative outcome, −1, is interpreted as defeat and a positive outcome, 1, as

passage of a bill.

Definition 1.1. A bicooperative game is a pair (N, b), where N is a finite set and
b : 3N → R is a function with b (∅, ∅) = 0.
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2. Bisubmodular games

We have two binary operations, reduced union t and intersection u, on 3N
defined as

(S1, T1) t (S2, T2) = ((S1 ∪ S2) \ (T1 ∪ T2) , (T1 ∪ T2) \ (S1 ∪ S2)) ,
(S1, T1) u (S2, T2) = (S1 ∩ S2, T1 ∩ T2) .

Definition 2.1. A bicooperative game c : 3N → R is called bisubmodular if it
satisfies c ((S1, T1) t (S2, T2))+c ((S1, T1) u (S2, T2)) ≤ c (S1, T1)+c (S2, T2) for all
(S1, T1) , (S2, T2) ∈ 3N . A bicooperative game b : 3N → R is called bisupermodular
if −b is bisubmodular and bimodular if the above inequality holds with equality.
The bisubmodular inequality has been introduced by Chandrasekaran and Kabadi

[5]. Fujishige [8, Section 3.5c], Ando and Fujishige [1] studied bisubmodular sys-
tems (F , f) where F ⊆ 3N is a family of signed subsets closed with respect to
the reduced union t and intersection u, and f : F → R is bisubmodular on F .
Delta-matroids are essentially equivalent structures considered by Bouchet [3].
The bisubmodular and bisupermodular polyhedra associated with these games

are respectively

P∗ (c) =
©
x ∈ Rn : x (S)− x (T ) ≤ c (S, T ) for all (S, T ) ∈ 3Nª ,

P∗ (b) =
©
x ∈ Rn : x (S)− x (T ) ≥ b (S, T ) for all (S, T ) ∈ 3Nª .

These polyhedra were introduced by Dunstan and Welsh [6] and Bouchet and Cun-
ningham [4] showed that the convex hull of the set of points of a jump system is an
integral bisubmodular polyhedron.
If P∗ (c) is nonempty then −c (∅, S) ≤ x (S) ≤ c (S, ∅) for all S ⊆ N, where

x ∈ P∗ (c) . Therefore, we obtain c (∅, S) + c (S, ∅) ≥ 0 for all S ⊆ N. Fujishige [8,
Theorem 3.63] showed that this necessary condition is also sufficient.
We remark that if c : 3N → R is a bisubmodular game then

c (∅, S) + c (S, ∅) ≥ 2c (∅, ∅) = 0,
and this implies that every bisubmodular polyhedron is nonempty. The same holds
for the class of bisupermodular polyhedra.
A pair (S, T ) ∈ 3N such that its support S ∪ T = N is called an orthant. The

nonempty face of P∗ (c) defined by

B(S,T ) (c) = {x ∈ P∗ (c) : x (S)− x (T ) = c (S, T )}
is called the base polyhedron of c in the orthant (S, T ) . Moreover, Fujishige [8,
Section 3.5b] showed that the set of extreme points (vertices) of P∗ (c) satisfies

ex (P∗ (c)) =
[©

ex
¡
B(S,T ) (c)

¢
: (S, T ) is an orthant

ª
.

Proposition 2.1. Let c : 3N → R be a bisubmodular game, let (S, T ) be an orthant,
and let cST : 2N → R be the cooperative game given by cST (X) = c (S ∩X,T ∩X)
for all X ⊆ N. Then the game cST is concave.
Proof. The bisubmodular inequality implies that for all X,Y ⊆ N,
cST (X ∪ Y ) + cST (X ∩ Y ) = c (S1 ∪ S2, T1 ∪ T2) + c (S1 ∩ S2, T1 ∩ T2)

= c ((S1, T1) t (S2, T2)) + c ((S1, T1) u (S2, T2))
≤ c (S1, T1) + c (S2, T2)

= cST (X) + cST (Y ) ,
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where S1 = S ∩X, S2 = S ∩ Y, T1 = T ∩X, T2 = T ∩ Y. Hence the cooperative
game cST is concave.

Note that if b is a bisupermodular game and (S, T ) an orthant, then the coop-
erative game bST is convex.

Proposition 2.2. Let v : 2N → R be a convex game, and let b : 3N → R be the
bicooperative game given by b (S, T ) := v (S) − v∗(T ) = v (S) + v(N \ T ) − v(N).
Then b is bisupermodular. Moreover, P∗ (b) = Core (v) .

Proof. We compute for all (S1, T1) , (S2, T2) ∈ 3N ,
b ((S1, T1) t (S2, T2)) = v (S \ T ) + v (N \ (T \ S))− v(N)

= v (S ∩ (N \ T )) + v (S ∪ (N \ T ))− v(N)
≥ v (S) + v (N \ T )− v(N),

where S = S1 ∪ S2 and T = T1 ∪ T2. Thus
b ((S1, T1) t (S2, T2)) ≥ v (S1 ∪ S2) + v ((N \ T1) ∩ (N \ T2))− v (N) ,
b ((S1, T1) u (S2, T2)) = v (S1 ∩ S2) + v ((N \ T1) ∪ (N \ T2))− v (N) .

Since v is supermodular, i.e., v (S ∪ T )+v (S ∩ T ) ≥ v (S)+v (T ) for all S, T ⊆ N,
the sum satisfies

b ((S1, T1) t (S2, T2)) + b ((S1, T1) u (S2, T2)) ≥ b (S1, T1) + b (S2, T2)
and the bicooperative game b is bisupermodular. Furthermore, the core of the
profit game (N, v) is the bisupermodular polyhedron associated with b, that is,
P∗ (b) = {x ∈ Rn : x (S) ≥ v (S) for all S ⊆ N, x (N) = v (N)} .
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