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Abstract. We study a cooperation structure in which the feasible coalitions are
those belonging to a partition closure system. First, we develop the relation
between the dividends of Harsanyi in the restricted game and the worth func-
tion in the original game. Next, we obtain an method for computing the
Shapley and Banzhaf values of the closure-restricted games using the divi-
dends formula. Finally, we analyze the dividends in symmetric games by
means of the k-th difference operator.
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1 Closure spaces
A closure space is a set N together with a closure operator
—:2V 52V 4 4,

which satisfies 4 < B implies 4 = B, A < A, A= A, for all A4,B< N. The
family of closed sets € == {A = N|A = A} is a closure system on N, closed
under arbitrary intersections, and N € €. The closure system %, ordered by
inclusion, is a complete lattice, where AAB=AnB,and AvB=AuB. If
(N, %) is a closure system, then the operator

A A:=(\{Be%|A< B},

is a closure operator on N. We suppose that () € €, and this will not lead us to
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loss of generality (Libkin [15]). In what follows, we use a simplified notation
and write 4 U b to mean 4 U {b}, and A\a to mean 4\{a}.

Given a closure space (N, —), we obtain the partitioning of 2" induced by
the equivalence relation 4 ~ B < A = B. For a closed set S € % an element of
the equivalence class [S] is a generating set of S. A minimal element of [S]is a
basis of S. We note that 4 = S is a basis of S if

A=S and A\a#S, forallaeA.

For A = N an element a € A4 is an extreme point of A if a ¢ A\a. Let ex(A)
be the set of all extreme points of 4. Extreme points of a set may or may not
exist, and ex(A4) is contained in each generating set of 4. The general theory of
closure spaces can be found in Wild [24].

In their investigations of a combinatorial abstraction of discrete convexity,
Edelman and Jamison [8] were lead to closure spaces with the anti-exchange
property, where for every 4 = N and elements x, y € N\ 4, x # y,

yeAux implies x¢ Auy.

Definition 1. 4 convex geometry is a finite closure space (N, —) whose closure
operator satisfies the anti-exchange property.

The convex geometries are the abstract convex spaces satisfying the finite
Minkowski-Krein-Milman property: Every closed set is the closure of its ex-
treme points [8]. Indeed convex geometries are exactly those closure spaces
where all equivalence classes [A4], 4 € 4, have smallest elements [24]. Then
ex(A) is the unique basis of every A.

A finite lattice . is a lower locally distributive (LLD) lattice if for every x
in & the interval [x~,x], where x~ = /\{a|a < x}, is a Boolean algebra. The
LLD property is also known as a meet-distributive condition. There are in fact
a lot of characterizations of LLD lattices (see Monjardet [16]). Edelman ob-
tained the following: A finite lattice is an LLD lattice if and only if it is iso-
morphic to some convex geometry.

Example. A convexity on a connected graph G is a closure system % on V(G),
such that all elements of €, called convex sets, induce a connected subgraph of
G. There are several kinds of graphs convexities. Polat [19] considers two that
seem the most natural: the geodesic convexity [12] and the minimal path con-
vexity. In the first, a subset C of V(G) is geodesically convex if C contains
every vertex on every geodesic (shortest path) joining two vertices in C. The
second is defined for chordless paths.

Example. The concept of convexity is essential for pattern recognition and
image processing. One of the basic models for a bit-map-display is the finite
metric space. Hertel [14] defines the following concepts in a finite metric space
(X,d):

1. The point z € X is between x and y if

d(x,z) +d(z,y) = d(x,y).
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2. The segment xy is the set of all points z between x and y.
3. The subset 4 of X is called d-convex if for each pair of points x, y € A the
whole segment xy belongs to A.

The family of all d-convex sets in X is a closure system on X.

Example. A subset S of a poset (P, <) is convex whenever a € S, b e S and
a < b imply that the interval [a,b] = {x € P|a <x <b} = S. The convex
subsets of any poset P form a closure system Co(P). If P (or, equivalently
Co(P)) is finite, then each element is between a maximal and a minimal one. If
C € Co(P) then ex(C) is the union of the maximal and minimal elements of C.
Moreover, Co(P) is a convex geometry (Birkhoff and Bennett [2, Thm. 3]).

Example. A graph G = (N, E) is a block graph if every block is a complete
graph (see Harary [11, p. 30]). For instance, if G is a disjoint union of trees,
then G is a block graph. Jamison [8, Thm. 3.7] showed: G is a connected block
graph if and only if the family € is a convex geometry.

2 Closure-restricted games

A cooperative game with transferable utility is a pair (N, v), where N is a finite
set and v is a set function v : 2¥ — IR, such that v() = 0. The elements of
N = {1,2,...,n} are called players, the subsets S € 2V coalitions and v is the
characteristic function of the game (N,v). By I'Y we denote the set of all
games (N, v).

A game with cooperation structure is a game (N, v) together with a coop-
eration structure 2 which associates with each coalition S < N a partition
2(S) of S. The restricted game (N,v”) (Weber [23]) is defined by

v’ (S):= > u(S), SSN.
Sie2(S)

We study a model of cooperation structure in which the feasible coalitions
are those belonging to a special closure system. Grotschel, Lovasz and Schrijver
[10, Chapter 10] introduced the following concept.

Definition 2. Let N be a finite set. A family € of subsets of N is called an
intersecting family if S, T € 4, ST #Q imply SnTe¥, SUTe%.

A family & of subsets of N is atomic if {i} € € for all i € N. The maximal
subsets of S = N belonging to the family 4 are called components of S and we
denote this collection by 7.

Proposition 1. Let 6 < 2V be an intersecting family which is atomic. Then the
components of every S < N, denoted Ilg, form a partition of S.

Proof. If S = N then S = | J,_{i}, where {i} € €. Let IIs = {C},...,C,} be
the collection of components of S. Then we have S = U{Ci |Ciells}. If g
is not a partition of S, then C;n C; # 0, and hence C; U C; € €, which con-
tradicts the maximality of C; and C;. O
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We are now ready to define the cooperation structure and the corre-
sponding restricted game.

Definition 3. A partition closure system is a closure system which is atomic and
intersecting.

The family 4 < 2" is a partition closure system if and only if satisfies the
following properties: 0 € €, N € ¢, {i} € € for all ie N, € is n -stable and
u-stable for closed sets with nonempty intersection. If the closure system is
a convex geometry, atomic and intersecting, we obtain a partition convex
geometry.

Example. A communication situation is a triple (N, G,v), where (N,v) is a
game and G = (N, E) is a graph. This concept was studied first by Myerson
[17] and investigated by Owen [18] and Borm, Owen and Tijs [3]. If the graph
G = (N, E) is a block graph then the family
% ={S <= N|(S,E(S)) is a connected subgraph of G},

is a partition convex geometry.

Example. In a sequencing situation there is a queue, consisting of n customers
waiting to be served at a counter. Curiel, Pederzoli and Tijs [5] introduced
sequencing games (N,v) defined by v(S) := > ren,v(T), where the compo-

nents of ITg are the maximal intervals of S in a total order on N. Then the
collection

% ={T = N|T is an interval of N},
is a partition convex geometry.

Definition 4. For (N,v) e I'N and a partition closure system (N, %), the 6-
restricted game is defined by

v4(S) == Z o(T), (1)

Tells
where Il is the collection of components of S < N.
We note that S € % implies that v*(S) = v(S) and the mapping
Ly: TN >IV, v,
is a linear operator.
Example. If € is the partition system of the connected subgraphs of a block
graph, then the game v% is a I'-component additive game which are studied by

Potters and Reijnierse [20].

Example. Let N = {1,... n} be the player set and let o be a permutation of
N that defines an order on N. Curiel, Hamers, Potters and Tijs [6] defines
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o-component additive games w.r.t. the permutation ¢. These games are
restricted games for the partition convex geometry Co({a(1) < --- < a(n)}).

3 The dividends in the @é-restricted game

Forany T = N, T # 0, the unanimity game ur € I'" is defined by

1, ifT<S
0, otherwise.

ur() = {

Every game is a linear combination of games of the form uy (see Shapley
[21, lemma 3]). Then, we have the representation

v=Y A(T)ur, where 4,(S)="Y (=1)S"ly(T). (2)

TSN TcS

Following Harsanyi [13] we shall call 4v(T') the dividends of T, in the game
v. It is easy to obtain the restricted game v, in terms of the images of the
unanimity games u%,

U% = L(g[v} = Lfg' [Z AU(T)MT

TN

=Y A(T)uf.

TN

The unanimity games form a basis of I'V . We prove that {uc|Ce %,
C # 0} form a basis of the image Ly (I'Y) = {v* |ve I'"}.

Theorem 1. Let 6 < 2V be a partition closure system and let ve I’ N be a game.
Then, the €-restricted game v*® satisfies

v = Z A (Cluc, where A4(0) =0. (3)
Ce?

Proof. We consider the game u% which satisfies

p 1, if there exists Ce ¥ suchthat 7 < C < S
i) = ¥ ur(o)={

s 0, otherwise.

The following conditions are equivalent for all S = N:
up(S)=1<3Ce@suchthat T C=Se TS e up(S)=1.
We have u = uz(S), and hence

Ly[{ur | T €2V, T # 0} = {uc|Ce%,C +#0}. O
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Let (N, v) be a game, the Shapley value [21] for the player i € N is defined
by

o= S CEIEIg s,
(SSNTieS) :

where n = |N|, and s = |S|. This value is an average of marginal contribution
v(S) — v(S\i) of a player i to all possible coalitions S € 2V \{0}. In this value,
the sets S of different size get different weight. Dubey and Shapley, in [7],
suggested the following Banzhaf value,

BiNv)= n171 [v(S) —v(S\i)], ieN.

{ScN|ieS}

Definition 5. Let (N, %) be a partition closure system and let (N, v) be a game.
The closure Shapley value for the player i is @Y (N,v) := &;(N,v%) and the
closure Banzhaf value is (/) (N, v) := B/(N, v%).

Remark 1. The direct procedure for computing these values involve some kind
of enumeration of 2"~! coalitions and the complexity grow exponentially with
n. For some special classes of partition closure systems and for symmetric
games we describe methods based on the dividends that works more efficiently.

The Shapley and Banzhaf values are linear mappings w.r.t. the character-
istic function and the images of the unanimity games are respectively

1/|S], ifieS
¢[(Na HS) = .
0, otherwise,
128V ifje S
Bi(N,us) = { / .
0, otherwise.
Thus Theorem 1 implies the following formulas
Ay (S
¢i(N7 U(g) = bisg ) ) (4)
{Se®|ieS} | |
@ A N4 (S)
/ e\ v
Bi(N,v") = Z EIGTRE (5)
{Seb|ieS}

Let (N,%) be the partition convex geometry of subsets of vertices which
induce connected subgraphs of the connected block graph G = (N, E). In this
geometry, the closure Shapley value is called Myerson value [9]. If G is a tree,
then Owen [18] gave the following formula for computing the dividends in the
restricted game v,

4e(S)= D A(T)= Y. A7)

{Te2V | T=S} {T|ex(S)=T<=S}
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We extend this formula to the case when % is any partition convex geom-
etry. First, we study the formula for v*, when % is a partition closure system.

Theorem 2. Let (N, %) be a partition closure system and let (N,v) be a game.
The dividend of S € € in the restricted game v* satisfies

Av"’(S) = Z AU(T) = Z AU(T)v

{Te2V|T=S} Te {[B.S]| Be#A(S)}
where B(S) is the family of all bases of S.

Proof. We know that u% = us for every nonempty 7" < N, and u% has a
unique representation in the basis {ug|S € 2", S # 0}. Then, we have

I, ifS=T

“
Uy = Ae(Sus =uz < A4(S) =
T Z g (S)s = uz is(S) {0, otherwise.

ScN

By Theorem 1, the restricted game v% satisfies

¢ — Z AU(T)T/!? = Z AU(T) ZAM;(S)MS‘|

TSN TSN Se¥
=3 [Z AL.(T)Au«;(S)] Us.
Se® | TN

The coeflicients are equal and so

A (S) = Z AU(T)Au((T’(S) = Z AD(T)'

Te2N {Te2V|T=S}
Finally, we prove the equality

{TeN|T=S}= |J {TSN|B=TcS},
BeA(S)

where B is a basis (minimal generating set) of S. Let T be such that T = S.
Then T is a generating set of S € % and there exists Be Z(S) with B= T < S.

Conversely, if B= T < S, the properties of the closure operator imply that
S=BcTcS=S. ]

Corollary 1. Let (N,%) be a partition convex geometry and let (N,v) be a
game. The dividend of S € € in the restricted game v* satisfies

Av("(S) = Z AU(T> = Z AU(T)'

{Te2V|T=5} {T|ex(S)cT<S}

We study the relation between the dividends of Harsanyi in the restricted
game v* and the characteristic function v in the next results. For that we
consider the Mdbius function u of the finite poset (P, <).



64 J. M. Bilbao

An easy way to compute u : P x P — Z, is from the recurrence

:u(x7y) = - Z ,ll(X,Z),

x<z<y

for x < y, with the initial condition u(x, x) = 1 (see Aigner [1]).

We will need the following theorem of Crapo [4] concerning the computa-
tion of the Mobius function of the quotient lattice (%, <) with respect the
closure operator defined in the lattice (2V, <).

If P is a finite lattice with closure x — X, and P is the quotient lattice, con-
sisting of the closed elements of P, then for all elements x € P, and elements y
closed in P, x < y, the sum

Z w(x, 1) = {ﬂﬁ(XaJ’), if x is closed

_ 0, otherwise.
{leP|x<i<I=y}

The formulas for obtaining the dividends of the closed coalitions in the
restricted game follow from the next theorems.

Theorem 3. Let (N, %) be a partition closure system and let v be a game. If v* is
the restricted game associated to v, then

40(S) = > > (~DETH (), Sew. (6)
{Te?|T<S} | Le | J{[B,S]|Be#(S)}

Proof. Tt follows from Theorem 1 that for all S € €,

o(S) =v°(S) =D Au(Thur(S)= > 4u(T).
Te% {Te%|T<S}

The closure system %, ordered by inclusion, is the quotient lattice of 2V by the
closure operator. The Mobius inversion formula (Stanley [22, p. 116]) of
implies that

40(S) = > (T, S)(T).
{Te?|T<S}

We use the above result of Crapo and we obtain

,u%/(Tvs) = Z :u(T’L)

{Le2N |TeLsL=S}

= Z w(T, L)

{Le2V |L=S}

_ Z (_1)\LHT|. ]
Le \{[B.5]|Be#(S)}
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Theorem 4. Let (N, %) be a partition convex geometry. Then

4e(S)= " > (=DFu(D), (7)

T e[S\ex(S),S]

where ex(S) is the set of all extreme points of S € €.

Proof. If % is a convex geometry, then the family #(S) = {ex(S)}, for all
S € ¥. Thus the closure operator satisfies L = S < ex(S) < L, and so

we(T,8) = > (=

Le[Tuex(S),S]

— (_1)|Tuex(s>\—m Z (_1)\L\—|Tuex(5)\
Le[Tuex(S),S]

— ()T ST 40, L),

Le?

where 2 is a finite lattice isomorphic to interval [T U ex(S), S].

If T uex(S) # S, then 2 contains at least two elements and the Mdbius
function satisfies » ", _,(0, L) = 0 (Aigner [1]). Otherwise, 7' U ex(S) = .S and
the sum is u, (T, S) = u(T, S) = (—1)!SI=71. Thus we obtain

ST e g
y(g(T,S):{( ) , if S ' v ex(S)
0 otherwise.

Obviously, S = T uex(S) if and only if S\ex(S) = T. O
Example. The family of the convex sets ¥ = Co(P) of the chain

P={l<2<---<n}
is a partition convex geometry. Note that the feasible coalitions are the empty
set and the intervals [i, j] = {i,i+1,...,j — 1,j}, where i < j. The set of the

extreme points ex([i, j]) = {i, j} and Theorem 4 implies that the dividends for
the restricted game v® are 4,4 ({i}) = v({i}), fori e N, and

A6 (S) = 0(S) — v(S\i) — v(S\J) + o(S\{i,/}),

for S =i, j], i <.

4 Symmetric games

Definition 6. A symmetric game (N, v) is characterized by a sequence of |N| + 1
numbers, {0,v1,...,vy|}, where for any S € 2N the characteristic function is
U(S) = U|S‘.
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We inductively define the k-th difference operator, denoted &, for integers
k >1by

A =y, i) =" i) =5 (),
where (y;);>0 Is a sequence.

Proposition 2. Let (N, %) be a partition convex geometry and let (N,v) be a
symmetric game with {0,vy, ..., vy }. The dividend of S € € in v? satisfies

v1, IS =1
Ay (S) =
R R AR
where s = |S|, fu(i) = vs_i, 0 < i < s, and 6" is the k-th difference operator.

Proof. If |S| = 1, then S\ex(S) =0, and so 4,¢(S) = v1. Let S €% be such
that |ex(S)| = k. Since the interval [S\ex(S), S] is a Boolean algebra, we have

Ae(S)= 30 (1) Tlu(T)

T e[S\ex(S),S]

(—1)$\ ()
S\T cex(S)

Il
-
T
—_
~.
N
- X
~_
&
|

The k-th difference of f; at 0 satisfies the formula (see Stanley [22, p. 37])

34(0) = i(—l)’“‘ (5)s0.

1

By definition f;(i) = v,_;, and hence

DY (")
(0).

1

k
A0 (S) = (D>
=0
= (= 1)*Ff, O
Example. Let v be a symmetric game defined by v(S) := |S|(|S| — 1) if |S| > 1,
and v(@)) = 0 (Owen [18]). In this game, the sequence {0,vy,...,v,} satisfies
v; = i(i — 1). We apply Proposition 2 to the restricted game v*, where @ is a
partition convex geometry. We have that f(i) = v,-; = (s —i)(s — i — 1). The
difference table (beginning with f£;(0)) looks like
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S —5 £ —35+2 £ —55+6 < —Ts+12
—2s+2 —25+4 —25+6

2 2

Then, since vy = 0 and |S| > 1 implies |ex(S)| = k > 1, we have

2, if |ex(S)| =2
0, otherwise.

A0%(8) = {

For instance, if (N,E) is the tree defined by Owen [18], where
N ={1,...,13} and

E={{1,2},{1,3},{1,4},{2,5},{2,6},{2,7}, {3,8},
(3,9}, {3,10}, {4, 11}, {4, 12}, {4,13}}.

The family of subsets of N which induces a connected subgraph is a partition
convex geometry. The Myerson value satisfies, for every i € NV,

BE(N, v) = 4c(5)

{Se¥|ieS} ‘S|

_ Z{|§| |Se@,ies, and |ex(s) = 2}

2

= Z{E | (S, E(S)) is a path containing i}.

5 )

p 3 12 18 27\ 154
@f(N,u)=2(§+?+Z+?)

. . 4 8 12 18 338
@‘6 ¢’6/ N ¢’6 T2
Z(Nav) 3( ,U) 4(N,U) 2(2 3 4 5) 157

5

13 2 6\ 32
2737475) "

DE(N,v) = - = DE(N,v) :2<—+—+—+—

The closure Banzhaf value satisfies for i € V,
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7 AMS
E = Y )
{Se?|ieS}

_ 2{251_2
(BN, v) =3+ 12@) +18 (;>2+27 G)S: %
(B3 (N v) = (B)“ (N, 0) = (B)“(N0)

4y s(%) n 12(%)24—18(%)3: =
) == g =103(3) w2 w6 (3) = 2
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