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Closure spaces and restricted games
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Abstract. We study a cooperation structure in which the feasible coalitions are
those belonging to a partition closure system. First, we develop the relation
between the dividends of Harsanyi in the restricted game and the worth func-
tion in the original game. Next, we obtain an method for computing the
Shapley and Banzhaf values of the closure-restricted games using the divi-
dends formula. Finally, we analyze the dividends in symmetric games by
means of the k-th di¨erence operator.
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1 Closure spaces

A closure space is a set N together with a closure operator

ÿ : 2N ! 2N ; ANA;

which satis®es AJB implies AJB, AJA, A � A, for all A;BJN. The
family of closed sets C :� fAJN jA � Ag is a closure system on N, closed
under arbitrary intersections, and N A C. The closure system C, ordered by
inclusion, is a complete lattice, where A5B � AXB, and A4B � AWB. If
�N;C� is a closure system, then the operator

ANA :�7fB A C jAJBg;

is a closure operator on N. We suppose that j A C, and this will not lead us to
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loss of generality (Libkin [15]). In what follows, we use a simpli®ed notation
and write AW b to mean AW fbg, and Ana to mean Anfag.

Given a closure space �N;ÿ�, we obtain the partitioning of 2N induced by
the equivalence relation AFB, A � B. For a closed set S A C an element of
the equivalence class [S ] is a generating set of S. A minimal element of [S ] is a
basis of S. We note that AJS is a basis of S if

A � S and Ana0S; for all a A A:

For AJN an element a A A is an extreme point of A if a B Ana. Let ex(A)
be the set of all extreme points of A. Extreme points of a set may or may not
exist, and ex(A) is contained in each generating set of A. The general theory of
closure spaces can be found in Wild [24].

In their investigations of a combinatorial abstraction of discrete convexity,
Edelman and Jamison [8] were lead to closure spaces with the anti-exchange
property, where for every AJN and elements x, y A N nA, x0 y,

y A AW x implies x B AW y:

De®nition 1. A convex geometry is a ®nite closure space �N;ÿ� whose closure
operator satis®es the anti-exchange property.

The convex geometries are the abstract convex spaces satisfying the ®nite
Minkowski-Krein-Milman property: Every closed set is the closure of its ex-
treme points [8]. Indeed convex geometries are exactly those closure spaces
where all equivalence classes [A], A A C, have smallest elements [24]. Then
ex(A) is the unique basis of every A.

A ®nite lattice L is a lower locally distributive (LLD) lattice if for every x
in L the interval �xÿ; x�, where xÿ �5fa j as xg, is a Boolean algebra. The
LLD property is also known as a meet-distributive condition. There are in fact
a lot of characterizations of LLD lattices (see Monjardet [16]). Edelman ob-
tained the following: A ®nite lattice is an LLD lattice if and only if it is iso-
morphic to some convex geometry.

Example. A convexity on a connected graph G is a closure system C on V(G),
such that all elements of C, called convex sets, induce a connected subgraph of
G. There are several kinds of graphs convexities. Polat [19] considers two that
seem the most natural: the geodesic convexity [12] and the minimal path con-
vexity. In the ®rst, a subset C of V(G) is geodesically convex if C contains
every vertex on every geodesic (shortest path) joining two vertices in C. The
second is de®ned for chordless paths.

Example. The concept of convexity is essential for pattern recognition and
image processing. One of the basic models for a bit-map-display is the ®nite
metric space. Hertel [14] de®nes the following concepts in a ®nite metric space
�X ; d�:

1. The point z A X is between x and y if

d�x; z� � d�z; y� � d�x; y�:
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2. The segment xy is the set of all points z between x and y.
3. The subset A of X is called d-convex if for each pair of points x, y A A the

whole segment xy belongs to A.

The family of all d-convex sets in X is a closure system on X.

Example. A subset S of a poset �P;U� is convex whenever a A S, b A S and
aU b imply that the interval �a; b� � fx A P j aU xU bgJS. The convex
subsets of any poset P form a closure system Co(P). If P (or, equivalently
Co(P)) is ®nite, then each element is between a maximal and a minimal one. If
C A Co�P� then ex(C) is the union of the maximal and minimal elements of C.
Moreover, Co(P) is a convex geometry (Birkho¨ and Bennett [2, Thm. 3]).

Example. A graph G � �N;E� is a block graph if every block is a complete
graph (see Harary [11, p. 30]). For instance, if G is a disjoint union of trees,
then G is a block graph. Jamison [8, Thm. 3.7] showed: G is a connected block
graph if and only if the family C is a convex geometry.

2 Closure-restricted games

A cooperative game with transferable utility is a pair �N; v�, where N is a ®nite
set and v is a set function v : 2N ! R, such that v�j� � 0. The elements of

N � f1; 2; . . . ; ng are called players, the subsets S A 2N coalitions and v is the
characteristic function of the game �N; v�. By GN we denote the set of all
games �N; v�.

A game with cooperation structure is a game �N; v� together with a coop-
eration structure P which associates with each coalition S JN a partition
P�S� of S. The restricted game �N; vP� (Weber [23]) is de®ned by

vP�S� :�
X

Si AP�S�
v�Si�; S JN:

We study a model of cooperation structure in which the feasible coalitions
are those belonging to a special closure system. GroÈtschel, LovaÂsz and Schrijver
[10, Chapter 10] introduced the following concept.

De®nition 2. Let N be a ®nite set. A family C of subsets of N is called an
intersecting family if S, T A C, S XT 0j imply S XT A C, S WT A C.

A family C of subsets of N is atomic if fig A C for all i A N. The maximal
subsets of S JN belonging to the family C are called components of S and we
denote this collection by PS.

Proposition 1. Let CJ 2N be an intersecting family which is atomic. Then the
components of every S JN, denoted PS, form a partition of S.

Proof. If S JN then S �6
i AS
fig, where fig A C. Let PS � fC1; . . . ;Cqg be

the collection of components of S. Then we have S �6fCi jCi A PSg. If PS

is not a partition of S, then Ci XCj 0j, and hence Ci WCj A C, which con-
tradicts the maximality of Ci and Cj . r
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We are now ready to de®ne the cooperation structure and the corre-
sponding restricted game.

De®nition 3. A partition closure system is a closure system which is atomic and
intersecting.

The family CJ 2N is a partition closure system if and only if satis®es the
following properties: j A C, N A C, fig A C for all i A N, C is X -stable and
W-stable for closed sets with nonempty intersection. If the closure system is
a convex geometry, atomic and intersecting, we obtain a partition convex
geometry.

Example. A communication situation is a triple �N;G; v�, where �N; v� is a
game and G � �N;E� is a graph. This concept was studied ®rst by Myerson
[17] and investigated by Owen [18] and Borm, Owen and Tijs [3]. If the graph
G � �N;E� is a block graph then the family

C � fS JN j �S;E�S�� is a connected subgraph of Gg;

is a partition convex geometry.

Example. In a sequencing situation there is a queue, consisting of n customers
waiting to be served at a counter. Curiel, Pederzoli and Tijs [5] introduced
sequencing games �N; v� de®ned by v�S� :�PT APS

v�T�, where the compo-
nents of PS are the maximal intervals of S in a total order on N. Then the
collection

C � fT JN jT is an interval of Ng;

is a partition convex geometry.

De®nition 4. For �N; v� A GN and a partition closure system �N;C�, the C-
restricted game is de®ned by

vC�S� :�
X

T APS

v�T�; �1�

where PS is the collection of components of S JN.

We note that S A C implies that vC�S� � v�S� and the mapping

LC : GN ! GN ; vN vC;

is a linear operator.

Example. If C is the partition system of the connected subgraphs of a block
graph, then the game vC is a G-component additive game which are studied by
Potters and Reijnierse [20].

Example. Let N � f1; . . . ; ng be the player set and let s be a permutation of
N that de®nes an order on N. Curiel, Hamers, Potters and Tijs [6] de®nes
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s-component additive games w.r.t. the permutation s. These games are
restricted games for the partition convex geometry Co�fs�1� < � � � < s�n�g�.

3 The dividends in the C-restricted game

For any T JN, T 0j, the unanimity game uT A GN is de®ned by

uT �S� � 1; if T JS

0; otherwise.

�
Every game is a linear combination of games of the form uT (see Shapley

[21, lemma 3]). Then, we have the representation

v �
X

TJN

Dv�T�uT ; where Dv�S� �
X
TJS

�ÿ1�jSjÿjT jv�T�: �2�

Following Harsanyi [13] we shall call Dv�T� the dividends of T, in the game
v. It is easy to obtain the restricted game vC, in terms of the images of the
unanimity games uCT ,

vC � LC�v� � LC
X

TJN

Dv�T�uT

" #

�
X

TJN

Dv�T�uCT :

The unanimity games form a basis of GN . We prove that fuC jC A C;
C 0jg form a basis of the image LC�GN� � fvC j v A GNg.

Theorem 1. Let CJ 2N be a partition closure system and let v A GN be a game.
Then, the C-restricted game vC satis®es

vC �
X
C AC

DvC�C�uC ; where DvC�j� � 0: �3�

Proof. We consider the game uCT which satis®es

uCT �S� �
X

C APS

uT�C� � 1; if there exists C A C such that T JC JS

0; otherwise.

�

The following conditions are equivalent for all S JN:

uCT �S� � 1, bC A C such that T JC JS , T JS , uT�S� � 1:

We have uCT � uT �S�, and hence

LC�fuT jT A 2N ;T 0jg� � fuC jC A C;C 0jg: r
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Let �N; v� be a game, the Shapley value [21] for the player i A N is de®ned
by

Fi�N; v� �
X

fSJN j i ASg

�sÿ 1�!�nÿ s�!
n!

�v�S� ÿ v�Sni��;

where n � jNj, and s � jSj. This value is an average of marginal contribution
v�S� ÿ v�Sni� of a player i to all possible coalitions S A 2N nfjg. In this value,
the sets S of di¨erent size get di¨erent weight. Dubey and Shapley, in [7],
suggested the following Banzhaf value,

b 0i�N; v� �
X

fSJN j i ASg

1

2nÿ1 �v�S� ÿ v�Sni��; i A N:

De®nition 5. Let �N;C� be a partition closure system and let �N; v� be a game.
The closure Shapley value for the player i is FC

i �N; v� :� Fi�N; vC� and the
closure Banzhaf value is �b 0i�C�N; v� :� b 0i�N; vC�.

Remark 1. The direct procedure for computing these values involve some kind
of enumeration of 2nÿ1 coalitions and the complexity grow exponentially with
n. For some special classes of partition closure systems and for symmetric
games we describe methods based on the dividends that works more e½ciently.

The Shapley and Banzhaf values are linear mappings w.r.t. the character-
istic function and the images of the unanimity games are respectively

Fi�N; uS� �
1=jSj; if i A S

0; otherwise,

(

b 0i�N; uS� �
1=2jS nij; if i A S

0; otherwise.

(

Thus Theorem 1 implies the following formulas

Fi�N; vC� �
X

fS AC j i ASg

DvC�S�
jSj ; �4�

b 0i�N; vC� �
X

fS AC j i ASg

DvC�S�
2jS nij

: �5�

Let �N;C� be the partition convex geometry of subsets of vertices which
induce connected subgraphs of the connected block graph G � �N;E�. In this
geometry, the closure Shapley value is called Myerson value [9]. If G is a tree,
then Owen [18] gave the following formula for computing the dividends in the
restricted game vC,

DvC�S� �
X

fT A 2N jT�Sg
Dv�T� �

X
fT j ex�S�JTJSg

Dv�T�:
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We extend this formula to the case when C is any partition convex geom-
etry. First, we study the formula for vC, when C is a partition closure system.

Theorem 2. Let �N;C� be a partition closure system and let �N; v� be a game.
The dividend of S A C in the restricted game vC satis®es

DvC�S� �
X

fT A 2N jT�Sg
Dv�T� �

X
T A 6f�B;S� jB AB�S�g

Dv�T�;

where B�S� is the family of all bases of S.

Proof. We know that uCT � uT for every nonempty T JN, and uCT has a
unique representation in the basis fuS jS A 2N ;S 0jg. Then, we have

uCT �
X
SJN

DuC
T
�S�uS � uT , DuC

T
�S� � 1; if S � T

0; otherwise.

�
By Theorem 1, the restricted game vC satis®es

vC �
X

TJN

Dv�T�uCT �
X

TJN

Dv�T�
X
S AC

DuC
T
�S�uS

" #

�
X
S AC

X
TJN

Dv�T�DuC
T
�S�

" #
uS:

The coe½cients are equal and so

DvC�S� �
X

T A 2N

Dv�T�DuC
T
�S� �

X
fT A 2N jT�Sg

Dv�T�:

Finally, we prove the equality

fT JN jT � Sg � 6
B AB�S�

fT JN jBJT JSg;

where B is a basis (minimal generating set) of S. Let T be such that T � S.
Then T is a generating set of S A C and there exists B A B�S� with BJT JS.

Conversely, if BJT JS, the properties of the closure operator imply that
S � BJT JS � S. r

Corollary 1. Let �N;C� be a partition convex geometry and let �N; v� be a
game. The dividend of S A C in the restricted game vC satis®es

DvC�S� �
X

fT A 2N jT�Sg
Dv�T� �

X
fT j ex�S�JTJSg

Dv�T�:

We study the relation between the dividends of Harsanyi in the restricted
game vC and the characteristic function v in the next results. For that we
consider the MoÈbius function m of the ®nite poset �P;U�.
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An easy way to compute m : P� P! Z, is from the recurrence

m�x; y� � ÿ
X

xUz<y

m�x; z�;

for x < y, with the initial condition m�x; x� � 1 (see Aigner [1]).
We will need the following theorem of Crapo [4] concerning the computa-

tion of the MoÈbius function of the quotient lattice �C;J� with respect the
closure operator de®ned in the lattice �2N ;J�.

If P is a ®nite lattice with closure x! x, and P is the quotient lattice, con-
sisting of the closed elements of P, then for all elements x A P, and elements y
closed in P, xU y, the sum

X
fl AP j xUlUl�yg

m�x; l� � mP�x; y�; if x is closed

0; otherwise.

�

The formulas for obtaining the dividends of the closed coalitions in the
restricted game follow from the next theorems.

Theorem 3. Let �N;C� be a partition closure system and let v be a game. If vC is
the restricted game associated to v, then

DvC�S� �
X

fT AC jTJSg

X
L A 6f�B;S� jB AB�S�g

�ÿ1�jLjÿjT j
24 35v�T�; S A C: �6�

Proof. It follows from Theorem 1 that for all S A C,

v�S� � vC�S� �
X
T AC

DvC�T�uT�S� �
X

fT AC jTJSg
DvC�T�:

The closure system C, ordered by inclusion, is the quotient lattice of 2N by the
closure operator. The MoÈbius inversion formula (Stanley [22, p. 116]) of C
implies that

DvC�S� �
X

fT AC jTJSg
mC�T ;S�v�T�:

We use the above result of Crapo and we obtain

mC�T ;S� �
X

fL A 2N jTJLJL�Sg
m�T ;L�

�
X

fL A 2N jL�Sg
m�T ;L�

�
X

L A 6f�B;S� jB AB�S�g
�ÿ1�jLjÿjT j: r
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Theorem 4. Let �N;C� be a partition convex geometry. Then

DvC�S� �
X

T A �Snex�S�;S�
�ÿ1�jSjÿjT jv�T�; �7�

where ex�S� is the set of all extreme points of S A C.

Proof. If C is a convex geometry, then the family B�S� � fex�S�g, for all
S A C. Thus the closure operator satis®es L � S , ex�S�JL, and so

mC�T ;S� �
X

L A �TWex�S�;S�
�ÿ1�jLjÿjT j

� �ÿ1�jTWex�S�jÿjT j X
L A �TWex�S�;S�

�ÿ1�jLjÿjTWex�S�j

� �ÿ1�jTWex�S�jÿjT jX
L AP

mP�0̂;L�;

where P is a ®nite lattice isomorphic to interval �T W ex�S�;S�.
If T W ex�S�0S, then P contains at least two elements and the MoÈbius

function satis®es
P

L AP�0̂;L� � 0 (Aigner [1]). Otherwise, T W ex�S� � S and

the sum is mC�T ;S� � m�T ;S� � �ÿ1�jSjÿjT j. Thus we obtain

mC�T ;S� � �ÿ1�jSjÿjT j; if S � T W ex�S�
0 otherwise.

�
Obviously, S � T W ex�S� if and only if Snex�S�JT . r

Example. The family of the convex sets C � Co�P� of the chain

P � f1 < 2 < � � � < ng

is a partition convex geometry. Note that the feasible coalitions are the empty
set and the intervals �i; j� � fi; i � 1; . . . ; j ÿ 1; jg, where iU j. The set of the
extreme points ex��i; j�� � fi; jg and Theorem 4 implies that the dividends for
the restricted game vC are DvC�fig� � v�fig�, for i A N, and

DvC�S� � v�S� ÿ v�Sni� ÿ v�Sn j� � v�Snfi; jg�;

for S � �i; j�, i < j.

4 Symmetric games

De®nition 6. A symmetric game �N; v� is characterized by a sequence of jNj � 1
numbers, f0; v1; . . . ; vjNjg, where for any S A 2N, the characteristic function is
v�S� � vjSj.
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We inductively de®ne the k-th di¨erence operator, denoted dk, for integers
k V 1 by

d0�yi� :� yi; dk�yi� :� dkÿ1�yi�1� ÿ dkÿ1�yi�;

where �yi�iV0 is a sequence.

Proposition 2. Let �N;C� be a partition convex geometry and let �N; v� be a
symmetric game with f0; v1; . . . ; vjNjg. The dividend of S A C in vC satis®es

DvC�S� �
v1; if jSj � 1

�ÿ1�kdkfs�0�; if jex�S�j � k;

�

where s � jSj, fs�i� � vsÿi, 0U iU s, and dk is the k-th di¨erence operator.

Proof. If jSj � 1, then Snex�S� � j, and so DvC�S� � v1. Let S A C be such
that jex�S�j � k. Since the interval �Snex�S�;S� is a Boolean algebra, we have

DvC�S� �
X

T A �Snex�S�;S�
�ÿ1�jSjÿjT jv�T�

�
X

SnTJex�S�
�ÿ1�jSnT jv�T�

�
Xk

i�0
�ÿ1�i k

i

� �
vsÿi:

The k-th di¨erence of fs at 0 satis®es the formula (see Stanley [22, p. 37])

dkfs�0� �
Xk

i�0
�ÿ1�kÿi k

i

� �
fs�i�:

By de®nition fs�i� � vsÿi, and hence

DvC�S� � �ÿ1�k
Xk

i�0
�ÿ1�kÿi k

i

� �
vsÿi

� �ÿ1�kdkfs�0�: r

Example. Let v be a symmetric game de®ned by v�S� :� jSj�jSj ÿ 1� if jSjV 1,
and v�j� � 0 (Owen [18]). In this game, the sequence f0; v1; . . . ; vng satis®es
vi � i�i ÿ 1�. We apply Proposition 2 to the restricted game vC, where C is a
partition convex geometry. We have that fs�i� � vsÿi � �sÿ i��sÿ i ÿ 1�. The
di¨erence table (beginning with fs�0�) looks like

66 J. M. Bilbao



s2 ÿ s s2 ÿ 3s� 2 s2 ÿ 5s� 6 s2 ÿ 7s� 12 � � �

ÿ2s� 2 ÿ 2s� 4 ÿ 2s� 6 � � �

2 2 � � �

0 � � �

. .
. � � �

Then, since v1 � 0 and jSj > 1 implies jex�S�j � k > 1, we have

DvC�S� � 2; if jex�S�j � 2

0; otherwise.

�

For instance, if �N;E� is the tree de®ned by Owen [18], where
N � f1; . . . ; 13g and

E � ff1; 2g; f1; 3g; f1; 4g; f2; 5g; f2; 6g; f2; 7g; f3; 8g;
f3; 9g; f3; 10g; f4; 11g; f4; 12g; f4; 13gg:

The family of subsets of N which induces a connected subgraph is a partition
convex geometry. The Myerson value satis®es, for every i A N,

FC
i �N; v� �

X
fS AC j i ASg

DvC�S�
jSj

�
X 2

jSj jS A C; i A S; and jex�S�j � 2

� �

�
X 2

jSj j �S;E�S�� is a path containing i

� �
:

FC
1 �N; v� � 2

3

2
� 12

3
� 18

4
� 27

5

� �
� 154

5
;

FC
2 �N; v� � FC

3 �N; v� � FC
4 �N; v� � 2

4

2
� 8

3
� 12

4
� 18

5

� �
� 338

15
;

FC
5 �N; v� � � � � � FC

13�N; v� � 2
1

2
� 3

3
� 2

4
� 6

5

� �
� 32

5
:

The closure Banzhaf value satis®es for i A N,
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�b 0i�C�N; v� �
X

fS AC j i ASg

DvC�S�
2jSjÿ1

�
X 1

2jSjÿ2

���� �S;E�S�� is a path containing i

� �
:

�b 01�C�N; v� � 3� 12
1

2

� �
� 18

1

2

� �2
�27 1

2

� �3
� 135

8
;

�b 02�C�N; v� � �b 03�C�N; v� � �b 04�C�N; v�

� 4� 8
1

2

� �
� 12

1

2

� �2
�18 1

2

� �3
� 53

4
;

�b 05�C�N; v� � � � � � �b 013�C � 1� 3
1

2

� �
� 2

1

2

� �2
�6 1

2

� �3
� 15

4
:
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