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Chapter 1

ALGORITHMS FOR COMPUTING THE MYERSON
VALUE BY DIVIDENDS

E. Algaba, J.M. BilbadJ.R. Fernandez, N. Jinénez, J.J. [bpez
Matematica Aplicada Il, Escuela Superior de Ingenieros
Avda. de los Descubrimientos, 41092 Sevilla, Spain

Abstract

The goal of this chapter is to compute the Myerson value of cooperative games
restricted by a combinatorial structure. There have been previous models developed
to study the problem of games with partial cooperation. Games restricted by a com-
munication graph were introduced by Myerson [13] and Owen [14]. Another type of
combinatorial structure introduced by Gilles, Owen and van den Brink [9] is equiva-
lent to a subclass of antimatroids. Cooperative games in which the set of players is a
partially ordered set, that is, games on distributive lattices, were investigated by Faigle
and Kern [7]. We introduce a new combinatorial structure calieidn stable system
which is a generalization of the antimatroid structure and the system of connected
subgraphs of a graph. We present new algorithmic procedures for computing values of
games under union stable systems restrictions and we show that there exist problems
with polynomial algorithm complexity.

1 Restricted games

A cooperative gaméN, V) is a functionv : 2N — R, with v(0) = 0. The playersare the
elements of the finite s&t = {1,2,...,n}, and thecoalitionsare the subse8C N. To every
coalition Sis associated itcharacteristic vectoe®, defined by(eP). o =1ifieS and
(e°),. = 0otherwise. This is the natural correspondence bet@emd{0, 1}". Through
this identification of coalitions with their characteristic vectors, a cooperative ginve is
apseudo-Booleafunctionv: {0,1}" — R, with v(0) = 0. Any pseudo-Boolean function
has a unique expression as a multilinear polynomial discrete variables (see Hammer
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and Rudeanu [10]) given by

v(x) = Sé (dv(s) I]l(.)

for all x € {0,1}", where the coefficientd,(S) € R are the Harsanyi dividends [11] of the
coalitionsSin the cooperative game

In this chapter, we study cooperative games in which the cooperation among the players
is partial. Several models of partial cooperation have been proposed, among which are
those derived froncommunication situationas introduced by Myerson [13] and analyzed
by Owen [14], and Borm, Owen and Tijs [4]. We will give special attention to the union
stable systems and we will study the complexity of the algorithm that, by means of the
Harsanyi dividends, allows us to compute the Shapley value of the restricted game, i.e., the
Myerson value Some results on the complexity of computing the Myerson value will be
provided in section 2. In section 3, we considenvex geometrigatroduced by Edelman
and Jamison [5]. This concept gives rise to a special type of union stable structure and
generalizes those communication situations in which the graph that models the bilateral
relations among players is a tree. Algaba, Bilbao, Borm abyuklz [1, 2] consider a partial
cooperation model based on the so-callaibn stable systenwshich is a generalization of
the communication situations. Throughout this chaptatenotes a finite set, and we use
F C 2N to denote the set systefN, 7).

Definition 1 A set systenf C 2N is called union stable if for al\, B € # such thatAn B #
Oitis satisfied thadAuUB € F.

Example 1. A communication situation is a tripleN,v,E), where(N,v) is a game and
G = (N,E) is a graph. Itis easy to see that the collection

F ={SCN:(SE(9)isaconnected subgraph@t,

is a union stable system.

A union stable system can not always be modelled by a communication graph. Let us
consideN = {1,2,3,4} and the collection

F ={0,{1},{2},{3},{4},{1,2,3},{2,3,4},N}.

This set system is union stable, but does not coincide with the connected subgraph family
of any graph.

Example 2. Permission structures were defined by Gilles, Owen and van den Brink [9].
They assume that players who participate in a cooperative game are restricted by a hier-
archical organization in which there are players that need permission from certain other
players before they are allowed to cooperate. Algaba et al. [2] showed that if the fam-
ily 4 of subsets oN is derived from an disjunctive or conjunctive approach of an acyclic
permission structure thefl is a union stable system.
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Example 3.LetN = {1,2,...,n} and consider the collectiof, of all the connected coali-
tions of the patll — n, that is,

Fo={[i,i]:1<i < | <npu{o},

whereli, j]={i,i+1,...,j—1,j}. Then%,is a union stable system which corresponds to
a voting situation in a unidimensional policy order (see Edelman [6]).

Definition 2 Consider¥ C 2N and letSC N. A setT C Sis called af -component o§if
it is satisfied thafl € F and there exists n®’ € F suchthaff c T’ C S

The F-components o are the maximal coalitions that belong#oand are contained
in S. We denote byC+(S) the set of theF -components o6. Observe that the s€ly (S)
may be the empty set.

Proposition 3 The set systerfi C 2N is union stable if and only if for ang C N such that
C#(S) # 0, the F-components dsform a partition of a subset @&

Proof. Let F be a union stable system. L8t+# S be maximal feasible coalitions & If
StNS #£0, thenS'US? € F since ¥ is union stable an@' US> C S But St andS? are
F-components o8 and obtain a contradiction.

Conversely, assume for a@such thaCx (S) # 0, its F-components form a partition
of a subset 08. Suppose thaF is not union stable, then there akeB € F, with ANB # 0
andAUB ¢ . Hence, there must be @ah-component; € C4 (AUB), with AC C; and
an ¥ -component€, € C4 (AUB), with B C C, such thatC; # C,. This contradicts the fact
that the¥ -components oAU B are disjoint. [

Notice that if 7 is a union stable system such tHa} € ¥ for all i € N, then the
F-components oEform a partition ofS.

Definition 4 Let (N,v) be a game and lef C 2N be a union stable system. Tife-
restricted game” : 2V — R, is defined by

Vi)=Y v
165 (9)

A union stable structurés a triple (N,v, ) where(N,v) is a game angF C 2N is a
union stable system.

Definition 5 The Myerson value of a union stable structiie v, 7 ) is given by the vector
H(N,v, F) := ®(N,v? ), where® is the Shapley value

By 'N we denote the set of all gaméN,v). Given a union stable structuf®l, v, F),
the set of the unanimity gaméer : T € F, T # 0} is a basis of the vector space (I'N) ,
whereLg : TN — N is defined byL # (v) = v/ (see Bilbao [3]). Then? can be expressed
as a linear combination of the unanimity games corresponding to the feasible coalitions, that
is, v/ = y1cq dyr (T)ur, whered,s (T) is the dividend ofT in the game/” andd,s (0) =
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0. The linearity of the Shapley value implies that the Myerson value satisfies, for every

ieN,
dyr(S)
{ScF:ieS} ’S‘

K (N, v, F) =

Moreover, for evense 7, we have

V=V (9= T ds(T).
{TeF:TCS}

From this expression we obtain the following recursive algorithm:

b (0) = 0,

d
de(S = WS- F  du(T).
{TeF:TCS}

The description of the abowvidendalgorithm is as follows:
Algorithm dividend(N,v7%)
d,s(0) 0

[ for i from 1ton

for j from 1to S(i)
dir (§) =v(F) ~Srepregy dor (M

end for

L end for

whereSj is the j-th feasible coalition of sizeandS(i) is the number of feasible coalitions
of cardinali.

2 Algorithm complexity

Thetime complexityunction f : Z, — Z. of an algorithmA is the maximal numbef (n)
of iterations of a universal Turing machine makes before halting, taken over all inputs of
sizen. We say that an algorithm hapace complexitat mostf (n), if it can be computed
by a Turing machine with space demand (cells and tapes) at hiostAn algorithm de-
scribes a sequence of operations to be performed on the given data; hence, the efficiency
of an algorithm depends on the efficiency of these operations. For set of data elements, the
efficiency of operations in turn depends on the data structure. We will work with/a eét
data which is stored previously and hence we measure the execution time of the algorithms
for computing dividends and values of restricted games.

Let f andg be functions fronZ, to Z.. We write f (n) = O(g(n)), in words f is of
the order ofg, if there are positive integersandng such thatf (n) < cg(n) for all n > no.
We write f (n) = Q(g(n)) if the opposite happens, that g,n) = O(f (n)). If f andg have
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exactly the same rate of growth, then we writgn) = ©(g(n)) . For instance, ifp(n) is a
polynomial of degrea, thenp(n) = © (nd) . The above @@-notation was proposed by
Knuth [12]. For a more detailed exposition, see the book@afszand Lo&sz [8]. We have
the following result for spatial and temporal complexity of theidendalgorithm.

Theorem 6 Let (N,v, #) be a union stable structure. To compute all dividends of the re-
stricted game requires a spa€¥(| 7 |) and a time @3").

Proof. First of all, notice that it is suffices to calculate dividends of the feasible coalitions
and that the number of feasible coalitions of sizgenoted by5(i), satisfies thas(i) < (')
fori=1,...,n. The execution time of thdividendalgorithm satisfies

t(dividend = 1+t(|oop1):1+it(loop2)

S(i) S(i)
= 1+ iZt assignment= 1+ iz (1+t(sum)

IN

k=

= 1+i§2_1+218 2'<1+Z<>
- i;@z l

Therefore,dividend has a time @3"). On the other hand, if it is taken into account
that the computation of the dividends is by an ascending process that must necessarily store
the dividends of each one of the feasible coalitions, it is obtained that the required space is

Q). O

33 (550 g e

Theorem 7 Let (N,v, ¥) be a union stable structure; a zero-normalized game and let
p=|C#(N)|. Then we have:

a) To compute the Myerson value for a playeby thedividendalgorithm, requires a
spaceQ (| v |) and a time @3M!) , whereM € Cy (N) andi € M.

b) To compute the Myerson value for all players, by diddendalgorithm, requires a
spaceQ (| 7|) and a time @p- 3maXIMMEC,(N)})

Proof. a) If the coalitionN is not feasible and is zero-normalized, the calculation of the
Myerson value, for playdt can be done through the maximal feasible coalitioN @¥hich
the player belongs to. This is, iM € C#(N) such thai € M, then(M, vy, %m) is a union
stable structure, wheng, is the restriction o/ to M and fy = {F € # : F C M}, and it
follows thaty; (N,v, ) = i (M, v, Fm) -

b) We will use two stages to compute the Myerson value of all players. In the first one,
using dynamic programming, the dividends of all feasible coalitions are determined, for
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eachF -component of the coalitioN by the following scheme: l&@s (N) = {My,..., M},
then

d,s(0) — 0
[ for j from 1to p
dividend(Mj,vﬁj)
{To computenl\,&j (9), forall Se Fu;}

{ar®-a; 5]

| end for

In the second stage, the Myerson value is determined when all dividends are known.
The algorithm is as follows

for j from 1to p

[ for i from 1to |M;]

ds (S

Vg

|~*lij (N,V, F) < Z{SETMj:ieS} W
{“ij (N?Va-{]:) =H (Mj’ij 7—‘}—Mj>}

| end for

end for

Therefore t(Myerson = f(n) 4+ g(n), where f(n) andg(n) are the functions that re-
spectively indicate the calculation time in the two established stages, i.e., the corresponding
time to determinate the dividends and, once that dividends are known, the calculation time
of the Myerson value for each one of the players. Indeed,

f(n) =t(loop) < pt (dividend(M,vj; ) ) < p3™,

whereM € C#(N) and satisfies thagM| = max{|M;|,1 < j < p}. In the same way, we
have

g(n) =t(loopl) = pt(loop2) < pMit(sum < p|M[2M!,
Therefore,
O(t(Myerson) = O(f(n)+g(n)) = O <max{ p3MI. p‘M‘ZIM\D .
Finally, since

_ ||\/||2|M|_O
M- 3M[ 7
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we have that the computation of the Myerson value for all players requires a time
O(max{ p3M/ p|M|2MI}) = O(p3M/). Since all dividends have to be obtained the re-
quired space iQ (| F|). O

Next, we analyze the complexity for the computation of the Myerson value in the com-
munication situation in which the cooperation graph has a specific structure.

Consider(N,v,G), whereG is a pathl—n with n vertices andN,v) a game with
transferable utility. If the vertices are enumerated from left to right, thefsef feasible
coalitions is given by

F={li.il:1<i<j<njui{o},

whereli, j]={i,i+1,...,]—1,j}.

Notice that except the empty set, the feasible coalitions can be arranged as entries on
a matrixA € Mp(R), upper triangular, such that the unitary coalitions are kept on the di-
agonal. On the rowk, k=1,...,n, the coalitions of the seflk,j] : k < j < n} are ar-
ranged in an orderly way. The playlebelongs to all coalitions of the submatiia;; ), for
i=1,...,kandj =Kk,...,n. Hence, the total number of coalitions which contain player
kis k= k(n—k+1). It can also be observed that on tith superdiagonal would be all
feasible coalitions with players. On this, there is a number of elements equil toi + 1)
and, therefore, the number of feasible coalitions withayers is given bys(i) = n—i+ 1.
Moreover, the total number of nonempty feasible coalitions is

n%+n

7= 380 = 30—+ = "

Example 4. Let us consider the path— n with n =5 vertices. Then the collection of
feasible coalitions is

F={[i,j]:1<i<j<51U{0}.

The nonempty coalitions can be kept as entries of the following upper triangular matrix:

1 12 123 1234 1234
2 23 234 2345
3 34 345

4 45

5

Note that the number of feasible coalitions wiithlayers is
Si)=5—-i+1=6-i, fori=1,...,5.
In the same way, the number of coalitions which a pldyeelongs to is given by
Fe=k(5—k+1)=k(6—k), for k=1,...,5.

Theorem 8 Let (N,Vv,G) be a communication situation, whe@is a pathl —n. To com-
pute all dividends of the restricted game requires a spag®) and a time@(n*).
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Proof. For computing the dividends is used ttheidendalgorithm as above. Now then, in
this particular case, the number of feasible coalitions of isiggiven byS(i) = n—i+1,
and the total number of nonempty feasible coalitions contained in a feasible coalition
with |T| =i is given by

3 (i—k+1)= %

K=1

Note that if the coalitionl is excluded and the empty coalition is included, then the

total number of feasible coalitions strictly containedriiis given by

R
Ci) = —.
()=—
Therefore, the execution time of the algorithm is

t(dividend = 1+t(|oop1):1+it(loop2)

S(i) S()
= 1+ iZt assignment= 1+ iz (1+t(sum)

n S(i) C(i n S
= 1+ZZ <1+ Zl)—HZZ (1+C(i)
= 1+21<1+>S(i)
~ 14 Z( +|+2> i)

= 1+ZZl Z4i+2)(n—i+1)

n*+6n%+423n? 4 18n+ 24
24 '
Thus, the time(dividend = ©(n*). The recursive process requires to keep the dividends

corresponding to all the feasible nonempty coalitions whose numifef isn) /2. There-
fore, the required space @&(n?). O

From the Myerson value expression in terms of the dividends of the restricted game, the
following result is deduced, using dynamic programming.

Theorem 9 Let (N,v,G) be a communication situation, whe®is a pathl—n. To com-
pute the Myerson value by thividend algorithm requires a spac@ (nz) and a time
o (n.

Proof. First of all, all dividends are calculated, using ttheridendalgorithm. Next, for
computing the Myerson value of playlerit is necessary to consider that this player belongs
to /= k(n—k+ 1) feasible coalitions. Since

Fo=- (n+1) (;(nJrl)—k)z,
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we obtain, for any value d&,

n< R < %(n+1)2.

Then, we have that the required time to evaluate the sum in the expression of the Myer-
son value is @n?), for each player. Therefore, the complexity for computing the Myerson
value is determined by the complexity for computing the dividends. So, the required time
is© (n“) . The required spac@(n?) is an immediately consequence of Theorem 8.0

3 Restricted games by convex geometries

A convex geometrig a set systen¥ C 2N which satisfies the following properties:

(CHOe¥7,
(C2) If Ac F andB € ¥, thenANBe 7,

(C3) If Ac F andA # N, there exists € N\ Asuch thalAui € F.

The elements of a convex geometry are calledvex setsGiven a convex st e 7,
an elemeni € Sis anextreme poinbf Sif S\i € F. The set of extreme points &
is denoted byex(S) andS™ = S\ exS). If ¥ is a convex geometry anfe ¥, then the
interval[S,§ ={T € #:S CT C S}is aBoolean algebra in the latti¢g ,U,N) (for a
survey see Edelman and Jamison [5]).

If 7 is a convex geometry such thét} € F, for all i € N, and it is also aJ-stable
system, therf is called apartition convex geometryThe interest in the study of convex
geometries comes from the search for combinatorial structures that generalize the obtained
results with other structures of cooperation used in theory of games. As we have indicated
in the preceding section, the dividends of the restricted game are determinant for computing
the Myerson value. For any set systemwe can obtain the dividends with the following
formula

dys (S) = 1ZS(—l)'S"'T'VT(T)-

However, we are interested in studying conditions in which the Myerson value can be
calculated in terms of the dividends in the gafiev), and if it is possible, in terms of its
characteristic function. The next theorem (see Bilbao [3]) generalizes the result obtained
by Owen [14] who studies the computation of the dividends of the restricted game by a
communication situatiofN,v,G) whereG is a tree.

Theorem 10 Let (N,v, F), where 7 C 2\ is a partition convex geometry ar(l,v) is a
game. lfSe F, then
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Proof. The collection{ur : T € ¥, T # 0} is a basis of the space of the restricted games
by F. Thus, for evense 7,

g =v (5= Y dg(T).
{TeFTCS)

If we consider the functiong d,s : ¥ — R, and we apply the Kbius inversion function
[15] to the partially ordered sétF,C), the dividends of/ can be expressed in terms of
the values of the game Indeed, for allSe 7, we have

9= Y dyMe=ds(9= Y WTKTS.
{TeF:TCS} {TeF:TCS}

The Modbius function in the case of a convex geometry [5, Theorem 4.3] is given by

_ (=T i S\T Cex(s),
u(T.S) = { 0, otherwise,

and forT C S we have thaB\ T C ex(S) if and only if S\ ex(S) C T. Therefore,
ds(9= Y (ST ). O
{T:S\exXS)CTCS}

Note that if F = 2V, then all elements of every coalition are extreme points. Thus, for
everySc 2N, we have tha8\ exS) = 0, and as/” =v, for anySc 2N, we obtain

Ay (S) =dy (9 = 1ZS(—l)'S'*'T‘V(T),

and it is the expression of the dividends. Thus, the Myerson value of a restricted game by a
partition convex geometry is given by

L (—STiyT) |

{T:S\ex(S)CTCS}

H(N,v,F) =

{Sc¥:ieS} ‘Si

for all i € N. The last result establishes a new algorithm which wediaidend that will
allow us to compute the dividends of the restricted game. The description of the algorithm
is as follows.

Algorithm dividend
dys(0) — 0

[ Forifrom 1ton
For j from 1to §(i)

A (§) = Zrsiens)cres) DIV

end for

L end for
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Wheresj is the j-th coalition such tha.tsj’ =i andS(i) is the number of feasible coalitions
of cardinali.

We make use of thdividend algorithm for computing the Myerson value in restricted
games by partition convex geometries. The dividends are calculated by means of an as-
cending procedure which requires a previous storage of the extreme points of each feasible
coalition in a table.

Theorem 11 Let (N,v, ¥) be a union stable structure, whe(®l, F) is a partition con-

vex geometry andN,v) is a game. To compute the dividends in the restricted game,
with the dividend' algorithm, requires a spac€(|7|) and a time @2°|7|), where

D =max{|exS)|:Se F}.

Proof. From the description of theividend algorithm, we deduce that the execution time
is

t(dividend) = 1+t(|oop1):l+_it(loop2)

n i) n i)
= 1+ t(assignment=1+ t(sum
22 22,

145 S(i)219X<51>\ 2<11 S(i)zDz
— 1+ <1+
2.2, 2.2,

n i)
— 1+2D+1Zizl< 1+ 2P+ 7).
P

Therefore, t(dividend) = O(2° | |). Furthermore, if we suppose that the dividends
are calculated by an ascending procedure, then we obtain that the space complexity is
Q(l#)). O

Theorem 12 Let (N, v, ¥) be a union stable structure, whefl, ¥) is a partition convex
geometry andN, V) is a game. To compute Myerson valuediyidend requires a space
Q(|7|) and a time @max{n|¥|,2°|F|}), whereD = max{|exS)| : S€ F}.

Proof. First of all, we calculate all dividends of the feasible coalitions withdhedend

algorithm. It requires a time QD |5f|). For computing the Myerson value for the player
w(N,v,G) = LaCh
{ScF:ieS} ‘S|

we have that each player belongsRocoalitions where < |#|. The required time to
evaluate the sum for every player ig|@|). Thus, to compute the Myerson value for
players requires a time @ax{n|7|,2°|7|}). O

Finally, we analyze the complexity in the family of all connected coalitions of the path
1—n, which is a partition convex geometry. The purpose of studying, again, this family
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of feasible coalitions is to make clear the importance of using the formula of the above
theorem, to obtain a significant reduction in the computation time of the dividends and the
computation time of the Myerson value. Notice that the number of extreme players of each
feasible coalitiorSis given by

el -{ 7 {l9Z%

Theorem 13 Let(N,v,G) be a communication situation, whe@eis a pathl —n. To com-
pute all dividends in the restricted game requires a spﬁc(ez) and a time@(n?).

Proof. For computing the dividends, we use thigidend algorithm and only consider the
feasible coalitions. The number of coalitions witplayers is given by§(i) = n—i+ 1.
Thus, the execution time of the algorithm is given by

t(dividend) = 1+t(|oop1):1+_it(loop2)

n S(i) n S(i)
= 1+ lelt assignment= 1+ ZZt sum
n S(i)
= 1+ Zt sun')JrzZZt sum
n S(i)
= 1+ 2212+ 22222
= 1+4n%

Therefore t(dividend) = ©(n?). Since| | = (n*+n) /2, Theorem 11 implies that
the required space 8 (n?). O

Theorem 14 Let(N,v,G) be a communication situation, whe@eis a pathl —n. To com-
pute the Myerson value usimjvidend requires a spac& (nz) and a time @nd).

Proof. If G is the pathl —n, then the family ¥ of feasible coalitions satisfies that
|F| = (n?+n) /2 andD = max{|ex(S)| : S€ ¥} = 2. Then Theorem 12 implies that the
computation of the Myerson value faplayers requires a time @ax{n|¥|,2°||}) =
O(n®) andaspac® (n?). O
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