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Abstract

The Myerson’s models on partial cooperation have been studied extensively [SIAM J. Discrete
Math. 5 (1992) 305; Math. Methods Operations Res. 2 (1977) 225; Int. J. Game Theory 19 (1980)
421; 20 (1992) 255]. In [Game Econ. Behav. 26 (1999) 565], Hamiache proposes a new solution
concept for communication situations. In this work, we analyze this value making some deficiencies
clear and generalize this value to union stable cooperation structures emphasizing the differences in
the extension.
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1. Introduction

In the general model of cooperative games it is assumed that there is no restriction in the
formation of coalitions and so,@operative gamwith transferable utility is defined as a
pair (N, v), whereN is a finite set of players and: 2V — R is a function that assigns to
eachS € N aworthv(S) and verifies that (¥) = 0. However, in many practical situations
the cooperation is not complete. Themmunication situationsiodel (Myerson, 1977,
Owen, 1986), where the relationships among the players are represented by undirected

* Correspondence to: J.M. Bilbao, Matematica Aplicada Il, Escuela Superior de Ingenieros, Camino de los
Descubrimientos s/n, 41092 Sevilla, Spain.
E-mail addressmbilbao@us.es (J.M. Bilbao).

0899-8256/$ — see front mattér 2005 Elsevier Inc. All rights reserved.
doi:10.1016/j.geb.2004.11.005



420 Note / Games and Economic Behavior 54 (2006) 419-429

graphs, is one of the most important. The restricted game by a gNapi) is defined by
V92N - R, v9(8) = Y75/ v(T) whereS/G is the set of connected components of

S C N. The most extensively studied solution concepts in communication situations have
been the Shapley value of the restricted game or Myerson (1977) value, and the position
value (Meesen, 1988; Borm et al., 1992) which discriminates the value of each player by
defining a game over the edges of the graph.

In the paper “A Value with Incomplete Communication,” Hamiache (1999) makes a
critical valuation of the Myerson value and the position value in communication situations
and concludes that these values do not discriminate the players enough according to their
position in the graph. He proposes a new solution concept for communication situations
and gives an axiomatic characterization based mainly on the notions of associated game
and consistency.

In this work, we analyze this value and indicate some deficiencies in the results. More-
over, we generalize this value tmion stable cooperation structureghich have commu-
nication situations as a particular case. The justification of union stable structures comes
from Myerson himself who pointed out the limitations of communication situations and
modeled the relationships among the players by means of hypergraphs (Myerson, 1980).
Later, van den Nouweland et al. (1992), Slikker and van den Nouweland (2001) studied
these structures through communication hypergraphs.

2. A valuewith incomplete communication

In this section, we resume the Hamiache’s results. We denote a communication situation
by (N, v, G) where(N, v) is a cooperative game anid/, G) is a graph and byC" the
set of all communication situations a¥i. Given a graph(N,G) andS C N, let $* =
{i e N: 9j € S such thafi, j} € G}.
If ¢ is a solution onSC”, for all (N, v, G), its associated gameV, v:;, G) is defined,
for SC N, by

v(S) + Zjes*\s[¢j (SU{jhvsugy, GSUD) — v({j})]
v;;(S) = if S connected

Y res/c Vp(T) otherwise

where(T, vy, G(T)) is the communication situation restricted to the coalitian
Hamiache formulates the following axioms, wherg is the unanimity game corre-
sponding to the coalitio®, that is, forS C N,

1 ifRCS,

ur(S) = {O otherwise.

H1 Component-efficiency. For (N, v, G) andS € N/G, Z/es j(N,v,G)=v(S).

H2 Linearity with respect tothegame. For all o, 8 € R and (N, v, G), (N,w,G) €
SCN, ¢(N,av+ Bw, G) =ad(N, v, G) + B (N, w, G).

H3 Independence of irrelevant players. For all (N, G), for all connected coalitions
R, TwithRC T andforieT, ¢;(N,ugr,G)=¢;(T,up, G(T)).
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H4 Positivity. For all connected coalitions and fori € T, ¢; (T, ur, G(T)) > 0.
H5 Associated consistency. For all (N, v, G), ¢(N,v,G) = ¢ (N, u;, G).

Using this set of axioms, Hamiache proves the following results.

Lemma 1. For all connected coalition® € N,

o0, Gy = [ (o4 GO 1R

Lemma 2. For all (N, v, G) e SCV,
vl = Z crup With cp = Z (=D)IRI=I8 5 (8).

RCN S connected
R connected SCRCS*

Theorem 3. There is only on€uniqug solutiong on the set of games with communication
structures{(N, v%, G): (N, v, G) € SCV}, which satisfies the set of axiotdd—H5

Theorem 4. ¢(N, v, G) = ¢ (N, v%, G), forall (N, v, G) e SCN.

In the proofs of these theorems, Hamiache supposes that the graph is connected. He
asserts that this assumption can be made because of axioms H1 and H2 and Lemma 1.
However, this reasoning is not correct since in the proof of Lemma 1 the connectivity of
the graph is assumed and so, Theorem 3 (Hamiache, 1999, Theorem 1, p. 68) is not true.
The existence part of Hamiache is correctVIfG = {S1, ..., Sk} is the partition ofN into
the connected components, for each communication strucsir& (S;)), we can apply
Hamiache’s argument and obtain the unique vallg. Theng := (¢|s,, ..., ¢|s,) is the
required value on Hamiache’s subclass of games. The uniqueness part of Hamiache is false,
and here is a counterexample, given a particular gaphG).1 We will make extensive
use of the linearity axiom and the formula obtained by Hamiache (1999, Lemma 2, p. 67):

$i(N.v.G)= > > (=DIFBlg (R ug. GR))v(S).

SCN R
S connected SCRCS*
ieS* i€ER

Let N ={1,2 3} andG = {S1, S2}, S1={1}, S2={2,3}. Let¢ = (¢|s,, ¢|s,) be the
value obtained in the proof of the existence part of the theorem. Dégfiag follows: Fix
anyc # 0, and choose any connected #and any sef” suchthatR C T C N.

¢i(T,ur, G(T)) ifieT#N,

¢ (N,ug, G) ifli=1orR#{1)], T=N,
c if [ =2andR={1}], T = N,
—c if [i =3 andR = {1}], T = N.

¥i(T,ug, G(T)) :=

1 we want to thank an anonymous referee for his comments on an earlier draft of this paper and the formulation
of this counterexample.
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It is easy to check tha satisfies the set of axioms H1-H5 for the value defined on
the games(T, vy, G(T)): T € N, v = v°}. However, when we consider the case of
R=S81andT =N, y2(N,us,, G) = c and¥3(N, us,, G) = —c by definition. Obviously
Lemma 1 is violated.

With the aim of repairing this mistake, we have reformed the system of axioms in our
generalization of this value for union stable structures in the following section. This gener-
alization is not immediate as the formula established in Lemma 2 of Hamiache’s work for
graphs is not true in our context.

3. A value with incomplete communication for union stable cooperation structures

First of all, we introduce some basic concepts on union stable structures (see Algaba et
al., 2000, 2001).

Definition 5. A union stable system is a paiv, F) with F < 2V verifying that{i} € F
foralli e N andfor allS, T € F with SNT #¢, itholdsSUT € F.

Given(N, F) a union stable system, we denotef®yF ) the set of all coalitions which
cannot be expressed as a union of feasible coalitions with nonempty intersection. This set
B(F) is calledbasis of 7 and its elements are tiseipports ofF.

A union stable cooperation structuiga triple(N, v, ) where(N, v) is a cooperative
game andN, F) is a union stable system. The set of all union stable cooperation structures
with players setV will be denoted by SV.

Definition 6. Let (N, v, ) be a union stable cooperation structure. The restricted game
by 7, v7 : 2V — R, is defined, for allS € N, by v/ (S) = ¢, (5 v(T) Where
Cr(S)={T eF. T CSandT' € Fsuchthatl ¢ T’ C S}.

In the following, letRU SN = {(N,v”, F): (N, v, F) € USN}. Itis easy to check that
{ugr: R+W, R e F}isabasis of the vector spagte’: (N, v, F) e USVN}. Thus,

)= Y crur(S= Y cr,
{ReF: R+#W} {ReF: RCS}

for all S € F, S # ¢, and applying the M&bius Inversion Formula (Stanley, 1986) we
obtain

ck= ), S RES)
{SeF: SCR}
where
1 if S=R,
u(S, R)= { _Z{H: SCHCR) u(S,H) if SCR. 1)

Given(N,F)andSe F,letS*={ie N: 3Be B(F)withi e BandBN S £ @}. Itis
evident thatS* = (J{B € B(F): BNS#@}, andS C S* e F.
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Note that if(N, v, F) € SCV, the definition ofS* coincides with the Hamiache’s since
B(F) would be formed by the edges of the graph. However, our extensiSh dbes not
allow us to calculate the coefficientg by means of Lemma 2 as we show in this example:
let N ={1, 2,34} and F = {{1}, {2}, {3}, {4}, {1, 2,3}, {3,4}, N} and letv be the game
given byv(S) = |S|2 for S C N. If we takeR = {1, 2, 3} and use the recurrence formula to
calculatecg, thatis,cg = v(R) — 3 sc 7. scg) s With ¢g = 0, thencg = 6. However, if
we use the extended formula in Lemma 2, i.e.,

ck= Y, (=DRByg),

{SeF: SCRCS*)
it holds thatcg = 12. For this reason, we use (1) for the coefficiants
Let ¢ be a solution orU SN and let(N, v, F) € USYN. We define its associated game
(N.v5. F) by

Zggg(j,s)[qﬁj(SUB,USUB»]:SUB)*U({J'})] :
w5 =1 +2jesn\s B itser,

ZTeCf(S) U;(T) if S¢F,

where B(j,S) = {B € B(¥): j € BandB N S # @}. In the following we denote by

(N, v*, F) the associated game with respect¢t@nd by (T, vy, Fr) the union stable
structure restricted to the coalitich where 7y = {F € . F C T}. In the associated
game¢; (S U B, vsug, Fsup) — v({j}) represents the surplus of playgwhen he is in-

vited by S to play the gaméS U B, vsug, Fsup). Since the members of a feasible coalition

S can only communicate directly with playefs= $* \ S and each playej can belong to

more than one support, an average of contributions of the player to the different coalitions
S U B is considered. The negotiation is only established with those players that belong to
any supportB such thatS N B # @. We now consider a set of axioms.

A1 Component-independence. For all (N,v, F) € USY andi € N, ¢;(N,v, F) =
¢i (M, vy, Far), With M € Cx(N) such that € M.

A2 Component-efficiency. Forall (N, v, F) e USY andM € Cx(N),
Y kem BN, v, F) =v(M).

A3 Linearity with respect tothegame. For all o, 8 € R and (N,v, F), (N,w,F) €
USN,¢(N,av+ Bw, F)=ad(N,v, F)+ Bd(N,w, F).

A4 Independenceof irrelevant players. For all (N,F) and R, T € F with R C T,
¢i(N,ugr, F)=¢;(T,ug, Fr)foralli e T.

A5 Positivity. ForallR, T e Fwith RC T, ¢;(T,ug,Fr) >0fori e T and
¢;(R,ug, Fg) >0fori e R.

A6 Associated consistency. For all (N, v, F) e USY, ¢(N, v, F) = ¢(N, v}, F).

Unlike the set of axioms of Hamiache, we have introduced a new axiom (Al). This ax-
iom indicates that the value of one player in a union stable cooperation strudtuweF )
only depends on the maximal feasible coalition that contains this player. The introduction
of this axiom is logical because the set of the maximal feasible coalitiofsform a par-
tition of N. Moreover, this axiom is a characteristic property of the classical values in the
literature on games with partial cooperation (Algaba et al., 2000, 2001; Myerson, 1977,
van den Nouweland et al., 1992; Owen, 1986).
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By Axiom 1 we can assume, without loss of generality, that F. Moreover, we
establish the following result where our proof is different to Hamiache’s proof.

Lemma 7. If ¢ is a solution on/ SV satisfyingA1-A®, then, for allR € F,

, _ ) ¢i(R,ug, Fr) ifieR,
Proof. Let R € F. If i € R, the result is immediate by A4. WhenZ R, let us consider
two casesR € M andR ¢ M whereM € Cx(N) such that € M.
QDIFRCM thenZieRdy(N,uR,}') = ZjeR¢j(R,MR,.7:R) =1 by A4 and A2
sinceR € Cr, (R). Also, by Al and A2,

D 9N ug, Fy=Y_ ¢;(M,ug, Fy) =ur(M)=1.
JEM jeM
If we subtract both expressions, th@jeM\R ¢;(N,ur, F)=0, and forj € M, we ob-
taing;(N,ur, F)=¢;(M,ur, Fu) > 0 by A5. Thereforeg; (N, ug, F) =0.
(2) If R ¢ M thenug is the null game on. Therefore, using the linearity axiom,

Let ¢ be a solution o/ SV satisfying the axioms A1-A6. Then, fore N,
¢i(N.v7, F) = > crdi(N.up. F)= Y crei(R,ug, Fr)

{ReF: R#W} {ReF: ieR}
= Y [ Yoous, R)v(&}tn (R.ug, Fr),
{ReF:ieR}-{SeF: SCR}
and hence
¢i(N, v, F) = Z[ Y. (S RGi(R, u, fm}v(S). (2)

SeF - {ReF: RDS,ieR}

The technical difficulties of this expression forces a condition on the union stable sys-
tems(N, F):

(C) if S € F and there exist8 € B(F) such thatS N B # @ andS U B = N, then there
exists noF € F sothatS ¢ F & N.

Theorem 8. There is only one solutiog on the set of union stable cooperation structures
{((N,vF,F)e RUSN: (N, F) verifies(C)} which satisfies the set of axioAg—A6.

Proof. Each union stable syste@W, ) has a unique basis and so, the elemenios™
can be classified by the number of non-singleton supports. We will prove the result by
induction on the number of non-singleton supportg-of

If (N, F) is aunion stable system (assuiez F ) for which there is no non-singleton
support, therm = {N} with N = {1} and it is easy to check that there is only one solution
¢ satisfying A1-A6 given byp1 (N, v7, F) = v7 ({1}) = v({1}).
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Assume that there exists a unique solutjpuerifying A1-A6 for all union stable sys-
tems withk — 1 non-singleton supports and leV¥, ) be a union stable system with
non-singleton supports. By A@; (N, v7, F) = ¢;(N, v/ )*, F) forall i € N and taking
into account that” = >_(reF: R CRUR, then, by application of Lemma 7,

> cr¢i(Roug, Fr)= Y crpi(R uk, Fr).
{ReF: ieR} {ReF: ieR}
For anyR ¢ N, the number of non-singleton supports(&, Fr) is less than the number
of non-singleton supports @V, F). Therefore, by induction hypothesig(N, v, F) =
@i (N, wF)*, F) if and only if ¢; (N, un, F) = ¢;(N, uy, F). Using expression (2) and
knowing that, forS € F,

3

u S = ZBGB 5‘¢(SUB,M s )
7\7( Y=un(S) + E (.5 : N, FsuB
Jjes \S B

theng; (N, un, F) = ¢;(N,u’, F) if and only if
2 Ben(j,5) P (SUB un, Fsup) _o

Z[ > u(S,R>¢i<R,uR,fR>} > BGS)

SeF ReF JESH\S
RDS,ieR

Note that if SU B & N, thenuy restricted toS U B is the null function and, by linearity
axiom,¢;(SU B,uy, Fsup) =0 for j € SU B. Thus, we only conside§ € F such that
SUB = N forsomeB € B(F) with BN S # @. For these coalitionss* = N. If we denote
by FIN)={SeF: ABe B(F)withSN B #£@, SUB =N}, F@i, N)={S € F(N):

i € §} and take into account thay, F) verifies (C), then for eacli € F with SUB =N,
SN B # @, the only coalitionsk € F with R 2 S andi € R areS andN if i € § and only
the coalitionN if i ¢ S. Therefore, it must be

D (1S, )i (S, us, Fs) + (S, N)gi(N,un, F)] Y ¢;(N,un,F)
SeF(i,N) JEN\S

+ Y [ NG (N.un. F)] D ¢i(Nuy. F)=0.

(SEF(N): i¢S) JEN\S
By definition of Mdbius functionu (S, S) =1 andu(S, N) = —1. Hence,

Y. $iS.us, Fs) Y ¢j(N,un,F)

SeF(i,N) JEN\S
= > $i(N.un.F) Y ¢;(N.uy.F),
SeF(N) jEN\S

and by changing the order of summations

Z[ > ¢i<s,us,fs>}¢,~<N,uN,f>

jeNtseFi,N)
JEN\S

= Y > ¢;(N.un. F)$i(N.uy, F).

SeF(N) jeN\S
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This equation in matrix form i8¢ (N, uy, F) = 1o (N, un, F) whereM = [m;jl,xn is
the matrix defined by

. {Z{Seﬂm jenvs Bi(S,us, Fs) if{S € FGi,N): jeN\S}#0,
v otherwise

and

Yo D Ny F). )

SeF(N) jeN\S

Thereforegp (N, un, F) is our solution if and only if it is a nonnegative eigenvector of the
matrix M.

Note that, for any, j € N there exists at most one coalitiche 7 (i, N) such thatj €
N\ S. Indeed, we assume that there eSigtS, € 7 (i, N) with j e N\ S1andj € N\ S».
Sincei e SN Sz andj ¢ S1U S2, S1U S € F andS1 U S2 # N. Therefore, there exists
T =81US2 e Fsuchthats1 & T & N. This is a contradiction to condition (C) 6V, F).
Thus,M can be written as

. { ¢i(S,us, Fs) ifthere existsS € F(i, N) with j e N\ S,
"o otherwise

LetAr={i e N: i e Sforall § e F(N)} be the set of alarticulation pointsof 7. We
distinguish two cases:

Casel. There is only one non-singleton suppdft= {{1}, ..., {n}, N}. In this case,
there is no articulation point,

mff={$ 20 and A=) Y ¢ F)=n—1
ieN jeN\{i}

The corresponding eigenvector summing up to one is unigu&y,uy, ) = 1/n
foralli e N.

Case2. There is more than one non-singleton suppdftgpntains at least one articu-
lation point. The matrixV is nonnegative and the diagonal elements are zero (Bapat and
Raghavan, 1997). The columns Mf corresponding to articulation points are zero vectors
and the sum of the elements of a column corresponding to one no articulation point is 1.
The numben = 0 is an eigenvalue with multiplicity equal to at least the number of ar-
ticulation points. The corresponding eigenvectors have nonzero components only for the
articulation points and so, we must discard them because they do not verify the positiv-
ity axiom. The remaining eigenvalues are those of the submadii¥ \ Ar) obtained
by deleting lines and columns corresponding to articulation pointsMAY \ Ar) is a
nonnegative irreducible matrix, the Perron—Frobenius theorem can be applied to this sub-
matrix, and we can choose the unique eigenvalue0< 1 with multiplicity 1 and its
corresponding eigenvectgr> 0 verifying (3). This numbek is eigenvalue of\f and its
corresponding eigenvectergiven by

Vi ifie N\Ar,
X = e .
l %ZjeN\A]:mijy/ ificAr,

is the only one vector satisfying axioms A1-A60
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Note that although the proof of Theorem 8 follows the technique of Hamiache, in our
generalization the induction has been made on the number of non-singleton supports of
(N, F), not on the number of players. However, the matrix obtained in the generalization
is the same as Hamiache’s when the union stable structure is a communication situation.

Theorem 9. If ¢ is a solution on{(N, v, F) € USN: (N, F) verifies(C)} which satisfies
the set of axiom81-A6, theng (N, v, F) = ¢(N, v, F).

Proof. We prove the result by induction on the number of non-singleton suppor&s of
Obviously, given (N, v, F) with F = {{1}}, it holds ¢(N,v,F) = ¢(N,v*, F) =
(N, )", F) =N, %, F).

Assume that the result holds for all union stable systems with1l non-singleton
supports and letN, F) be a union stable system withnon-singleton supports. i =
(w”)* —v*, then,

¢i(N,w,f>=Z[ > u(s,R>¢i<R,uR,fR)]w(S).

SeF-{ReF: RDS,ieR}

If S ¢ F(N), the number of non-singleton supports &kup is less thank, for all
B € B(F), BN S # @. By induction hypothesisp; (S U B, vsug, Fsug) = ¢;(S U B,
vl 5. Fsup), and hence

Y Ben(j.5ldi(SUB. vl 5. Fsup) — v ({j)]
|B(j, S)|

H)© ="+ Y
jesa\s
—v*(S).
Moreover,v*(N) = (v7)*(N). Therefore,
w(S):{O - ingé]f(N)orS:N,
ZjeN\S[qu(N,v ,F)—¢;j(N,v,F)] otherwise

On the other hand, for eache F(N), the only coalitionsR € 7, R 2> S areS and N
if i e SandonlyN if i ¢ S. Sinceu (S, S) =1 andu(S, N) = —1, we have that

> u(S R$i(R ug, Fr)
{ReF: RDS,ieR}
_{¢i(s,us,fs)—¢i(N,uN,f) ifies,

—¢i(N,un,F) ifi ¢S.
Therefore,
¢i(N,w,F)= Y ¢i(S,us, Fw(S) = Y ¢i(N,un, FHw(S)
SeF(@i,N) SeF(N)
= Y diSus, Fs) Y [6;(N.v", F)—¢;(N,v, F)]
SeF(i,N) JEN\S

- Y ¢iNuy.F) Y [6;(Nv" F) = ;N v, F)]

SeF(N) JEN\S
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=Z[ > ¢,~(s,us,fs)}[¢,-(1v,vf,f)—¢,~(N,v,f)]

JEN= SeF(i,N)
JEN\S

— 3 S (4 (NTL F) = (N v, F) ] (N u, F.

SEF(N) jeN\S

By A3 and A6,¢;(N,v", F) —¢,;(N,v, F)=¢;(N,w, F) and hence

¢>,-(N,w,f)=2[ > ¢i<s,us,fs>]¢,-(1v,w,f>

jeN=SeF(i,N)

JEN\S
= > ) 6 (N.w. F)gi(N.uy., F).
SeF(N) jeN\S
In matrix form,
¢N, w,F)=Mop(N,w,F) —rp(N,un,F) (4)

whereM = [m;;],x, is the matrix obtained in the proof of Theorem 8 and

=" Y ¢j(N.w F).

SeF(N) jeN\S

We now distinguish two cases:
Casel. There is only one non-singleton support, there is no articulation point and

A=mn—D[pr(N, w, F)+ -+ ¢u(N,w, F)] = (n — Hw(N) =0.

Hence (I — M)¢(N,w, F)=0.As|M —I| = (n—2)(—2)" 1, then|]M — | #0ifn > 2
andp(N,w, F)=(I — M)"10=0. If n =2, thenp1(N, w,F) = ¢o(N, w, F) = a.
Therefore, 0= w(N) = ¢p1(N, w, F) + ¢p2(N, w, F) =2 andep (N, w, F) = 0.

Case2. There is more than one non-singleton suppdftspntains at least one articula-
tion point. The eigenvalue of M obtained by the application of the Perron—Frobenius
theorem is strictly smaller than 1. TheM¢(N,uy, F) = vo(N,uy,F) and hence
(I —M)¢p(N,uy, F)=A—-v)¢p(N,uy,F)where(1—v)¢p(N,up,F) is strictly posi-
tive. ThereforeM is a productive matrix (Bapat and Raghavan, 1997). Ttus M)~!
exists and is a nonnegative matrix. Equation (4) can be written as

(I-—M)¢(N,w,F)=—Arp(N,un,F)

andg(N,w, F)=—r(I — M) Y¢(N,uy, F). We know thatp (N, uy, F) > 0 and the
matrix (I — M)~1 is nonnegative. Thus, the vectdr— M)~ 1¢ (N, uy, F) is also strictly
positive and the only possibility is= 0 and¢ (N, w, ) = 0. In both cases, we have that

0=¢(N,w, F)=¢(N, (v7)", F) — (N, v*, F)
and hence, by A6,
o(N v, F)=¢(N, v), F)=¢WN,v*, F)=¢((N,v,F). O
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