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Abstract

The Myerson’s models on partial cooperation have been studied extensively [SIAM J. D
Math. 5 (1992) 305; Math. Methods Operations Res. 2 (1977) 225; Int. J. Game Theory 19
421; 20 (1992) 255]. In [Game Econ. Behav. 26 (1999) 565], Hamiache proposes a new s
concept for communication situations. In this work, we analyze this value making some defic
clear and generalize this value to union stable cooperation structures emphasizing the differ
the extension.
 2005 Elsevier Inc. All rights reserved.
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1. Introduction

In the general model of cooperative games it is assumed that there is no restrictio
formation of coalitions and so, acooperative gamewith transferable utility is defined as
pair (N,v), whereN is a finite set of players andv : 2N → R is a function that assigns t
eachS ⊆ N a worthv(S) and verifies thatv(∅) = 0. However, in many practical situation
the cooperation is not complete. Thecommunication situationsmodel (Myerson, 1977
Owen, 1986), where the relationships among the players are represented by und
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graphs, is one of the most important. The restricted game by a graph(N,G) is defined by
vG : 2N → R, vG(S) = ∑

T ∈S/G v(T ) whereS/G is the set of connected components
S ⊆ N . The most extensively studied solution concepts in communication situations
been the Shapley value of the restricted game or Myerson (1977) value, and the p
value (Meesen, 1988; Borm et al., 1992) which discriminates the value of each pla
defining a game over the edges of the graph.

In the paper “A Value with Incomplete Communication,” Hamiache (1999) mak
critical valuation of the Myerson value and the position value in communication situa
and concludes that these values do not discriminate the players enough according
position in the graph. He proposes a new solution concept for communication situ
and gives an axiomatic characterization based mainly on the notions of associate
and consistency.

In this work, we analyze this value and indicate some deficiencies in the results.
over, we generalize this value tounion stable cooperation structures,which have commu
nication situations as a particular case. The justification of union stable structures
from Myerson himself who pointed out the limitations of communication situations
modeled the relationships among the players by means of hypergraphs (Myerson,
Later, van den Nouweland et al. (1992), Slikker and van den Nouweland (2001) s
these structures through communication hypergraphs.

2. A value with incomplete communication

In this section, we resume the Hamiache’s results. We denote a communication si
by (N,v,G) where(N,v) is a cooperative game and(N,G) is a graph and bySCN the
set of all communication situations onN . Given a graph(N,G) and S ⊆ N , let S∗ =
{i ∈ N : ∃j ∈ S such that{i, j} ∈ G}.

If φ is a solution onSCN , for all (N,v,G), its associated game(N,v∗
φ,G) is defined,

for S ⊆ N, by

v∗
φ(S) =




v(S) + ∑
j∈S∗\S

[
φj

(
S ∪ {j}, vS∪{j},G(S ∪ {j})) − v({j})]

if S connected,∑
T ∈S/G v∗

φ(T ) otherwise,

where(T , vT ,G(T )) is the communication situation restricted to the coalitionT .
Hamiache formulates the following axioms, whereuR is the unanimity game corre

sponding to the coalitionR, that is, forS ⊆ N,

uR(S) =
{

1 if R ⊆ S,

0 otherwise.

H1 Component-efficiency. For (N,v,G) andS ∈ N/G,
∑

j∈S φj (N,v,G) = v(S).

H2 Linearity with respect to the game. For all α,β ∈ R and (N,v,G), (N,w,G) ∈
SCN , φ(N,αv + βw,G) = αφ(N,v,G) + βφ(N,w,G).

H3 Independence of irrelevant players. For all (N,G), for all connected coalition
R,T with R ⊆ T and fori ∈ T , φi(N,uR,G) = φi(T ,uR,G(T )).
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H4 Positivity. For all connected coalitionsT and fori ∈ T , φi(T ,uT ,G(T )) � 0.
H5 Associated consistency. For all (N,v,G), φ(N,v,G) = φ(N,v∗

φ,G).

Using this set of axioms, Hamiache proves the following results.

Lemma 1. For all connected coalitionsR ⊆ N ,

φi(N,uR,G) =
{

φi(R,uR,G(R)) if i ∈ R,

0 if i /∈ R.

Lemma 2. For all (N,v,G) ∈ SCN ,

vG =
∑
R⊆N

R connected

cRuR with cR =
∑

S connected
S⊆R⊆S∗

(−1)|R|−|Sv(S).

Theorem 3. There is only one(unique) solutionφ on the set of games with communicat
structures,{(N,vG,G): (N,v,G) ∈ SCN }, which satisfies the set of axiomsH1–H5.

Theorem 4. φ(N,v,G) = φ(N,vG,G), for all (N,v,G) ∈ SCN.

In the proofs of these theorems, Hamiache supposes that the graph is connec
asserts that this assumption can be made because of axioms H1 and H2 and Le
However, this reasoning is not correct since in the proof of Lemma 1 the connectiv
the graph is assumed and so, Theorem 3 (Hamiache, 1999, Theorem 1, p. 68) is n
The existence part of Hamiache is correct. IfN/G = {S1, . . . , Sk} is the partition ofN into
the connected components, for each communication structure(Sj ,G(Sj )), we can apply
Hamiache’s argument and obtain the unique valueφ|Sj

. Thenφ := (φ|S1, . . . , φ|Sk
) is the

required value on Hamiache’s subclass of games. The uniqueness part of Hamiache
and here is a counterexample, given a particular graph(N,G).1 We will make extensive
use of the linearity axiom and the formula obtained by Hamiache (1999, Lemma 2, p

φi(N,v,G) =
∑
S⊆N

S connected
i∈S∗

∑
R

S⊆R⊆S∗
i∈R

(−1)|R|−|S|φi

(
R,uR,G(R)

)
v(S).

Let N = {1,2,3} andG = {S1, S2}, S1 = {1}, S2 = {2,3}. Let φ = (φ|S1, φ|S2) be the
value obtained in the proof of the existence part of the theorem. Defineψ as follows: Fix
anyc �= 0, and choose any connected setR and any setT such thatR ⊆ T ⊆ N.

ψi

(
T ,uR,G(T )

) :=




φi(T ,uR,G(T )) if i ∈ T �= N,

φi(N,uR,G) if [i = 1 orR �= {1}], T = N,

c if [i = 2 andR = {1}], T = N,

−c if [i = 3 andR = {1}], T = N.

1 We want to thank an anonymous referee for his comments on an earlier draft of this paper and the form
of this counterexample.
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It is easy to check thatψ satisfies the set of axioms H1–H5 for the value defined
the games{(T , vT ,G(T )): T ⊆ N, v = vG}. However, when we consider the case
R = S1 andT = N, ψ2(N,uS1,G) = c andΨ3(N,uS1,G) = −c by definition. Obviously
Lemma 1 is violated.

With the aim of repairing this mistake, we have reformed the system of axioms i
generalization of this value for union stable structures in the following section. This g
alization is not immediate as the formula established in Lemma 2 of Hamiache’s wo
graphs is not true in our context.

3. A value with incomplete communication for union stable cooperation structures

First of all, we introduce some basic concepts on union stable structures (see Alg
al., 2000, 2001).

Definition 5. A union stable system is a pair(N,F ) with F ⊆ 2N verifying that{i} ∈ F
for all i ∈ N and for allS,T ∈F with S ∩ T �= ∅, it holdsS ∪ T ∈ F .

Given(N,F ) a union stable system, we denote byB(F ) the set of all coalitions which
cannot be expressed as a union of feasible coalitions with nonempty intersection. T
B(F ) is calledbasis ofF and its elements are thesupports ofF .

A union stable cooperation structureis a triple(N,v,F ) where(N,v) is a cooperative
game and(N,F ) is a union stable system. The set of all union stable cooperation struc
with players setN will be denoted byUSN .

Definition 6. Let (N,v,F ) be a union stable cooperation structure. The restricted g
by F , vF : 2N → R, is defined, for allS ⊆ N, by vF (S) = ∑

T ∈CF (S) v(T ) where
CF (S) = {T ∈ F : T ⊆ S and�T ′ ∈F such thatT � T ′ ⊆ S}.

In the following, letRUSN = {(N,vF ,F ): (N,v,F ) ∈ USN }. It is easy to check tha
{uR: R �= ∅, R ∈F} is a basis of the vector space{vF : (N,v,F ) ∈ USN }. Thus,

vF (S) =
∑

{R∈F : R �=∅}
cRuR(S) =

∑
{R∈F : R⊆S}

cR,

for all S ∈ F , S �= ∅, and applying the Möbius Inversion Formula (Stanley, 1986)
obtain

cR =
∑

{S∈F : S⊆R}
µ(S,R)v(S)

where

µ(S,R) =
{

1 if S = R,

−∑
{H : S⊆H�R} µ(S,H) if S � R.

(1)

Given (N,F ) andS ∈ F , let S∗ = {i ∈ N : ∃B ∈ B(F ) with i ∈ B andB ∩ S �= ∅}. It is
evident thatS∗ = ⋃{B ∈ B(F ): B ∩ S �= ∅}, andS ⊆ S∗ ∈F .
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Note that if(N,v,F ) ∈ SCN , the definition ofS∗ coincides with the Hamiache’s sinc
B(F ) would be formed by the edges of the graph. However, our extension ofS∗ does not
allow us to calculate the coefficientscR by means of Lemma 2 as we show in this exam
let N = {1,2,3,4} andF = {{1}, {2}, {3}, {4}, {1,2,3}, {3,4},N} and letv be the game
given byv(S) = |S|2 for S ⊆ N . If we takeR = {1,2,3} and use the recurrence formula
calculatecR , that is,cR = v(R) − ∑

{S∈F : S�R} cS with c∅ = 0, thencR = 6. However, if
we use the extended formula in Lemma 2, i.e.,

cR =
∑

{S∈F : S⊆R⊆S∗}
(−1)|R|−|S|v(S),

it holds thatcR = 12. For this reason, we use (1) for the coefficientscR.

Let φ be a solution onUSN and let(N,v,F ) ∈ USN . We define its associated gam
(N,v∗

φ,F ) by

v∗
φ(S) =

{
v(S) + ∑

j∈S∗\S
∑

B∈B(j,S)[φj (S∪B,vS∪B,FS∪B)−v({j})]
|B(j,S)| if S ∈ F ,∑

T ∈CF (S) v
∗
φ(T ) if S /∈ F ,

where B(j,S) = {B ∈ B(F ): j ∈ B andB ∩ S �= ∅}. In the following we denote by
(N,v∗,F ) the associated game with respect toφ and by(T , vT ,FT ) the union stable
structure restricted to the coalitionT whereFT = {F ∈ F : F ⊆ T }. In the associate
gameφj (S ∪ B,vS∪B,FS∪B) − v({j}) represents the surplus of playerj when he is in-
vited byS to play the game(S ∪B,vS∪B,FS∪B). Since the members of a feasible coaliti
S can only communicate directly with playersj ∈ S∗ \ S and each playerj can belong to
more than one support, an average of contributions of the player to the different coa
S ∪ B is considered. The negotiation is only established with those players that bel
any supportB such thatS ∩ B �= ∅. We now consider a set of axioms.

A1 Component-independence. For all (N,v,F ) ∈ USN and i ∈ N , φi(N,v,F ) =
φi(M,vM,FM), with M ∈ CF (N) such thati ∈ M.

A2 Component-efficiency. For all (N,v,F ) ∈ USN andM ∈ CF (N),∑
k∈M φk(N,v,F ) = v(M).

A3 Linearity with respect to the game. For all α,β ∈ R and (N,v,F ), (N,w,F ) ∈
USN , φ(N,αv + βw,F ) = αφ(N,v,F ) + βφ(N,w,F ).

A4 Independence of irrelevant players. For all (N,F ) and R,T ∈ F with R ⊆ T ,

φi(N,uR,F ) = φi(T ,uR,FT ) for all i ∈ T .

A5 Positivity. For allR,T ∈F with R ⊆ T , φi(T ,uR,FT ) � 0 for i ∈ T and
φi(R,uR,FR) > 0 for i ∈ R.

A6 Associated consistency. For all (N,v,F ) ∈ USN, φ(N,v,F ) = φ(N,v∗
φ,F ).

Unlike the set of axioms of Hamiache, we have introduced a new axiom (A1). Th
iom indicates that the value of one player in a union stable cooperation structure(N,v,F )

only depends on the maximal feasible coalition that contains this player. The introd
of this axiom is logical because the set of the maximal feasible coalitions inF form a par-
tition of N . Moreover, this axiom is a characteristic property of the classical values i
literature on games with partial cooperation (Algaba et al., 2000, 2001; Myerson,
van den Nouweland et al., 1992; Owen, 1986).
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By Axiom 1 we can assume, without loss of generality, thatN ∈ F . Moreover, we
establish the following result where our proof is different to Hamiache’s proof.

Lemma 7. If φ is a solution onUSN satisfyingA1–A6, then, for allR ∈F ,

φi(N,uR,F ) =
{

φi(R,uR,FR) if i ∈ R,

0 if i /∈ R.

Proof. Let R ∈ F . If i ∈ R, the result is immediate by A4. Wheni /∈ R, let us conside
two cases:R ⊆ M andR � M whereM ∈ CF (N) such thati ∈ M.

(1) If R ⊆ M then
∑

j∈R φj (N,uR,F ) = ∑
j∈R φj (R,uR,FR) = 1 by A4 and A2

sinceR ∈ CFR
(R). Also, by A1 and A2,∑

j∈M

φj (N,uR,F ) =
∑
j∈M

φj (M,uR,FM) = uR(M) = 1.

If we subtract both expressions, then
∑

j∈M\R φj (N,uR,F ) = 0, and forj ∈ M , we ob-
tainφj (N,uR,F ) = φj (M,uR,FM) � 0 byA5. Therefore,φi(N,uR,F ) = 0.

(2) If R � M thenuR is the null game onM . Therefore, using the linearity axiom
φi(N,uR,F ) = φi(M,uR,FM) = φi(M,0 · uR,FM) = 0. �

Let φ be a solution onUSN satisfying the axioms A1–A6. Then, fori ∈ N ,

φi

(
N,vF ,F

) =
∑

{R∈F : R �=∅}
cRφi(N,uR,F ) =

∑
{R∈F : i∈R}

cRφi(R,uR,FR)

=
∑

{R∈F : i∈R}

[ ∑
{S∈F : S⊆R}

µ(S,R)v(S)

]
φi(R,uR,FR),

and hence

φi

(
N,vF ,F

) =
∑
S∈F

[ ∑
{R∈F : R⊇S,i∈R}

µ(S,R)φi(R,uR,FR)

]
v(S). (2)

The technical difficulties of this expression forces a condition on the union stable
tems(N,F ):

(C) if S ∈ F and there existsB ∈ B(F ) such thatS ∩ B �= ∅ andS ∪ B = N, then there
exists noF ∈ F so thatS � F � N.

Theorem 8. There is only one solutionφ on the set of union stable cooperation structu
{(N,vF ,F ) ∈ RUSN : (N,F ) verifies(C)} which satisfies the set of axiomsA1–A6.

Proof. Each union stable system(N,F ) has a unique basis and so, the elements ofRUSN

can be classified by the number of non-singleton supports. We will prove the res
induction on the number of non-singleton supports ofF .

If (N,F ) is a union stable system (assumeN ∈F ) for which there is no non-singleto
support, thenF = {N} with N = {1} and it is easy to check that there is only one solut
φ satisfying A1–A6 given byφ1(N,vF ,F ) = vF ({1}) = v({1}).
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Assume that there exists a unique solutionφ verifying A1–A6 for all union stable sys
tems withk − 1 non-singleton supports and let(N,F ) be a union stable system withk
non-singleton supports. By A6,φi(N,vF ,F ) = φi(N, (vF )∗,F ) for all i ∈ N and taking
into account thatvF = ∑

{R∈F : R �=∅} cRuR , then, by application of Lemma 7,∑
{R∈F : i∈R}

cRφi(R,uR,FR) =
∑

{R∈F : i∈R}
cRφi

(
R,u∗

R,FR

)
.

For anyR � N , the number of non-singleton supports of(R,FR) is less than the numbe
of non-singleton supports of(N,F ). Therefore, by induction hypothesisφi(N,vF ,F ) =
φi(N, (vF )∗,F ) if and only if φi(N,uN,F ) = φi(N,u∗

N,F ). Using expression (2) an
knowing that, forS ∈F ,

u∗
N(S) = uN(S) +

∑
j∈S∗\S

∑
B∈B(j,S) φj (S ∪ B,uN,FS∪B)

|B(j,S)| ,

thenφi(N,uN,F ) = φi(N,u∗
N,F ) if and only if

∑
S∈F

[ ∑
R∈F

R⊇S,i∈R

µ(S,R)φi(R,uR,FR)

] ∑
j∈S∗\S

∑
B∈B(j,S) φj (S ∪ B,uN,FS∪B)

|B(j,S)| = 0.

Note that ifS ∪ B � N, thenuN restricted toS ∪ B is the null function and, by linearit
axiom,φj (S ∪ B,uN,FS∪B) = 0 for j ∈ S ∪ B. Thus, we only considerS ∈ F such that
S ∪B = N for someB ∈ B(F ) with B ∩S �= ∅. For these coalitions,S∗ = N . If we denote
by F(N) = {S ∈ F : ∃B ∈ B(F ) with S ∩ B �= ∅, S ∪ B = N}, F(i,N) = {S ∈ F(N):
i ∈ S} and take into account that(N,F ) verifies (C), then for eachS ∈F with S ∪B = N,

S ∩ B �= ∅, the only coalitionsR ∈ F with R ⊇ S andi ∈ R areS andN if i ∈ S and only
the coalitionN if i /∈ S. Therefore, it must be∑

S∈F(i,N)

[
µ(S,S)φi(S,uS,FS) + µ(S,N)φi(N,uN,F )

] ∑
j∈N\S

φj (N,uN,F )

+
∑

{S∈F(N): i /∈S}

[
µ(S,N)φi(N,uN,F )

] ∑
j∈N\S

φj (N,uN,F ) = 0.

By definition of Möbius function,µ(S,S) = 1 andµ(S,N) = −1. Hence,∑
S∈F(i,N)

φi(S,uS,FS)
∑

j∈N\S
φj (N,uN,F )

=
∑

S∈F(N)

φi(N,uN,F )
∑

j∈N\S
φj (N,uN,F ),

and by changing the order of summations∑
j∈N

[ ∑
S∈F(i,N)
j∈N\S

φi(S,uS,FS)

]
φj (N,uN,F )

=
∑ ∑

φj (N,uN,F )φi(N,uN,F ).
S∈F(N) j∈N\S



426 Note / Games and Economic Behavior 54 (2006) 419–429

the

s

-
t and
ors
t is 1.
ar-

for the
ositiv-

is sub-
This equation in matrix form isMφ(N,uN,F ) = λφ(N,uN,F ) whereM = [mij ]n×n is
the matrix defined by

mij =
{∑

{S∈F(i,N): j∈N\S} φi(S,uS,FS) if {S ∈ F(i,N): j ∈ N \ S} �= ∅,

0 otherwise,

and

λ =
∑

S∈F(N)

∑
j∈N\S

φj (N,uN,F ). (3)

Therefore,φ(N,uN,F ) is our solution if and only if it is a nonnegative eigenvector of
matrixM.

Note that, for anyi, j ∈ N there exists at most one coalitionS ∈ F(i,N) such thatj ∈
N \S. Indeed, we assume that there existS1, S2 ∈F(i,N) with j ∈ N \S1 andj ∈ N \S2.
Sincei ∈ S1 ∩ S2 andj /∈ S1 ∪ S2, S1 ∪ S2 ∈ F andS1 ∪ S2 �= N . Therefore, there exist
T = S1 ∪S2 ∈ F such thatS1 � T � N . This is a contradiction to condition (C) of(N,F ).
Thus,M can be written as

mij =
{

φi(S,uS,FS) if there existsS ∈F(i,N) with j ∈ N \ S,

0 otherwise.

Let AF = {i ∈ N : i ∈ S for all S ∈ F(N)} be the set of allarticulation pointsof F . We
distinguish two cases:

Case1. There is only one non-singleton support,F = {{1}, . . . , {n},N}. In this case,
there is no articulation point,

mij =
{

1 if i �= j,

0 if i = j,
and λ =

∑
i∈N

∑
j∈N\{i}

φj (N,uN,F ) = n − 1.

The corresponding eigenvector summing up to one is unique,φi(N,uN,F ) = 1/n

for all i ∈ N .
Case2. There is more than one non-singleton supports,F contains at least one articu

lation point. The matrixM is nonnegative and the diagonal elements are zero (Bapa
Raghavan, 1997). The columns ofM corresponding to articulation points are zero vect
and the sum of the elements of a column corresponding to one no articulation poin
The numberλ = 0 is an eigenvalue with multiplicity equal to at least the number of
ticulation points. The corresponding eigenvectors have nonzero components only
articulation points and so, we must discard them because they do not verify the p
ity axiom. The remaining eigenvalues are those of the submatrixM(N \ AF ) obtained
by deleting lines and columns corresponding to articulation points. AsM(N \ AF ) is a
nonnegative irreducible matrix, the Perron–Frobenius theorem can be applied to th
matrix, and we can choose the unique eigenvalue 0< λ < 1 with multiplicity 1 and its
corresponding eigenvectory > 0 verifying (3). This numberλ is eigenvalue ofM and its
corresponding eigenvectorx given by

xi =
{

yi if i ∈ N \ AF ,
1
λ

∑
j∈N\AF mijyj if i ∈ AF ,

is the only one vector satisfying axioms A1–A6.�
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Note that although the proof of Theorem 8 follows the technique of Hamiache, i
generalization the induction has been made on the number of non-singleton supp
(N,F ), not on the number of players. However, the matrix obtained in the generaliz
is the same as Hamiache’s when the union stable structure is a communication situ

Theorem 9. If φ is a solution on{(N,v,F ) ∈ USN : (N,F ) verifies(C)} which satisfies
the set of axiomsA1–A6, thenφ(N,v,F ) = φ(N,vF ,F ).

Proof. We prove the result by induction on the number of non-singleton supportsF .
Obviously, given (N,v,F ) with F = {{1}}, it holds φ(N,v,F ) = φ(N,v∗,F ) =
φ(N, (vF )∗,F ) = φ(N,vF ,F ).

Assume that the result holds for all union stable systems withk − 1 non-singleton
supports and let(N,F ) be a union stable system withk non-singleton supports. Ifw =
(vF )∗ − v∗, then,

φi(N,w,F ) =
∑
S∈F

[ ∑
{R∈F : R⊇S,i∈R}

µ(S,R)φi(R,uR,FR)

]
w(S).

If S /∈ F(N), the number of non-singleton supports ofFS∪B is less thank, for all
B ∈ B(F ), B ∩ S �= ∅. By induction hypothesis,φj (S ∪ B,vS∪B,FS∪B) = φj (S ∪ B,

vFS∪B,FS∪B), and hence

(
vF

)∗
(S) = vF (S) +

∑
j∈S∗\S

∑
B∈B(j,S)[φj (S ∪ B,vFS∪B,FS∪B) − vF ({j})]

|B(j,S)|
= v∗(S).

Moreover,v∗(N) = (vF )∗(N). Therefore,

w(S) =
{

0 if S /∈ F(N) or S = N,∑
j∈N\S[φj (N,vF ,F ) − φj (N,v,F )] otherwise.

On the other hand, for eachS ∈ F(N), the only coalitionsR ∈ F , R ⊇ S areS andN

if i ∈ S and onlyN if i /∈ S. Sinceµ(S,S) = 1 andµ(S,N) = −1, we have that∑
{R∈F : R⊇S,i∈R}

µ(S,R)φi(R,uR,FR)

=
{

φi(S,uS,FS) − φi(N,uN,F ) if i ∈ S,

−φi(N,uN,F ) if i /∈ S.

Therefore,

φi(N,w,F ) =
∑

S∈F(i,N)

φi(S,uS,FS)w(S) −
∑

S∈F(N)

φi(N,uN,F )w(S)

=
∑

S∈F(i,N)

φi(S,uS,FS)
∑

j∈N\S

[
φj

(
N,vF ,F

) − φj (N,v,F )
]

−
∑

φi(N,uN,F )
∑ [

φj

(
N,vF ,F

) − φj (N,v,F )
]

S∈F(N) j∈N\S
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a-
ius

at
=
∑
j∈N

[ ∑
S∈F(i,N)
j∈N\S

φi(S,uS,FS)

][
φj

(
N,vF ,F

) − φj (N,v,F )
]

−
∑

S∈F(N)

∑
j∈N\S

[
φj

(
N,vF ,F

) − φj (N,v,F )
]
φi(N,uN,F ).

By A3 and A6,φj (N,vF ,F ) − φj (N,v,F ) = φj (N,w,F ) and hence

φi(N,w,F ) =
∑
j∈N

[ ∑
S∈F(i,N)
j∈N\S

φi(S,uS,FS)

]
φj (N,w,F )

−
∑

S∈F(N)

∑
j∈N\S

φj (N,w,F )φi(N,uN,F ).

In matrix form,

φ(N,w,F ) = Mφ(N,w,F ) − λφ(N,uN,F ) (4)

whereM = [mij ]n×n is the matrix obtained in the proof of Theorem 8 and

λ =
∑

S∈F(N)

∑
j∈N\S

φj (N,w,F ).

We now distinguish two cases:
Case1. There is only one non-singleton support, there is no articulation point and

λ = (n − 1)
[
φ1(N,w,F ) + · · · + φn(N,w,F )

] = (n − 1)w(N) = 0.

Hence,(I −M)φ(N,w,F ) = 0. As |M − I | = (n−2)(−2)n−1, then|M − I | �= 0 if n > 2
and φ(N,w,F ) = (I − M)−10 = 0. If n = 2, then φ1(N,w,F ) = φ2(N,w,F ) = α.
Therefore, 0= w(N) = φ1(N,w,F ) + φ2(N,w,F ) = 2α andφ(N,w,F ) = 0.

Case2. There is more than one non-singleton supports,F contains at least one articul
tion point. The eigenvalueν of M obtained by the application of the Perron–Froben
theorem is strictly smaller than 1. Then,Mφ(N,uN,F ) = νφ(N,uN,F ) and hence
(I − M)φ(N,uN,F ) = (1− ν)φ(N,uN,F ) where(1− ν)φ(N,uN,F ) is strictly posi-
tive. ThereforeM is a productive matrix (Bapat and Raghavan, 1997). Thus(I − M)−1

exists and is a nonnegative matrix. Equation (4) can be written as

(I − M)φ(N,w,F ) = −λφ(N,uN,F )

andφ(N,w,F ) = −λ(I − M)−1φ(N,uN,F ). We know thatφ(N,uN,F ) > 0 and the
matrix (I − M)−1 is nonnegative. Thus, the vector(I − M)−1φ(N,uN,F ) is also strictly
positive and the only possibility isλ = 0 andφ(N,w,F ) = 0. In both cases, we have th

0 = φ(N,w,F ) = φ
(
N,

(
vF

)∗
,F

) − φ(N,v∗,F )

and hence, by A6,

φ
(
N,vF ,F

) = φ
(
N,

(
vF

)∗
,F

) = φ(N,v∗,F ) = φ(N,v,F ). �
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