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THE LOVASZ EXTENSION OF MARKET GAMES

ABSTRACT. The multilinear extension of a cooperative game was intro-
duced by Owen in 1972. In this contribution we study the Lovasz extension
for cooperative games by using the marginal worth vectors and the divi-
dends. First, we prove a formula for the marginal worth vectors with respect
to compatible orderings. Next, we consider the direct market generated by a
game. This model of utility function, proposed by Shapley and Shubik in
1969, is the concave biconjugate extension of the game. Then we obtain the
following characterization: The utility function of a market game is the
Lovasz extension of the game if and only if the market game is super-
modular. Finally, we present some preliminary problems about the rela-
tionship between cooperative games and combinatorial optimization.
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1. INTRODUCTION

The Owen extension of a cooperative game is introduced by
Owen (1972) as a multilinear polynomial in n real variables,
where the coefficients are the dividends of the coalitions. The
main applications of this extension were obtained with the
construction of formulas for the Shapley and Banzhaf values.
The Lovasz extension of a convex game satisfies an optimization
property on the core of the game. We show that this property
implies a new formula for the Lovasz extension of every coop-
erative game. Moreover, the coefficients of this extension are
also the dividends of the coalitions. Market games and totally
balanced games are the same ones and the utility function of the
traders in a direct market is continuous and concave. In this
paper we prove that the utility function is the Lovasz extension
of the game if and only if the game is supermodular.

Let us briefly outline the contents of our contribution. In the
next section, we provide definitions and preliminaries results on
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cooperative game theory. In Section 3 we define market games
and some of their classical properties are described. Section 4 is
devoted to introduce the Lovasz extension of a cooperative
game and the link between duality for convex—concave func-
tions and duality for submodular—supermodular functions. The
precise statement was proved by Lovasz (1983): A set function
is submodular if and only if its Lovasz extension is convex.
Section 4 also includes the representation of Lovasz extension
using dividends. Section 5 offers the characterization of the
utility function of the traders in a direct market. The final
section contains an outline of the implications and conse-
quences for game theory of this new link between cooperative
game theory and combinatorial optimization.

2. PRELIMINARIES

A cooperative game (N,v) is a function v:2¥ — R with
v(@) =0. The players are the elements of the finite set
N ={l1,...,n}, and the coalitions are the subsets S C N. To
every coalition S is associated its characteristic vector e, de-
fined by

s 1 ifies,
(€ )ieny = {0 ifigs.
This is the natural correspondence between 2V and {0,1}".
Through this identification of coalitions with their character-
istic vectors, a cooperative game is a function v: {0,1}" — R
with »(0) = 0.
Unanimity games are considered in order to obtain several

extensions of a cooperative game in terms of its dividends. For
any SC N, S #0,

us(T) :{1 ifTDS,

0 otherwise
is called the S-unanimity game. Every game v is a linear com-
bination of unanimity games, that is,

V= Z as(v)us,

SCN
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where the coefficients {as(v) : S C N, S # (0} are the dividends
of the coalition S in the game v. Any cooperative game (N, v)
has a unique expression as a multilinear polynomial in n dis-
crete variables:

v(x) = Z <a5(v) Hx,), x € {0,1}".
SCN icS

This polynomial expression using real variables was introduced
in game theory by Owen (1972) as the multilinear extension
f:[0,1]" — R, of the cooperative game v : {0,1}" — R. Then,
we have f(e%) = v(S) for all S C N. Owen showed that the
Shapley and Banzhaf values are given by

o

(Di ) - PRI )
(N,v) i ax,-(t t) dt
of (1 1
. =2 (- . - <i<n.
B:(N,v) axi(z, ,2), 1<i<n

Let us recall some classical solution concepts for cooperative
games. The core of a game (N, v) is the set
Core(v) ={x € R":x(N)=v(N),x(S) > v(S) forall S C N},
where for any S C N, x(S) = ) _,.¢x; and x(9) = 0.
Let us assume a total ordering of the elements of N, defined

by i} < i < --- < i, Given the previous ordering C, consider
the following chain of coalitions:

where Co =0 and Cy = {i1,i2,...,ix}, k=1,...,n. The mar-
ginal worth vector a© € R" with respect to the ordering C in the
game (N, v) is given by
al.f =v(Cx) = v(Cr-1), k=1,...,n.
The Weber set of the game (N, v) is the convex hull of the
marginal worth vectors, i.e., Weber(v) = conv{a® : Cis an

ordering of N}. Convex games were introduced by Shapley
(1971). A game (N, v) is convex if for every S, T € 2V,

v SUT)+v(SNT) >v(S)+v(T).
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It is easy to prove that a“(Cy) = v(Cy) for k=1,...,n.
Weber (1988) showed that any game satisfies Core(v) C
Weber(v) and Ichiishi (1981) proved that if Weber(v) C Core(v)
then (N,v) is a convex game. Thus, these results imply the
following characterization of convex games.

THEOREM 1. The cooperative game (N,v) is convex if and
only if Core(v) = Weber(v).

3. MARKET GAMES

We consider a game model of a pure exchange economy. Let
N ={1,...,n} be the set of traders and we suppose that they
participate in a market encompassing trade in m commodities.
The space R is considered as the commodity space. Every trader
i € N is characterized by means of an initial endowment vector
wl) e R and by a utility function u; : R} — R which measures
the worth, for him, of any bundle of commodities. The individual
utility functions u; are continuous and concave. The four com-
ponents vector M = (N, m, {wD},_y, {ui},cy) is called a market.

We denote by w(S) = > ,.sw') € R" the aggregate endow-
ment of the coalition of traders S. Then, w(S) can be reallo-
cated as a collection {a’:ic S} of bundles such that each
a € R™ and a(S) = Y ,.ga” = w(S). Denote by A4(S) the set
of these collections. Since the individual utility functions are
continuous and A(S) is a compact set, we can define a coop-
erative game (N, vy) as

vwm(S) = max{z u(a?) : {a" :ie S} e A(S)},
icS

for all S C N. This model is called a market game (see Kannai,

1992), and it corresponds to the original market in a natural

way.

A game (N,v) is totally balanced if for all S C N and all e5-
balanced collection, i.e., {yr}rcy With > ,cyyre’ =e® and
yr >0, satisfies > oy y7v(T) < v(S). The following result is
due to Shapley and Shubik (1969).
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THEOREM 2. 4 game is a market game if and only if it is
totally balanced.

4. THE LOVASZ EXTENSION

We now consider an extension of a cooperative game (N, v) to a
function on R". We say that a non-negative function
f:2Y¥ — R, is a weighted chain if the family Q= {SC N:
f(S) >0} is a chain, i.e, SCT or TCS for every pair
S, T € Q. To every weighted chain f, we associate a non-nega-
tive vector
x=> flS)e’ e R,
SCN

called the depth vector of f. This is a one-to-one correspon-
dence: for a non-negative vector x € R} let 0 < x! <
x? < .- < xF be the components of x with dlﬁerent value and
let Sp ={i € N:x; > x”}. Then we define

e if §=3S
gy = J ¥ —x i s
/x(S) {O otherwise ,

where x = 0. Obviously f, is a weighted chain and its depth
vector is x.

Let (N,v) be a cooperative game. There is a natural way of
extending v : 2V — R to all non-negative real vectors.

DEFINITION 1. Let x € R be a non-negative vector and f,
its weighted chain, the Lovasz extension of v is v: R} — R

defined by V(x) = > gy /5 (S)V(S).

The function ¥ is an extension of v because #(e®) = v(S) for
all S C N and it has the following properties:

1. vis posmvely homogeneous, i.e., ¥(Ax) = Av(x) for all 1 > 0.
V1 + Fv =7+ 0.
3 Av = Av for all 1 € R.

NS

Lovasz (1983) proved the following characterization of the
supermodular functions.
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THEOREM 3. A function v:2Y — R is supermodular if and
only if the Lovadsz extension v of v is concave.

Note that convex games are supermodular functions with
v(0) = 0. Moreover, the Lovasz extension of a supermodular
function satisfies (see Fujishige, 1991) the next optimization
property: v(x) = min{(x,y) : y € P(v)} for all x € R, where

P(v) ={y € R":y(S) > v(S) for all S C N}.

The Lovasz extension is strongly related to the greedy algo-
rithm. An ordering i} < i, < --- < i, 1S compatible with the
vector x € R’ if x; > x;, > --- x;, > 0. We obtain a formula for
the marginal worth vectors with respect to x-compatible
orderings in convex games.

THEOREM 4. Let (N,v) be a convex game and let x € R",. The
marginal worth vector a© with respect to an x-compatible
ordering C satisfies

(x) = min{(x,y) : y € Core(v)} = (x,a").

Proof. If v is a convex game then Theorem 1 implies that
a® € Core(v) C P(v) and hence we obtain the result if we prove
(x,y) > (x,a%) for all y € P(v). If y € P(v) then the summation
by parts implies that

n n—1 k
<xvy> = inkyik = Z [(xik - xik+1) Zyi/
k=1

k=1 J=1 J=1
n—1
> Z(xik - xik+|)v(ck) + xinv(cﬂ)
k=1
= X, [v(Ck) = v(Cr1)]
k=1
n
= xikag = <x>ac>' [
k=1

Our next theorem gives the formula for computing the Lovasz
extension using dividends.
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THEOREM 5. Let (N,v) be a game with dividends
{as(v) : SC N, S # (0} . Then the Lovasz extension of v satisfies
V(x) = > ey as(v) mines x;, for all x € R’

Proof. Properties 2 and 3 of the Lovasz extension imply that
V=) scyas(v)us. Every unanimity game us is a convex game

and we can use the optimization property showed in Theorem
4. Thus,

us(x) = min{(x,y) : y € Core(us)}
=min{(x,e;) : i € S} = mibpxi,
l5S

where the second equation follows from the characterization of
the core for unanimity games (see Einy and Wettstein, 1996):

Core(us) = Weber(us) = conv{e; : i € S}. O

REMARK. Driessen and Rafels (1999) have studied several
characterizations for the Lovasz extension of k-convex games.

5. THE UTILITY FUNCTION

For every totally balanced game (N,v) we consider the fol-
lowing direct market My = (N,n, {e'},_y,u), where u is the
same utility function for all traders, given by

u(x)= max{ Z yev(T) : {yr} TCN is an x-balanced collection} .

TCN

This utility funcion is the concave biconjugate extension v°°
of the game v (see Fujishige, 1991). Every convex game is to-
tally balanced. In this case we obtain the following property of
the Lovasz extension.

THEOREM 6. Let (N,v) be a totally balanced game with
common utility function u : R', — R. Then (N, v) is convex if and
only if its Lovasz extension v = u.

Proof. The utility function is the solution of the next lin-
ear programming problem: u(x) = max{(y,v) : Ay = x, y > 0},
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where y = (y7)rcys V= ((T))7cy and the matrix A=
(e)ien.rcn- The dual problem is

u(x) = min{(x,y) : yTAT > v} = min{(x, ) : y € P(v)}.

If the game (N, v) is convex then v is supermodular and the
optimization property implies v = u. Conversely, if the utility
function satisfies # = v then v is concave and Theorem 3 implies
that (N, v) is a convex game. ]

6. OPEN PROBLEMS

The optimization of non-linear functions over the core of a
submodular or supermodular function was considered by Fuj-
ishige (1991) who extended the Fenchel’s duality theory. Also,
he introduced the concept of subdifferential of a submodular
function. A theory for discrete optimization (non-linear integer
programming), called discrete convex analysis was developed by
Murota (1998). This theory includes functions defined on the
integral points in the core of a game.

Some problems about the new relationship between coop-
erative games and combinatorial optimization are:

1. To apply the Fenchel min—max duality theory and Murota’s
discrete convex analysis to game theory.

2. To introduce the subgradient vectors and subdifferential sets
(see Fujishige, 1984) in cooperative game theory.

3. To study the relationships between the Shapley and Banzhaf
values of a game and the subdifferential of its Lovasz
extension.

Martinez-Legaz (1996) introduced the indirect function
7 : R" — R of a cooperative game (N, v) by n(x) = max{v(S) —
x(S) : S C N}, for all x € R". Note that the utility function u of
the direct market induced by a totally balanced game satisfies

u(x) = min{(x,3) : v € P(v)} = min{(x.7) : y € 7 (0)}.
We propose the following two additional questions for market
games:
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4. Is there another extension with the utility function property
for totally balanced games?

5. To study the relationship between the indirect function of a
game and its Lovasz extension.
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