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Abstract. We study cooperation structures with the following property: Given
any two feasible coalitions with non-empty intersection, its union is a feasible
coalition again. These combinatorial structures have a direct relationship with
graph communication situations and conference structures a la Myerson. Char-
acterizations of the Myerson value in this context are provided using the con-
cept of basis for union stable systems. Moreover, TU-games restricted by union
stable systems generalizes graph-restricted games and games with permission
structures.

Mathematics Subject Classification 2000: 91A12

Key words: Myerson value, communication situations, permission structures,
union stable systems, Shapley value

1 Introduction

A transferable utility game or TU-game on a finite set of players N is a pair
(N,v) where v: 2V — R is such that v(F) = 0. The elements in N are called
players, the subsets S € 2V coalitions and v(S) is the worth of the coalition S.
For every subset of players S, v(S) represents the maximal monetary gains that
these players can achieve when they decide to cooperate and form the coali-
tion S. We will denote by I"" the set of all TU-games on N. Cooperative game
theory usually focuses on the negotiation process within the grand coalition N
of all players. So the central question is how divide the gains of N among the
players in a fair and justifiable way such that cooperation between all players
will persist. To better allow for a consistent approach the theory does not re-
strict to the local level of one particular game but more globally tries to analyze
and solve classes of TU-games.

A one-point solution concept for 7U-games is a function f: 'V — RV
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which assigns to every TU-game a n-dimensional real vector f(v) € R" which
represents payoffs to the players in the sense that each player i € N gets a payoff
of fi(v). One of the most interesting and best-studied solution concepts in co-
operative game theory is the Shapley value as introduced by Shapley [11].

In a TU-game model it is generally assumed that there are no restrictions
on cooperation and therefore each subgroup of players can form a coalition.
However, in practice this seems to be inappropriate in modelling certain sit-
uations where social asymmetries among the players make certain coalitions
infeasible. Several models of restricted cooperation have been proposed, among
which are those derived from communication situations as introduced by Myer-
son [6]. In this model, the bilateral communication relations among the players
are taken into account and modelled by means of an undirected graph. The
feasible coalitions are those that induce connected subgraphs. Another type
of asymmetry among the players in a 7U-game is introduced in Gilles, Owen
and van den Brink [5], and van den Brink [4]. In their model, the possibilities
of coalition formation are determined by the positions of the players in a so-
called permission structure.

An important aspect in communication situations is the study of the Myerson
value [6] and the position value [3] that were defined with the aid of the Shapley
value of two different types of communication games. This line of research in
communication situations was continued by Owen [9], Borm, Owen and Tijs [3]
and Potters and Reijnierse [10], among others. However, Myerson in [7] pointed
out the need to generalize this model towards restricted cooperation situations
which can not be modelled by a graph. This idea has been studied by van den
Nouweland, Borm and Tijs [8] and Algaba, Bilbao, Borm and Lopez [1].

In Algaba et al. [1] it is assumed that if two feasible coalitions have com-
mon elements, these ones will act as intermediaries between the two coalitions
in order to establish meaningful cooperation in the union of these coalitions.
These feasible coalition systems are called union stable systems. This mathe-
matical feature will be essential in our study and it is satisfied for the feasible
coalitions coming from graph communication situations and permission struc-
tures. This approach has already been successfully applied to the position value
in [1]. The current paper in some sense complements this study by focusing on
the Myerson value.

To be self-contained section 2 recalls the main definitions on restricted co-
operation by means of union stable systems including the crucial driving notion
of basis. Section 3 introduces the Myerson value for games restricted by union
stable systems and studies in detail some properties of this value. The concept of
basis allows to extend the axiomatic characterizations provided for the Myer-
son value in Myerson [6] in an elegant way. Section 4 deals with some compu-
tational aspects of the Myerson value. The paper concludes with some remarks
on the relationship among the models of partial cooperation mentioned above
and in particular about relations between the Myerson value and position value
in union stable systems, hypergraph communication situations and permission
structures.

2 Union stable systems

Definition 2.1. Let N = {1,2,...,n} be a finite set of players and F < 2V a
system of feasible coalitions. The set system F is called union stable if for all
A,Be F with An B # it is satisfied that A U B € Z.
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A communication situation is a triple (N, v, E), where (N, v) is a game and
(N E) is a simple graph, i.e., a graph without self-loops and parallel edges. It
is easy to see that the set system 7, defined by

F ={S = N :(S,E(S)) is a connected subgraph of (N, E)},

is union stable. However, a union stable system can not always be modelled by
a communication situation. If N = {1,2,3} and # = {F, {1}, {2}, N} then &
is union stable and |S| # 2 for every S € % Then & does not coincide with the
connected subgraph system of any graph.

Let & be a union stable system and ¥ <= %. We define inductively the fam-
11165%” gg"—{SuT STG@("1 SmT#@}n—IZ . Notice
that 40 < ") < ¥ = 7, since ¥ = # and Z is union stable.

Definition 2.2. Let & be a union stable system and let 9 = F. We define G by
G =40 where k is the smallest integer such that 4%+ = ¢k

For each union stable family %, we are interested in finding a minimal
subset #(F ) such that B(#) = . Let # be a union stable system and ¥ < 7.
If ¢ is union stable, there can be feasible coalitions which can be written as the
union of two feasible coalitions with non-empty intersection. So, we can con-
sider the following set:

D% ={Ge%:G=AUBA#GB+#G,ABc% ANB# I}

Definition 2.3. Let F be a union stable system. The set B(F ) = F\D(F), is
called the basis of 7, and the elements of B(F ) are called supports of F.

We remark that the basis B(4) is the minimal subset of the union stable
system # such that B(%) = # (see Algaba et al. [1]).

Definition 2.4. Let 4 = 2V be a set system and let S =< N. A set T = S is called
a 9-component of S if it is satisfied that T € 4 and there exists no T' € 4 such
that T<T' = S.

Therefore, the ¥-components of S are the maximal feasible coalitions that
belong to ¢ and are contained in S. We denote by Cy(S) the collection of the
%-components of S.

Proposition 2.1. The set system F < 2N is union stable if and only if for any
S © N with C#(S) # &, the F-components of S are a collection of pairwise
disjoint subsets of S.

Proof. Let # be union stable. Let C', C? be two different maximal feasible
coalitions of S. If C!' n C? # &, then C' U C? € Z since Z is union stable
and C' U C? < S. This contradicts the fact that C' and C? are #-components
of S.

Conversely, assume for any S such that C# (S) # (J, that its #-components
form a collection of pairwise disjoint subsets of S. Suppose that & is not union
stable, then there are 4, B e &, with A n B # ( and A U B ¢ #. Hence, there
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must be an Z-component C; € C#(A4 U B), with 4 = C| and an ~component
C; € C#(A v B), with B = C, such that C; # C,. This contradicts the fact that
the #-components of 4 U B are disjoint. O

It is obvious that if # is a union stable system such that {i} € Z, for all
i € N, then the Z-components of S form a partition of S. We have also the
following consequence of the definitions.

Proposition 2.2. Let F be a union stable system. Let S = N and consider s =
{F € #: F = S}. Then, the following conditions are satisfied:

(a) is union stable.
(b) C#(S) = Cx(N).
( )={Be%(F): B< S}.

In order to establish a relation between conference structures a la Myerson
and union stable systems, we give the following results. Moreover, the next
theorem will be essential in order to prove the uniqueness in the axiomatization
of the Myerson value in union stable systems.

Definition 2.5. Let F be a union stable system. The players i, j € N, are called
connected by €(F) = {Be B(F) : |B| = 2} if there exists a sequence of non-
unitary supports (By, ..., By), such thatie By, j€ By and if k = 2, B, " B, #
D, forallp=1,....k—1.

Theorem 2.3. Let F be a union stable system. Let S € # andi, je N,i # j. Then
{i,j} € S if and only if i and j are connected by €(F ) with supports contained
inS.

Proof. Let {i,j} = S. If Se (), it suffices to take k =1 and B, = S. If
S¢€(F), then S=AuUB, with A,Be #, and AnB+# J. If A,Be6(F)
then we obtain the result. Otherwise, we repeat this decomposition and, pro-
ceeding in this manner, we obtain the sequence of supports. The converse is
obvious. O

Corollary 2.4. Let F be a union stable system and i, je N, i #j. Then i and
j are in the same F-component of N if and only if i and j are connected by

3 The Myerson value: properties and axiomatizations

This section deals with a solution concept for games restricted by union stable
structures: the Myerson value.

Definition 3.1. Let (N, v) be a cooperative n-person game in coalitional form and
F < 2N q union stable system. The F-restricted game v” : 2N — IR, is defined

by v7(S) = ZTGC;(S) o(T).

A union stable structure is a triple (N,v, ) where N = {1,2,...,n} is the
set of players, (N,v) is a game v : 2V — R with v(¢f) = 0, and .Z is a union
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stable system. The Shapley value of a game (N, v) is the vector ®(N,v) € RY
defined by

o= Y CTDEER ) s,
{ScN:ieS} ’
where i € N, n = |[N| and s = |S]|.

Definition 3.2. The Myerson value of a union stable structure (N v, F) is the
Shapley value of the F-restricted game, i.e., u(N,v,F) = ®(N,v”).

Example. Consider the player set N = {1,2,3,4} and the union stable system
given by # = {{1},{1,2,3},{2,3,4},N}. Let v: 2" — R be the game de-
fined by v(S) = |S| — 1, S # &, and v(F) = 0. Then the basis Z(F) = {{1},
{1,2,3},{2,3,4}} and 4(7)={{1,2,3},{2,3,4}}. In this case, it is clear
that

v”(S) = {

and the Myerson value is u(N,v, #) = 15(5,13,13,5).

IS| =1, if SeZ,
0, otherwise,

We now consider some properties that would be desirable for an allocation
rule, and we focus on the study of these properties for the Myerson value. The
set of all union stable structures with player set N will be denoted by US" .

Definition 3.3. An allocation rule on USY is a map y : USY — RN, satisfying:

(1) Component-efficiency: Y .., 7:(N,v, F) = v(M), for all (N,v,F) e USN
and M € Cz(N).
(2) Component-null: y,(N,v,7) =0, for all i ¢ UMec,,;(N) M.

Lemma 3.1. The Myerson value u: USY — RY is an allocation rule.
Proof. Let (N,v,#)e USMN. If N € #, then N is its unique Z-component,
and hence >, N,u(N v, F) = ZzeN¢(N v”) =07 (N) =v(N). Suppose

that N ¢ # and consider the set C#(N). To each Z-component M of N is
associated the game u™ which is defined in the following way

uM 2N SR, wM(T) =07 (TaM)= Y u(H), forall TSN.
HeCz(TnM)

Moreover, for any coahtlon T <N, Cx( U ReCy C #(T N R), and
hence, it is immediate that v7 = 3 ReCH(N Takmg it 1nto account we get

S wN,0,7) =3 &N, uM S ®i(N, uR)} .

ieM ieM {ReCs(N):R#M} |:ieM

Since >, Pi(N,uM) = v” (M), and for all R # M by Proposition 2.1 we
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have that &;(N,uR) = 0, for all i e M, the above expression implies that
ey ti(N,0, 7) = v7 (M) = v(M).
Component null is immediate since fori ¢ ( ), oy vy M we have Cy z (S) =
CJ (S\{i}), for all S e Z Hence, the marginal contributions are v 7(S) -
o7 (S\{i}) = 0, and g(N, v, 7) = 0. O

Definition 3.4. An allocation rule y is fair if for all (N,v,F)e USY and
Be 3(F), there exists ¢ € R such that y,(N,v,7) — y;,(N,v ./') =, for all
j € B, where 7' = (7 )\{B}.

So, according to a fair allocation rule all players in a support B lose or gain
the same amount if the support B and all coalitions that are obtained by union
stability using support B are deleted. We now extend the axiomatization of the
Myerson value to union stable structures.

Theorem 3.2. The Myerson value is the unique fair allocation rule on US™N .

Proof. (a) Uniqueness: Let (N,v,.#) e USY. Suppose y! and y? are two fair
allocation rules on US". We prove by induction on the number |%(%)| of non-
unitary supports in the basis of %, that y! (N, v, #) = y*(N, v, F).

If |4(#) =0, then Cx#(N)={{i}:{i} € #}. Applying component-
efficiency and component-null we obtain that y! (N, v, #) = y*(N,v, 7).

Now, assume that y! (N, v, %) = y>(N,v,%) for all 4 with |4(%)| < k — 1,
and let |%(Z)| = k. Consider C € ¥(). Fairness implies that there exist
numbers ¢ € R and d € R such that

7} (N0, ) =7 (N, 0, BF)\{C}) = c,

7} (N0, F) =7} (N, 0, B(F)\[C}) =
for all j € C. Note that by the induction hypothesis
7} (N0, 2(F)\{C}) = 77 (N, v, B(F)\{C}).
So there is a constant o« = ¢ — d such that
y]1(N,v,9‘")—yf(N,v,9"):a, forallje C. (1)

Given M € C#(N), by component-efficiency for y! and y?, we obtain

> W (Nv, F) = yH(N,v, 7)] = 0.

ieM

On the other hand, Theorem 2.3 indicates that for every j, k € M, there exists
a non-unitary supports sequence (Bl,Bz, ..., B,), contained in M such that
jE By, keB and B; mB,H #,i=1,...,p—1 and using equality (1) w

have y (N v /) Vi 2(N,v,F) =a, for je B, and as B n B, # , there

exists h €eB nB, such that

y}l(N,U,.@)—y,%(N,v,f):
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Thus, applying Theorem 2.3 and equality (1) recursively for all elements of
the sequence (Bj, B>, ..., B,) we get

yjl(NaUﬂg)_yjz(N7vag:):yll(N7Ua'g;)_y]%(Nav7‘g;)'

and hence y!(N,v, ) —y>(N,v,%) = o, for all ie M, M e C#(N). This
implies

> (N0, F) = y}(N, v, 7)) = | Mo
ieM

Therefore | M|« = 0, and hence y! (N, v, #) = y*(N,v, 7).

(b) Next, we show that the Myerson value is fair. Consider the game (N, w)
given by w(S) = 07 (S) — v”'(S), for all S = N, where #' = (7 )\{B}. Let
k € B. Note that w(S) = 0, forall S = N, B £ S. Also note that for any S = N
with B = S, w(S\{k}) = 0 since B & S\{k}. Thus, we can write for k € B

— 1N\ (n—=yg)!
B(Nw)= > (SL(,”S)'W(S), where s = |S|, n=|N|.  (2)
{S:B= S} n

It follows that @ (N,w) = @,(N,w), for all p e B. In other words, the
Myerson value is fair. O

Definition 3.5. An allocation rule y is called basis monotonic on the subclass
&N < USN ifforall (N,v,F)e %", forall Be B(F) such that (N,v, F') e 6",

and for all j € B, y;(N,v,7) = y;(N,v,7"), where 7' = #(F )\{B}.

This condition asserts that all the players always benefit from reaching an
agreement and cooperate.

Recall that a game v is superadditive if cooperation is profitable, that is,
v(SUT) =0v(S) + o(T), for all disjoint coalitions S, T € 2V. A game v is called
zero-normalized if v({i}) =0, for alli e N.

Proposition 3.3. Let (N, v, 7)€ USN. If the game v is superadditive and zero-
normalized, then u(N,v, F) is basis monotonic.

Proof. Equation (2) implies that is suffices to prove that w(S) > 0 for any
S = N such that B = S, where for all S = N, w(S) = v7(S) — 07 (S), with
F' = #(7)\{B}. Any maximal feasible coalition of S in Z' is either a max-
imal feasible coalition of S in & or it is contained in an Z~component of S.
Then, taking the & '-components of S and taking into consideration that the

game (N, v) is superadditive and zero-normalized, we obtain

v7(S)= > w1 < ZS)H U T’)Fuf(S). O

T'eC,i(S) TeCr( {T'eC,(S):T'<T}

To provide other axiomatic characterizations for the Myerson value, the
next definitions are introduced. We use %;() to denote the collection given
by {Ce¥(F):ieC}.
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Definition 3.6. A union stable structure (N,v, F) is called point anonymous if
there exists a function f : {0,1,...,|D|} — R such that v” (S) = f(|S n D|) for
all S = N, where D={ie N : 6,(F) # J}.

Definition 3.7. An allocation rule y satisfies point anonymity if for all point
anonymous (N, v, F ), there exists o € R such that

o, forallieD,

(N.v.F) =
N0 7) {O, otherwise.

Proposition 3.4. The Myerson value satisfies point anonymity.

Proof. Let (N, v, ) € USY be point anonymous. If D = (¥, then the restricted
game v7 (S) = f(|Sn J|) = £(0) =0, for all S < N. Hence, ,(N,v,7) =
0 for all ie N. Let D # . If i ¢ D, obviously SnD = (S\{i})nD and
w(N,v,7) = 0. On the other hand, if i, j € D applying the symmetry property
of the Shapley value we have (N, v, #) = (N, v, #), and hence f(|D|) =
ZieDiui(Na U, E?7) = ‘D|iul(N7 U, 37) Therefore> iui(Nv U, 97) = f(|D|)/|D| =,
for all i € D and y,;(N,v, 7 ) = 0, otherwise. O

Definition 3.8. Let (N, v, %) € USN. Then player i € N is called superfluous for
(N,v,7) if v7(S) = v7 (S\{i}), for all S = N. An allocation rule y satisfies
the superfluous player property if for all (N, v, 7 ) and every player i € N that is
superfluous for (N,v, #) it holds y(N,v,F) = y(N,v, Zn\(iy), where Fn\(iy =
{FeZ:F < N\{i}}.

Proposition 3.5. The Myerson value satisfies the superfluous player property.

Proof. Let i e N be a superfluous player for (N,v,#) e USY. We have to
prove u(N,v, ) = u(N,v, Fy\(;). We observe that i is a null player in v”
and this implies that x,(N,v,#) = 0. Further, 1;(N,v, #y\(;) = 0, because
id¢ U MeCro (V) M and p satisfies component-null (Lemma 3.1).

For the other players, it suffices to show that v7(S) = v”"(S), or
equivalently that v7 (S\{i}) = v”M@(S), for all S = N, and for every i that
is a superfluous player for (N,v, 7). The components satisfy Cz(S\{i}) =
Cy, (S), and therefore

TS\ = Y uD) = DY u(T) =eTu(s),

TeCr(S\{i}) TeCry\(S)
forall S < N. O

Definition 3.9. An allocation rule y is called additive if for all (N,v, ) and
(Now, 7)), y(N,v+w,F) =p(N,v, 7 )+ y(N,w, F).

We immediately obtain that the Myerson value is additive.

Lemma 3.6. If y is an additive allocation rule that satisfies the superfluous player
property, then y(N,v, F) = y(N,v” , F), for all (N,v,F) e USVN.
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Proof. By additivity of y, it suffices to show that y(N,v —v”,.%#) = 0, for all
(N,v,7) e USY. Indeed, for any S = N,
w=0")7()= 3 w—o )T = 3 () -0 (T)] =0.

TeCx(S) TeCz(S)

Thus, all players are superfluous for any (N,v —v”, %) e USY. Hence,
by recursively considering all players in the same component M € C» (N)
we have p(N,v—v”,7) =y(N,v—v”,Fyy). For all ie M, we obtain
yi(N7 v—0v” , %) = yé-(]v7 v—v” , ?N\M) = 0, since I ¢ UHEC"?N\M(N) H. 1t fol-
lows that y,(N,v —v”, %) =0, for alli e N.

Theorem 3.7. The Myerson value is the unique allocation rule on US™ that sat-
isfies additivity, the superfluous player property and point anonymity.

Proof. Let y be an allocation rule on US" that also satisfies additivity, the
superfluous player property and point anonymity. From Lemma 3.6 we deduce
y(N,v,F) = y(N,v”, F). The unanimity games {us: Se€ #,S # &} form a
basis for the vector space of the F-restricted games (see Bilbao [2]), that is,

VT = Z osUs
{Se7:S#}
for some coefficients «g.
Applying additivity, it suffices to show that y(N, aug, 7 ), is uniquely deter-

mined for all S € #, S # & and o € R. Fix S and «. If i € N\S then for all
coalitions 7' = N

ous(T) == ST ScT\{i} e ous(T\{i}) =

We deduce that any player that is not in S is superfluous and hence, by the
superfluous player property,

y(NvauSng) = V(N7 OCZ’IS7<?7N\(N\S)) = ')‘/(N, O‘uSwg;S)'

Since Cz (N) = C#(S) = {S}, component-null property implies that
7;(N,oug, Fs) = 0, for all i € N\S. It remains only to compute y;(N, aus, Fs)
for all i € S. First, for all T = N, we have

T

(us)™(T) = > ous(H)=a<3IHeFs, ScHcT.
HEC,TS,(T)

If H e Zs then H = S, and hence (ous)” (T) = o if and only if S = T.
Therefore, (ous)” = aug implies

(aug)”(T) =ous(T) == ST ST =S.

It follows that there exists a function f:{0,1,...,[S[} — R, such that
(aus)”(T) = f(ISAT|), for all T = N, where f(0) =---= f(|S| —1) =0,
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and f(|S|) = a. Hence (N, aus, Zs) is point anonymous and, applying point
anonymity to the rule y, there exists f € R such that

B, ifies,

Vi, s, Fs) = {0 otherwise

Further, C# (N) = {S}, and using component-efficiency we get

ZVi(NvauSvyS) =a=[S|p.
ieS

Then f = «/|S| and we deduce that y(N, v, ) is the Myerson value. []

4 Computational aspects

One of the main problems of the Myerson value is its computation. Some for-
mulas to compute it more easily in this context have been given by Bilbao [2]. In
this section we complete this study and show that the Myerson value satisfies
the nice formula of Shapley. On the other hand and taking into account that the
coalition N may not be feasible, we prove that the calculation of the Myerson
value can be simplified and computed by the maximal feasible coalitions of N
which each player belongs to.

Definition 4.1. An allocation rule y : USY — R", satisfies the Shapley-formula
if for every (N,v, ) € USN and every i € N it is satisfied

S (0, 75) = >y, %\m] ,

yi(Nv v, '0/7) =
{S=N:ieS} JjeN JjeN

where for every S < N,

(IS = D' — S

n!

A(S) =

and Fs={FeF:F < S}

Theorem 4.1. The Myerson value satisfies the Shapley-formula.

Proof. Taking into account the definitions of z;(N,v, #) and the one of re-
stricted game (N,v”) we have

)

wN o F) = A(S)l o Y o)

{ScN:ieS} TeCz(N) T’ECJS\(’_)(N)

since Cz(S) = C#(N) and Cz(S\{i}) = Cz,(N). On the other hand, as
w;(N,v, F) is an allocation rule, we conclude

(N, v, 7) = S) ZuxN,v,%)—Zu,(Nm,fS\{i})]. 0

{ScN:ieS} |:j€N jeN
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Notice that the Shapley-formula coincides with the classical one when the
cooperation is total, i.e., if # =2V

Bi(N,o)= Y AS)((S) —u(S\{i})).

{Sc=N:ieS}

Theorem 4.2. Let (N,v,7) e USN. If v is a zero-normalized game and M e
C#(N), such that i € M, then y;(N,v, F) = w;,(M,v|,,, Fn), where v|,, is the
restriction of vio M and Fyy ={Fe F:F <=M

Proof. Let M € Cz(N) such thatie M and L € C#(N), L # M. Taking into
account that for every coalition S = N it is satisfied

we obtain v7 (SuU{i}) — 07 (S) =v7 ((SAM)uU{i}) —v7 (S~ M), since
Cz((Su{i})nL)= Cs(SnL)because {i} "L = ¢, forall L # M. Hence,

w(No,7) = Y ASP7T (S M) u{i}) —v7 (S M)]
{SSN:i¢S}

z(S)] w7 (RU{i}) — v” (R)].

{Re=M:i¢ R} |:{SCN:1‘¢S,S0M_R}
Taking into account the classical formula of the Shapley value, we have

sln—1—1s)!

MS) = n!

{SSN:i¢S,SAnM=R} {SSN:i¢S,SAnM=R}

Fixing a coalition R, the coalitions S = N, such that S~ M = R, are
expressed in the following way

R,
Ru{i} for all i e N\M,
Ru{i,h} forall {ij,ih} = N\M,

Setting r = |R|, m = | M|, it boils down to

n—m

A(S) = Z(”—M) (4 p)ln—1—r—p)

1
{SSN:i¢S,SAnM=R} =0 p n

satisfying that

~(n—m\(r+p)ln—-1-r—p)! r(m—-1-r)
;( P ) n! Soom
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Consequently,
wNo.7)= S MRARO{Y) — o (R)] = (M, ol Far). O
{REM:i¢ R}

5 Concluding remarks

As we have already indicated in the introduction, one of the most important
partial cooperation models was introduced by Myerson: the so-called graph
communication situations. Myerson also pointed out the necessity for general-
izing this model of partial cooperation. Following Myerson’s suggestion hyper-
graph communication situations [8] and union stable cooperation structures
[1] have been investigated.

A hypergraph communication situation is a triple (N, v, #) such that (N, v)
is a zero-normalized game and the hypergraph # < {H € 2" : |H| > 2}. The
set of hypergraph communication situations is denoted by HCS". It is sup-
posed that communication is only possible by the conferences H € #. So, given
a coalition S N, the feasible coalitions or interaction sets within the coalition
S are defined as the sets obtained in the following way:

1. For alli e S, {i} is an interaction set of S.

2. If He # and H < S then H is an interaction set of S.

3. If Ty and T are interaction sets of S and satisfying that 77 n 7> # J, then
T u T> is an interaction set of S.

Taking into account the above definition, it can be assured that hypergraph
communication situations give rise to union stable cooperation structures, the
feasible coalitions being all interaction sets within arbitrary coalitions. Assum-
ing zero normalization of the underlying game, we may suppose, without loss
of generality, that the unitary coalitions belong to the system. So, given a union
stable cooperation structure, there are several hypergraph communication sit-
uations whose interaction sets coincides with the feasible coalitions of the union
stable system. Obviously, one of the hypergraph communication situations is
that whose conference set # is formed by the non-unitary supports of the basis.

In fact, considering US" instead of HCS" boils down to considering equiv-
alence classes (respecting interaction sets) which also respect to the Myerson
value. Given (N, v, # ) e USY, where v is zero-normalized, for any playerie N,
(N, v, 7) uniquely depends on the feasible coalitions where the player i is.
In the same way, given (N, v, #) € HCS", the Myerson value y,;(N, v, #) only
depends on the interaction sets which the player i belongs to. Therefore, if it is
considered (N, v,.#) e USY the Myerson value u(N,v, ) is the same as the
Myerson value u(N,v, #), for every (N, v, #) whose interaction set system
coincides with the set of feasible coalitions of %.

Formally, the above ideas could have been used to translate the existing
characterizations of the Myerson value on HCS"Y to US™. In this paper, we
have instead chosen for an approach symmetric to the one for the position
value [1] for which the same line of reasoning can not be applied. Moreover,
in our context a non-unitary support is the precise and natural generalization
of an edge of a graph. This concept allows for more transparent proofs and
results.
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A final remark is concerned with so-called permission structure games:
games restricted by the feasible coalition system derived from a directed graph
using either the conjunctive or disjunctive approach. Gilles et al. [5] and van
den Brink [4] showed that the feasible coalition system % derived from the
conjunctive or disjunctive approach is closed under taking unions, and hence
constitutes a union stable system. This property implies that every coalition
S < N has a unique Z-component that corresponds to the sovereign part of S.
Then, the Z-restricted game is the same as the conjunctive or disjunctive restric-
tion and hence, the conjunctive or disjunctive permission value coincides with
the Myerson value u(N,v, 7).

The final conclusion is that games restricted by union stable systems gener-
alizes graph communication situations and games with permission structures.
Therefore, the Shapley value for games restricted by graphs or permission
structures is the Myerson value for union stable systems.
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