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*University of Seville, Escuela Superior de Ingenieros, Camino de los Descubrimientos s/n,
41092 Sevilla, Spain (E-mail: mbilbao@cica.es)
y Tilburg University, Department of Econometrics and CentER, P.O. Box 90153, 5000 LE
Tilburg, The Netherlands (E-mail: P.E.M.Borm@kub.nl)

Manuscript received: January 2001/Final version received: June 2001

Abstract. We study cooperation structures with the following property: Given
any two feasible coalitions with non-empty intersection, its union is a feasible
coalition again. These combinatorial structures have a direct relationship with
graph communication situations and conference structures à la Myerson. Char-
acterizations of the Myerson value in this context are provided using the con-
cept of basis for union stable systems. Moreover, TU-games restricted by union
stable systems generalizes graph-restricted games and games with permission
structures.
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1 Introduction

A transferable utility game or TU-game on a finite set of players N is a pair
ðN; vÞ where v : 2N ! R is such that vðqÞ ¼ 0. The elements in N are called
players, the subsets S A 2N coalitions and vðSÞ is the worth of the coalition S.
For every subset of players S, vðSÞ represents the maximal monetary gains that
these players can achieve when they decide to cooperate and form the coali-
tion S. We will denote by GN the set of all TU-games on N. Cooperative game
theory usually focuses on the negotiation process within the grand coalition N
of all players. So the central question is how divide the gains of N among the
players in a fair and justifiable way such that cooperation between all players
will persist. To better allow for a consistent approach the theory does not re-
strict to the local level of one particular game but more globally tries to analyze
and solve classes of TU-games.

A one-point solution concept for TU-games is a function f : GN ! RN



which assigns to every TU-game a n-dimensional real vector f ðvÞ A RN which
represents payo¤s to the players in the sense that each player i A N gets a payo¤
of fiðvÞ. One of the most interesting and best-studied solution concepts in co-
operative game theory is the Shapley value as introduced by Shapley [11].

In a TU-game model it is generally assumed that there are no restrictions
on cooperation and therefore each subgroup of players can form a coalition.
However, in practice this seems to be inappropriate in modelling certain sit-
uations where social asymmetries among the players make certain coalitions
infeasible. Several models of restricted cooperation have been proposed, among
which are those derived from communication situations as introduced by Myer-
son [6]. In this model, the bilateral communication relations among the players
are taken into account and modelled by means of an undirected graph. The
feasible coalitions are those that induce connected subgraphs. Another type
of asymmetry among the players in a TU-game is introduced in Gilles, Owen
and van den Brink [5], and van den Brink [4]. In their model, the possibilities
of coalition formation are determined by the positions of the players in a so-
called permission structure.

An important aspect in communication situations is the study of theMyerson
value [6] and the position value [3] that were defined with the aid of the Shapley
value of two di¤erent types of communication games. This line of research in
communication situations was continued by Owen [9], Borm, Owen and Tijs [3]
and Potters and Reijnierse [10], among others. However, Myerson in [7] pointed
out the need to generalize this model towards restricted cooperation situations
which can not be modelled by a graph. This idea has been studied by van den
Nouweland, Borm and Tijs [8] and Algaba, Bilbao, Borm and López [1].

In Algaba et al. [1] it is assumed that if two feasible coalitions have com-
mon elements, these ones will act as intermediaries between the two coalitions
in order to establish meaningful cooperation in the union of these coalitions.
These feasible coalition systems are called union stable systems. This mathe-
matical feature will be essential in our study and it is satisfied for the feasible
coalitions coming from graph communication situations and permission struc-
tures. This approach has already been successfully applied to the position value
in [1]. The current paper in some sense complements this study by focusing on
the Myerson value.

To be self-contained section 2 recalls the main definitions on restricted co-
operation by means of union stable systems including the crucial driving notion
of basis. Section 3 introduces the Myerson value for games restricted by union
stable systems and studies in detail some properties of this value. The concept of
basis allows to extend the axiomatic characterizations provided for the Myer-
son value in Myerson [6] in an elegant way. Section 4 deals with some compu-
tational aspects of the Myerson value. The paper concludes with some remarks
on the relationship among the models of partial cooperation mentioned above
and in particular about relations between the Myerson value and position value
in union stable systems, hypergraph communication situations and permission
structures.

2 Union stable systems

Definition 2.1. Let N ¼ f1; 2; . . . ; ng be a finite set of players and FJ 2N a
system of feasible coalitions. The set system F is called union stable if for all
A;B A F with AXB0q it is satisfied that AWB A F.
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A communication situation is a triple ðN; v;EÞ, where ðN; vÞ is a game and
ðN;EÞ is a simple graph, i.e., a graph without self-loops and parallel edges. It
is easy to see that the set system F, defined by

F ¼ fSJN : ðS;EðSÞÞ is a connected subgraph of ðN;EÞg;

is union stable. However, a union stable system can not always be modelled by
a communication situation. IfN ¼ f1; 2; 3g and F ¼ fq; f1g; f2g;Ng then F
is union stable and jSj0 2 for every S A F. Then F does not coincide with the
connected subgraph system of any graph.

Let F be a union stable system and GJF. We define inductively the fam-
ilies Gð0Þ ¼ G, GðnÞ ¼ fSWT : S;T A Gðn	1Þ;SXT0qg, n ¼ 1; 2; . . . Notice
that Gð0Þ JGðn	1Þ JGðnÞ JF, since GJF and F is union stable.

Definition 2.2. Let F be a union stable system and let GJF. We define G by
G ¼ GðkÞ, where k is the smallest integer such that Gðkþ1Þ ¼ GðkÞ.

For each union stable family F, we are interested in finding a minimal
subset BðFÞ such that BðFÞ ¼ F. Let F be a union stable system and GJF.
If G is union stable, there can be feasible coalitions which can be written as the
union of two feasible coalitions with non-empty intersection. So, we can con-
sider the following set:

DðGÞ ¼ fG A G : G ¼ AWB;A0G;B0G;A;B A G;AXB0qg:

Definition 2.3. Let F be a union stable system. The set BðFÞ ¼ FnDðFÞ, is
called the basis of F, and the elements of BðFÞ are called supports of F.

We remark that the basis BðFÞ is the minimal subset of the union stable
system F such that BðFÞ ¼ F (see Algaba et al. [1]).

Definition 2.4. Let GJ 2N be a set system and let SJN. A set TJS is called
a G-component of S if it is satisfied that T A G and there exists no T 0 A G such
that THT 0 JS.

Therefore, the G-components of S are the maximal feasible coalitions that
belong to G and are contained in S. We denote by CGðSÞ the collection of the
G-components of S.

Proposition 2.1. The set system FJ 2N is union stable if and only if for any
SJN with CFðSÞ0q, the F-components of S are a collection of pairwise
disjoint subsets of S.

Proof. Let F be union stable. Let C 1;C2 be two di¤erent maximal feasible
coalitions of S. If C1 XC2 0q, then C 1 WC2 A F since F is union stable
and C1 WC2 JS. This contradicts the fact that C 1 and C2 are F-components
of S.

Conversely, assume for any S such that CFðSÞ0q, that its F-components
form a collection of pairwise disjoint subsets of S. Suppose that F is not union
stable, then there are A;B A F, with AXB0q and AWB B F. Hence, there
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must be an F-component C1 A CFðAWBÞ, with AJC1 and an F-component
C2 A CFðAWBÞ, with BJC2 such that C1 0C2. This contradicts the fact that
the F-components of AWB are disjoint. r

It is obvious that if F is a union stable system such that fig A F, for all
i A N, then the F-components of S form a partition of S. We have also the
following consequence of the definitions.

Proposition 2.2. LetF be a union stable system. Let SJN and considerFS ¼
fF A F : FJSg. Then, the following conditions are satisfied:

(a) FS is union stable.
(b) CFðSÞ ¼ CFS

ðNÞ.
(c) BðFSÞ ¼ fB A BðFÞ : BJSg.

In order to establish a relation between conference structures à la Myerson
and union stable systems, we give the following results. Moreover, the next
theorem will be essential in order to prove the uniqueness in the axiomatization
of the Myerson value in union stable systems.

Definition 2.5. Let F be a union stable system. The players i; j A N, are called
connected by CðFÞ ¼ fB A BðFÞ : jBjb 2g if there exists a sequence of non-
unitary supports ðB1; . . . ;BkÞ, such that i A B1, j A Bk and if kb 2, BpXBpþ1 0
q, for all p ¼ 1; . . . ; k 	 1.

Theorem 2.3. LetF be a union stable system. Let S A F and i; j A N, i0 j. Then
fi; jgJS if and only if i and j are connected by CðFÞ with supports contained
in S.

Proof. Let fi; jgJS. If S A CðFÞ, it su‰ces to take k ¼ 1 and B1 ¼ S. If
S B CðFÞ, then S ¼ AWB, with A;B A F, and AXB0q. If A;B A CðFÞ
then we obtain the result. Otherwise, we repeat this decomposition and, pro-
ceeding in this manner, we obtain the sequence of supports. The converse is
obvious. r

Corollary 2.4. Let F be a union stable system and i; j A N, i0 j. Then i and
j are in the same F-component of N if and only if i and j are connected by
CðFÞ.

3 The Myerson value: properties and axiomatizations

This section deals with a solution concept for games restricted by union stable
structures: the Myerson value.

Definition 3.1. Let ðN; vÞ be a cooperative n-person game in coalitional form and
FJ 2N a union stable system. TheF-restricted game vF : 2N ! R, is defined
by vFðSÞ ¼

P
T ACFðSÞ vðTÞ.

A union stable structure is a triple ðN; v;FÞ where N ¼ f1; 2; . . . ; ng is the
set of players, ðN; vÞ is a game v : 2N ! R with vðqÞ ¼ 0, and F is a union
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stable system. The Shapley value of a game ðN; vÞ is the vector FðN; vÞ A RN

defined by

FiðN; vÞ ¼
X

fSJN:i ASg

ðs	 1Þ!ðn	 sÞ!
n!

ðvðSÞ 	 vðSnfigÞÞ;

where i A N, n ¼ jNj and s ¼ jSj.

Definition 3.2. The Myerson value of a union stable structure ðN; v;FÞ is the
Shapley value of the F-restricted game, i.e., mðN; v;FÞ ¼ FðN; vFÞ.

Example. Consider the player set N ¼ f1; 2; 3; 4g and the union stable system
given by F ¼ ff1g; f1; 2; 3g; f2; 3; 4g;Ng. Let v : 2N ! R be the game de-
fined by vðSÞ ¼ jSj 	 1, S0q, and vðqÞ ¼ 0. Then the basis BðFÞ ¼ ff1g;
f1; 2; 3g; f2; 3; 4gg and CðFÞ ¼ ff1; 2; 3g; f2; 3; 4gg. In this case, it is clear
that

vFðSÞ ¼ jSj 	 1; if S A F,

0; otherwise,

�

and the Myerson value is mðN; v;FÞ ¼ 1
12 ð5; 13; 13; 5Þ.

We now consider some properties that would be desirable for an allocation
rule, and we focus on the study of these properties for the Myerson value. The
set of all union stable structures with player set N will be denoted by USN .

Definition 3.3. An allocation rule on USN is a map g : USN ! RN, satisfying:

(1) Component-e‰ciency:
P

i AM giðN; v;FÞ ¼ vðMÞ, for all ðN; v;FÞ A USN
and M A CFðNÞ.

(2) Component-null: giðN; v;FÞ ¼ 0, for all i B 6
M ACFðNÞM.

Lemma 3.1. The Myerson value m : USN ! RN is an allocation rule.

Proof. Let ðN; v;FÞ A USN . If N A F, then N is its unique F-component,
and hence

P
i AN mðN; v;FÞ ¼

P
i AN FiðN; vFÞ ¼ vFðNÞ ¼ vðNÞ. Suppose

that N B F and consider the set CFðNÞ. To each F-component M of N is
associated the game uM which is defined in the following way

uM : 2N !R; uMðTÞ ¼ vFðTXMÞ ¼
X

H ACFðTXMÞ
vðHÞ; for all TJN:

Moreover, for any coalition TJN, CFðTÞ ¼ 6
R ACFðNÞ CFðT XRÞ, and

hence, it is immediate that vF ¼
P

R ACFðNÞ u
R. Taking it into account we get

X
i AM

miðN; v;FÞ ¼
X
i AM

FiðN; uMÞ þ
X

fR ACFðNÞ:R0Mg

�X
i AM

FiðN; uRÞ
�
:

Since
P

i AM FiðN; uMÞ ¼ vFðMÞ, and for all R0M by Proposition 2.1 we
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have that FiðN; uRÞ ¼ 0, for all i AM, the above expression implies thatP
i AM miðN; v;FÞ ¼ vFðMÞ ¼ vðMÞ.
Component-null is immediate since for i B 6

M ACFðNÞM, we have CFðSÞ ¼
CFðSnfigÞ, for all S A F. Hence, the marginal contributions are vFðSÞ	
vFðSnfigÞ ¼ 0, and miðN; v;FÞ ¼ 0. r

Definition 3.4. An allocation rule g is fair if for all ðN; v;FÞ A USN and

B A BðFÞ, there exists c A R such that gjðN; v;FÞ 	 gjðN; v;F 0Þ ¼ c, for all
j A B, where F 0 ¼ BðFÞnfBg.

So, according to a fair allocation rule all players in a support B lose or gain
the same amount if the support B and all coalitions that are obtained by union
stability using support B are deleted. We now extend the axiomatization of the
Myerson value to union stable structures.

Theorem 3.2. The Myerson value is the unique fair allocation rule on USN .

Proof. (a) Uniqueness: Let ðN; v;FÞ A USN . Suppose g1 and g2 are two fair
allocation rules onUSN . We prove by induction on the number jCðFÞj of non-
unitary supports in the basis of F, that g1ðN; v;FÞ ¼ g2ðN; v;FÞ.

If jCðFÞj ¼ 0, then CFðNÞ ¼ ffig : fig A Fg. Applying component-
e‰ciency and component-null we obtain that g1ðN; v;FÞ ¼ g2ðN; v;FÞ.

Now, assume that g1ðN; v;GÞ ¼ g2ðN; v;GÞ for all G with jCðGÞja k 	 1,
and let jCðFÞj ¼ k. Consider C A CðFÞ. Fairness implies that there exist
numbers c A R and d A R such that

g1
j ðN; v;FÞ 	 g1

j ðN; v;BðFÞnfCgÞ ¼ c;

g2
j ðN; v;FÞ 	 g2

j ðN; v;BðFÞnfCgÞ ¼ d;

for all j A C. Note that by the induction hypothesis

g1
j ðN; v;BðFÞnfCgÞ ¼ g2

j ðN; v;BðFÞnfCgÞ:

So there is a constant a ¼ c	 d such that

g1
j ðN; v;FÞ 	 g2

j ðN; v;FÞ ¼ a; for all j A C: ð1Þ

Given M A CFðNÞ, by component-e‰ciency for g1 and g2, we obtainX
i AM

½g1
i ðN; v;FÞ 	 g2

i ðN; v;FÞ� ¼ 0:

On the other hand, Theorem 2.3 indicates that for every j; k AM, there exists
a non-unitary supports sequence ðB1;B2; . . . ;BpÞ, contained in M such that
j A B1, k A Bp and BiXBiþ1 0q, i ¼ 1; . . . ; p	 1 and using equality (1) we
have g1

j ðN; v;FÞ 	 g2
j ðN; v;FÞ ¼ a, for j A B1, and as B1 XB2 0q, there

exists h A B1 XB2 such that

g1
hðN; v;FÞ 	 g2

hðN; v;FÞ ¼ a:
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Thus, applying Theorem 2.3 and equality (1) recursively for all elements of
the sequence ðB1;B2; . . . ;BpÞ we get

g1
j ðN; v;FÞ 	 g2

j ðN; v;FÞ ¼ g1
kðN; v;FÞ 	 g2

kðN; v;FÞ:

and hence g1
i ðN; v;FÞ 	 g2

i ðN; v;FÞ ¼ a, for all i AM, M A CFðNÞ. This
impliesX

i AM

½g1
i ðN; v;FÞ 	 g2

i ðN; v;FÞ� ¼ jMja:

Therefore jMja ¼ 0, and hence g1ðN; v;FÞ ¼ g2ðN; v;FÞ.
(b) Next, we show that the Myerson value is fair. Consider the game ðN;wÞ

given by wðSÞ ¼ vFðSÞ 	 vF
0 ðSÞ, for all SJN, where F 0 ¼ BðFÞnfBg. Let

k A B. Note that wðSÞ ¼ 0, for all SJN, BL= S. Also note that for any SJN
with BJS, wðSnfkgÞ ¼ 0 since BL= Snfkg. Thus, we can write for k A B

FkðN;wÞ ¼
X

fS:BJSg

ðs	 1Þ!ðn	 sÞ!
n!

wðSÞ; where s ¼ jSj; n ¼ jNj: ð2Þ

It follows that FkðN;wÞ ¼ FpðN;wÞ, for all p A B. In other words, the
Myerson value is fair. r

Definition 3.5. An allocation rule g is called basis monotonic on the subclass
CNJUSN if for all ðN; v;FÞ ACN, for all B A BðFÞ such that ðN; v;F 0Þ ACN,

and for all j A B, gjðN; v;FÞb gjðN; v;F 0Þ, where F 0 ¼ BðFÞnfBg.

This condition asserts that all the players always benefit from reaching an
agreement and cooperate.

Recall that a game v is superadditive if cooperation is profitable, that is,
vðSWTÞb vðSÞ þ vðTÞ, for all disjoint coalitions S;T A 2N . A game v is called
zero-normalized if vðfigÞ ¼ 0, for all i A N.

Proposition 3.3. Let ðN; v;FÞ A USN . If the game v is superadditive and zero-
normalized, then mðN; v;FÞ is basis monotonic.

Proof. Equation (2) implies that is su‰ces to prove that wðSÞb 0 for any
SJN such that BJS, where for all SJN, wðSÞ ¼ vFðSÞ 	 vF

0 ðSÞ, with
F 0 ¼ BðFÞnfBg. Any maximal feasible coalition of S in F 0 is either a max-
imal feasible coalition of S in F or it is contained in an F-component of S.
Then, taking the F 0-components of S and taking into consideration that the
game ðN; vÞ is superadditive and zero-normalized, we obtain

vF
0ðSÞ ¼

X
T 0 ACF 0 ðSÞ

vðT 0Þa
X

T ACFðSÞ

�
v
�

6
fT 0 ACF 0 ðSÞ:T 0JTg

T 0
��

a vFðSÞ: r

To provide other axiomatic characterizations for the Myerson value, the
next definitions are introduced. We use CiðFÞ to denote the collection given
by fC A CðFÞ : i A Cg.
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Definition 3.6. A union stable structure ðN; v;FÞ is called point anonymous if
there exists a function f : f0; 1; . . . ; jDjg ! R such that vFðSÞ ¼ f ðjSXDjÞ for
all SJN, where D ¼ fi A N : CiðFÞ0qg.

Definition 3.7. An allocation rule g satisfies point anonymity if for all point
anonymous ðN; v;FÞ, there exists a A R such that

giðN; v;FÞ ¼ a; for all i A D,

0; otherwise:

�

Proposition 3.4. The Myerson value satisfies point anonymity.

Proof. Let ðN; v;FÞ A USN be point anonymous. If D ¼ q, then the restricted
game vFðSÞ ¼ f ðjSXqjÞ ¼ f ð0Þ ¼ 0, for all SJN. Hence, miðN; v;FÞ ¼
0 for all i A N. Let D0q. If i B D, obviously SXD ¼ ðSnfigÞXD and
miðN; v;FÞ ¼ 0. On the other hand, if i; j A D applying the symmetry property
of the Shapley value we have miðN; v;FÞ ¼ mjðN; v;FÞ, and hence f ðjDjÞ ¼P

i AD miðN; v;FÞ ¼ jDjmiðN; v;FÞ. Therefore, miðN; v;FÞ ¼ f ðjDjÞ=jDj ¼ a,
for all i A D and miðN; v;FÞ ¼ 0, otherwise. r

Definition 3.8. Let ðN; v;FÞ A USN . Then player i A N is called superfluous for
ðN; v;FÞ if vFðSÞ ¼ vFðSnfigÞ, for all SJN. An allocation rule g satisfies
the superfluous player property if for all ðN; v;FÞ and every player i A N that is
superfluous for ðN; v;FÞ it holds gðN; v;FÞ ¼ gðN; v;FNnfigÞ, where FNnfig ¼
fF A F : FJNnfigg.

Proposition 3.5. The Myerson value satisfies the superfluous player property.

Proof. Let i A N be a superfluous player for ðN; v;FÞ A USN . We have to
prove mðN; v;FÞ ¼ mðN; v;FNnfigÞ. We observe that i is a null player in vF

and this implies that miðN; v;FÞ ¼ 0. Further, miðN; v;FNnfigÞ ¼ 0, because
i B 6

M ACFNnfig ðNÞM and m satisfies component-null (Lemma 3.1).

For the other players, it su‰ces to show that vFðSÞ ¼ vFNnfig ðSÞ, or
equivalently that vFðSnfigÞ ¼ vFNnfig ðSÞ, for all SJN, and for every i that
is a superfluous player for ðN; v;FÞ. The components satisfy CFðSnfigÞ ¼
CFNnfig ðSÞ, and therefore

vFðSnfigÞ ¼
X

T ACFðSnfigÞ
vðTÞ ¼

X
T ACFN nfigðSÞ

vðTÞ ¼ vFNnfig ðSÞ;

for all SJN. r

Definition 3.9. An allocation rule g is called additive if for all ðN; v;FÞ and
ðN;w;FÞ, gðN; vþ w;FÞ ¼ gðN; v;FÞ þ gðN;w;FÞ.

We immediately obtain that the Myerson value is additive.

Lemma 3.6. If g is an additive allocation rule that satisfies the superfluous player
property, then gðN; v;FÞ ¼ gðN; vF;FÞ, for all ðN; v;FÞ A USN .
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Proof. By additivity of g, it su‰ces to show that gðN; v	 vF;FÞ ¼ 0, for all
ðN; v;FÞ A USN . Indeed, for any SJN,

ðv	 vFÞFðSÞ ¼
X

T ACFðSÞ
ðv	 vFÞðTÞ ¼

X
T ACFðSÞ

½vðTÞ 	 vFðTÞ� ¼ 0:

Thus, all players are superfluous for any ðN; v	 vF;FÞ A USN . Hence,
by recursively considering all players in the same component M A CFðNÞ
we have gðN; v	 vF;FÞ ¼ gðN; v	 vF;FNnMÞ. For all i AM, we obtain
giðN; v	 vF;FÞ ¼ giðN; v	 vF;FNnMÞ ¼ 0, since i B 6

H ACFNnM ðNÞH. It fol-
lows that giðN; v	 vF;FÞ ¼ 0, for all i A N. r

Theorem 3.7. The Myerson value is the unique allocation rule on USN that sat-
isfies additivity, the superfluous player property and point anonymity.

Proof. Let g be an allocation rule on USN that also satisfies additivity, the
superfluous player property and point anonymity. From Lemma 3.6 we deduce
gðN; v;FÞ ¼ gðN; vF;FÞ. The unanimity games fuS : S A F;S0qg form a
basis for the vector space of the F-restricted games (see Bilbao [2]), that is,

vF ¼
X

fS AF:S0qg
aSuS

for some coe‰cients aS.
Applying additivity, it su‰ces to show that gðN; auS;FÞ, is uniquely deter-

mined for all S A F, S0q and a A R. Fix S and a. If i A NnS then for all
coalitions TJN

auSðTÞ ¼ a , SJT , SJTnfig , auSðTnfigÞ ¼ a:

We deduce that any player that is not in S is superfluous and hence, by the
superfluous player property,

gðN; auS;FÞ ¼ gðN; auS;FNnðNnSÞÞ ¼ gðN; auS;FSÞ:

Since CFS
ðNÞ ¼ CFðSÞ ¼ fSg, component-null property implies that

giðN; auS;FSÞ ¼ 0, for all i A NnS. It remains only to compute giðN; auS;FSÞ
for all i A S. First, for all TJN, we have

ðauSÞFS ðTÞ ¼
X

H ACFS
ðTÞ

auSðHÞ ¼ a , bH A FS; SJHJT :

If H A FS then HJS, and hence ðauSÞFS ðTÞ ¼ a if and only if SJT .
Therefore, ðauSÞFS ¼ auS implies

ðauSÞFS ðTÞ ¼ auSðTÞ ¼ a , SJT , SXT ¼ S:

It follows that there exists a function f : f0; 1; . . . ; jSjg ! R, such that
ðauSÞFS ðTÞ ¼ f ðjSXT jÞ, for all TJN, where f ð0Þ ¼ � � � ¼ f ðjSj 	 1Þ ¼ 0,
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and f ðjSjÞ ¼ a. Hence ðN; auS;FSÞ is point anonymous and, applying point
anonymity to the rule g, there exists b A R such that

giðN; auS;FSÞ ¼
b; if i A S,

0; otherwise.

�

Further, CFS
ðNÞ ¼ fSg, and using component-e‰ciency we get

X
i AS

giðN; auS;FSÞ ¼ a ¼ jSjb:

Then b ¼ a=jSj and we deduce that gðN; v;FÞ is the Myerson value. r

4 Computational aspects

One of the main problems of the Myerson value is its computation. Some for-
mulas to compute it more easily in this context have been given by Bilbao [2]. In
this section we complete this study and show that the Myerson value satisfies
the nice formula of Shapley. On the other hand and taking into account that the
coalition N may not be feasible, we prove that the calculation of the Myerson
value can be simplified and computed by the maximal feasible coalitions of N
which each player belongs to.

Definition 4.1. An allocation rule g : USN ! Rn, satisfies the Shapley-formula
if for every ðN; v;FÞ A USN and every i A N it is satisfied

giðN; v;FÞ ¼
X

fSJN:i ASg
lðSÞ

�X
j AN

gjðN; v;FSÞ 	
X
j AN

gjðN; v;FSnfigÞ
�
;

where for every SJN,

lðSÞ ¼ ðjSj 	 1Þ!ðn	 jSjÞ!
n!

and FS ¼ fF A F : FJSg:

Theorem 4.1. The Myerson value satisfies the Shapley-formula.

Proof. Taking into account the definitions of miðN; v;FÞ and the one of re-
stricted game ðN; vFÞ we have

miðN; v;FÞ ¼
X

fSJN:i ASg
lðSÞ

" X
T ACFS

ðNÞ
vðTÞ 	

X
T 0 ACFSnfig ðNÞ

vðT 0Þ
#
;

since CFðSÞ ¼ CFS
ðNÞ and CFðSnfigÞ ¼ CFSnfig ðNÞ. On the other hand, as

miðN; v;FÞ is an allocation rule, we conclude

miðN; v;FÞ ¼
X

fSJN:i ASg
lðSÞ

�X
j AN

mjðN; v;FSÞ 	
X
j AN

mjðN; v;FSnfigÞ
�
: r
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Notice that the Shapley-formula coincides with the classical one when the
cooperation is total, i.e., if F ¼ 2N

FiðN; vÞ ¼
X

fSJN:i ASg
lðSÞðvðSÞ 	 vðSnfigÞÞ:

Theorem 4.2. Let ðN; v;FÞ A USN . If v is a zero-normalized game and M A
CFðNÞ, such that i AM, then miðN; v;FÞ ¼ miðM; vjM ;FMÞ, where vjM is the
restriction of v to M and FM ¼ fF A F : FJMg.

Proof. Let M A CFðNÞ such that i AM and L A CFðNÞ, L0M. Taking into
account that for every coalition SJN it is satisfied

CFðSÞ ¼ 6
H ACFðNÞ

CFðSXHÞ:

we obtain vFðSW figÞ 	 vFðSÞ ¼ vFððSXMÞW figÞ 	 vFðSXMÞ, since
CFððSW figÞXLÞ ¼ CFðSXLÞ because figXL ¼ q, for all L0M. Hence,

miðN; v;FÞ ¼
X

fSJN:i BSg
lðSÞ½vFððSXMÞW figÞ 	 vFðSXMÞ�

¼
X

fRJM:i BRg

� X
fSJN:i BS;SXM¼Rg

lðSÞ
�
½vFðRW figÞ 	 vFðRÞ�:

Taking into account the classical formula of the Shapley value, we have

X
fSJN:i BS;SXM¼Rg

lðSÞ ¼
X

fSJN:i BS;SXM¼Rg

s!ðn	 1 	 sÞ!
n!

:

Fixing a coalition R, the coalitions SJN, such that SXM ¼ R, are
expressed in the following way

R;

RW fi1g for all i1 A NnM;

RW fi1; i2g for all fi1; i2gJNnM;

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
RW ðNnMÞ

8>>>>><
>>>>>:
Setting r ¼ jRj, m ¼ jMj, it boils down to

X
fSJN:i BS;SXM¼Rg

lðSÞ ¼
Xn	m
p¼0

n	m

p

� �
ðrþ pÞ!ðn	 1 	 r	 pÞ!

n!
;

satisfying that

Xn	m
p¼0

n	m

p

� �
ðrþ pÞ!ðn	 1 	 r	 pÞ!

n!
¼ r!ðm	 1 	 rÞ!

m!
:
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Consequently,

miðN; v;FÞ ¼
X

fRJM:i BRg
lðRÞ½vFðRW figÞ	vFðRÞ� ¼ miðM; vjM ;FMÞ: r

5 Concluding remarks

As we have already indicated in the introduction, one of the most important
partial cooperation models was introduced by Myerson: the so-called graph
communication situations. Myerson also pointed out the necessity for general-
izing this model of partial cooperation. Following Myerson’s suggestion hyper-
graph communication situations [8] and union stable cooperation structures
[1] have been investigated.

A hypergraph communication situation is a triple ðN; v;HÞ such that ðN; vÞ
is a zero-normalized game and the hypergraph HJ fH A 2N : jHjb 2g. The
set of hypergraph communication situations is denoted by HCSN . It is sup-
posed that communication is only possible by the conferencesH A H. So, given
a coalition SJN, the feasible coalitions or interaction sets within the coalition
S are defined as the sets obtained in the following way:

1. For all i A S, fig is an interaction set of S.
2. If H A H and HJS then H is an interaction set of S.
3. If T1 and T2 are interaction sets of S and satisfying that T1 XT2 0q, then
T1 WT2 is an interaction set of S.

Taking into account the above definition, it can be assured that hypergraph
communication situations give rise to union stable cooperation structures, the
feasible coalitions being all interaction sets within arbitrary coalitions. Assum-
ing zero normalization of the underlying game, we may suppose, without loss
of generality, that the unitary coalitions belong to the system. So, given a union
stable cooperation structure, there are several hypergraph communication sit-
uations whose interaction sets coincides with the feasible coalitions of the union
stable system. Obviously, one of the hypergraph communication situations is
that whose conference set H is formed by the non-unitary supports of the basis.

In fact, consideringUSN instead ofHCSN boils down to considering equiv-
alence classes (respecting interaction sets) which also respect to the Myerson
value. Given ðN; v;FÞ AUSN , where v is zero-normalized, for any player i AN,
miðN; v;FÞ uniquely depends on the feasible coalitions where the player i is.
In the same way, given ðN; v;HÞ A HCSN , the Myerson value miðN; v;HÞ only
depends on the interaction sets which the player i belongs to. Therefore, if it is
considered ðN; v;FÞ A USN the Myerson value mðN; v;FÞ is the same as the
Myerson value mðN; v;HÞ, for every ðN; v;HÞ whose interaction set system
coincides with the set of feasible coalitions of F.

Formally, the above ideas could have been used to translate the existing
characterizations of the Myerson value on HCSN to USN . In this paper, we
have instead chosen for an approach symmetric to the one for the position
value [1] for which the same line of reasoning can not be applied. Moreover,
in our context a non-unitary support is the precise and natural generalization
of an edge of a graph. This concept allows for more transparent proofs and
results.
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A final remark is concerned with so-called permission structure games:
games restricted by the feasible coalition system derived from a directed graph
using either the conjunctive or disjunctive approach. Gilles et al. [5] and van
den Brink [4] showed that the feasible coalition system F derived from the
conjunctive or disjunctive approach is closed under taking unions, and hence
constitutes a union stable system. This property implies that every coalition
SJN has a unique F-component that corresponds to the sovereign part of S.
Then, the F-restricted game is the same as the conjunctive or disjunctive restric-
tion and hence, the conjunctive or disjunctive permission value coincides with
the Myerson value mðN; v;FÞ.

The final conclusion is that games restricted by union stable systems gener-
alizes graph communication situations and games with permission structures.
Therefore, the Shapley value for games restricted by graphs or permission
structures is the Myerson value for union stable systems.
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[1] Algaba E, Bilbao JM, Borm P, López JJ (2000) The position value for union stable systems.
Math Meth Oper Res 52:221–236

[2] Bilbao JM (1998) Values and potential of games with cooperation structure. Int J of Game
Theory 27:131–145

[3] Borm P, Owen G, Tijs S (1992) On the position value for communication situations. SIAM J
Disc Math 5:305–320

[4] Brink R (1997) An axiomatization of the disjunctive permission value for games with a per-
mission structure. Int J of Game Theory 26:27–43

[5] Gilles RP, Owen G, Brink R (1992) Games with permission structures: the conjunctive
approach. Int J of Game Theory 20:277–293

[6] Myerson RB (1977) Graphs and cooperation in games. Math of Oper Res 2:225–229
[7] Myerson RB (1980) Conference structures and fair allocation rules. Int J of Game Theory

9:169–182
[8] Nouweland A, Borm P, Tijs S (1992) Allocation rules for hypergraph communication situa-

tions. Int J of Game Theory 20:255–268
[9] Owen G (1986) Values of graph-restricted games. SIAM J Alg Disc Meth 7:210–220

[10] Potters J, Reijnierse H (1995) G-Component additive games. Int J of Game Theory 24:49–56
[11] Shapley LS (1953) A value for n-person games. In: Kuhn HW, Tucker AW (eds.) Contribu-

tions to the Theory of Games, Vol II. Princeton University Press, New York, pp. 307–317

The Myerson value for union stable structures 371


