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A game on a convex geometry is a real-valued function defined on the family £
of the closed sets of a closure operator which satisfies the finite Minkowski-Krein-
Milman property. If £ is the Boolean algebra 2V then we obtain an n-person
cooperative game. We will extend the work of Weber on probabilistic values to
games on convex geometries. As a result, we obtain a family of axioms that give
rise to several probabilistic values and a unique Shapley value for games on convex
geometries.
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1 Introduction

Let N be a finite set of n players. A cooperative game is essentially a function
v: 2V — R, with v ()) = 0, which describes, for every subset of players, the
maximal gain or minimal cost that these players can achieve if they decide to form
a coalition. In this model it is generally assumed that there are no restrictions on
cooperation and hence, every subset of players is a feasible coalition.

However, in many social and economic situations, this model does not ap-
ply. Examples are provided by local public goods which are supplied by local
communities, social and sports clubs, labor unions, political parties, and other
institutions. Situations like these were studied by Myerson (1977, 1980) and this
line of research was continued by Owen (1986), van den Nouweland and Borm
(1991), and Borm, Owen and Tijs (1992).

*We wish to thank an anonymous referee for comments and references
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Faigle and Kern (1992) proposed a model in which cooperation among players
is restricted to some family of subsets of players, the feasible coalitions of the game.
Their idea is to restrict the allowable coalitions by using underlying partially
ordered sets.

In our model, we will define the feasible coalitions by using a combinatorial
theory of convexity called convex geometries, which includes the model of Faigle
and Kern. We propose that the feasible coalitions must verify the following ax-
ioms:

e If S and T are feasible coalitions then S N7 is a feasible coalition as well.

e If S is a feasible coalition and S # N, then there is a player j not in .S such
that S U {j} is feasible.

The idea in this model is that if the players form coalitions because they agree
on certain propositions, then intersections of feasible coalitions should also be
feasible, since they agree on a larger set of propositions. On the other hand, every
player ¢ can always make common cause with any player j through mediators,
because that way they will achieve their objective.

Let us briefly outline the contents. In the next section, convex geometries are
defined and some of their properties described. We introduce games on convex
geometries and consider a few examples, which show how convex geometries have
already arisen in the works of the authors mentioned above.

In the last three sections we extend the work of Weber (1988) on probabilis-
tic values to games on convex geometries. We introduce values for these games
and observe in detail the axioms which characterize such values. In particular,
compatible-order values are considered. These form a family of values which as-
sociate a set of imputations with each game. Finally, we show how to derive the
Shapley value from a set of axioms.

2 Convex Geometries

Convex geometries are a combinatorial abstraction of convex sets introduced by
Edelman and Jamison [3].

Definition 1
Let N be a finite set of cardinality n. A family L of subsets of N is a convex
geometry if it satisfies the following properties:

(C1) 0 € L, and L is closed under intersections,
(C2) If S € L and S # N, then there exists j € N\ S such that SUj € L.
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Property (C1) implies that intersections of feasible coalitions should also be
feasible, since the players agree on a profile of cooperation. In the model of
conference structures by Myerson [10], two players are connected if they can be
coordinated by meeting in separate conferences which have some members in
common to serve as intermediaries. In our model, the coalitions of intermediaries
are in the cooperation structure.

We call the sets in a convex geometry convez sets. A mazimal chain of £ C 2N
is an ordered collection of convex sets that is not contained in any larger chain.
From property (C2) and by induction, Edelman and Jamison [3] showed that
every maximal chain contains n + 1 convex sets

=S cS c---CcS,-1CS,=N,

and the cardinal |S| = k, for all K =0,1,...,n. Thus, the hierarchical situations
by Moulin [8], when users pay their incremental costs according to an ordering of
N, can be modeled by convex geometries.

The family £ gives rise to the operator — : 2V — 2V defined by

Ar—A=({SeL|ACS}.

It is easy to check that the operator — has the properties of a closure operator,
ie, ACA A=A, AC B implies A C B, for all A, B C N, and the additional
condition that § = 0. For A C N an element i € A is an extreme point of A if
i ¢ A\i. For a convex set S € L this is equivalent to S\ i € L. Let ex(S) be
the set of all extreme points of S. The convex geometries are the abstract closure
spaces satisfying the finite Minkowski-Krein-Milman property: FEwvery convezr set
is the closure of its extreme points [3].

3 Games on convex geometries

A cooperative game is a pair (N,v) where N is a finite set of n elements and
v: 2NV — R, is a function such that v(f)) = 0. The players are the elements of N
and the coalitions are the elements S C N of the Boolean algebra N

Definition 2
A game on a convex geometry L is a function v : L — R, with v(()) = 0.

The coalitions are the convex sets of £ and the players are the elements i € N.
Let T'(£) be the vector space of all games on the convex geometry £ C 2V,

Example: A graph G = (N, E) is connected if any two vertices can be joined by
a path. A maximal connected subgraph of G is a component of G. A cutvertex is
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one whose removal increases the number of components, and a bridge is an edge
with the same property. A graph is 2-connected if it is connected, has at least 3
vertices and contains no cutvertex. A subgraph B of a graph G is a block of G if
either B is a bridge or else it is a maximal 2-connected subgraph of G. A graph G
is a block graph if every block is a complete graph. The block graphs are denoted
by cycle-complete graphs in van den Nouweland and Borm [11].

A communication situation is a triple (N, G,v), where (N, v) is a game and
G = (N, FE) is a graph. This concept was first introduced in Myerson [9], and
investigated in Owen [12] and Borm, Owen and Tijs [2]. If G = (N,E) is a
connected block graph and

L={SCN| (S E(S)) is a connected subgraph of G},

then we have [3, Theorem 3.7] that £ is a convex geometry.

Example: Edelman [5] studied wvoting games such that the feasible coalitions
are the convex sets of the chain {1 < 2 < --- < n} defined by the policy order
left-right. A subset S of a partially ordered set (poset) (P, <) is conver whenever
a€ S, be Sanda<bimply that the interval [a,b] = {x € Pla <x <b} C S. If
(P, <) is finite, then each element is between a maximal and a minimal one and
ex(C) is the union of the maximal and minimal elements of C. The family of the
convex sets C'o(P) is a convex geometry [3].

I

Figurel: The convex geometry Co({1 <2 <3 <4 < 5})
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Example: Let (P, <) be a poset. For any X C P,
X+— X:={yeP|y<azforsomezec X},

defines a closure operator on (P, <). Its closed sets are the order ideals (down
sets) of (P, <), and we use J(P) to denote this collection. Since the union and
intersection of order ideals is again an order ideal, it follows that J(P) is a convex
geometry closed under set-union and ex(.S) is the set of all maximal points Maz(.S)
of the subposet S € J(P). When (P, <) is finite, there is a 1-1 correspondence
between antichains of (P, <) and order ideals. Then the games (C,v) and (A, ¢)
of Faigle and Kern [6] [7], where C is the family of down sets of (P, <) and A is
the set of antichains of a hierarchy, are games on convex geometries.

4 Probabilistic values for games

We will follow the work of Weber [14] to obtain an axiomatic development of the
probabilistic values for games on convex geometries. We consider the following
games on L. For any T' € L, T # 0 the upper game, denoted {7 : L — R, is
defined by

1, if T CS
0, otherwise.

CT(S)Z_'{

The identity game 6 is defined by

1, if S=T
67(5) '_{ 0, if S#T.

The collections of these games are two different bases of the vector space I'(L).
Faigle and Kern [6] observed that

r=Y, s

{SeL| ST}

Definition 3
A probabilistic value for i € N is a function ®; : I'(L) — R, which satisfies

Siv)= S phl(S) —u(S\il, phz0, 3 =L

{SeL|icex(S)} {SeL|icex(S)}
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Remark 1
If we take T = S\ i, then we obtain the following expression

i)=Y ph(TUi) - o(T).
{TeL|igT, TUieL}

In this definition we only consider the coalitions S € L such that ¢ € S and
S\ i € L. The Shapley value for games on J(P) defined by Faigle and Kern
[6], and its generalization to convex geometries by Bilbao and Edelman [1] are
probabilistic values.

We will introduce a number of properties for values for games on convex
geometries. First, we consider the linearity property.

Linearity axiom. For all a, f € R, and v,w € I'(£) we have

P;(av + Pw) = a®i(v) + BP;(w).

Theorem 4
Let ®; : T'(L) — R be a value for i which satisfies the linearity aziom. Then
there exists a unique set of coefficients {ag |SeLl, S# @} such that

®;(v) = > asv(9).

Sel

Proof
The collection {6s|S € L, S # 0} is a basis of I'(£). Let ay = ®;(8s), for all
S € L. Then v =7 g.rv(S)ds, and the linearity axiom implies

Oi(v) =Y Di(8g)v(S) =Y _ asv(S).

Sel SeLl

We introduce the concept of dummy player.

Definition 5
The player i € N is a dummy in the game v € T'(L) if, for every convex T € L
such that i ¢ T and T Ui € L, we have

(T Ui)—o(T) = { v({i}), if{i} el

0, otherwise.

Remark 2
A different definition has been suggested by Faigle and Kern [6].
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We need some properties of the dummy players in the upper and identity
games.

Proposition 6
Let L be a convexr geometry and let S € L be a non empty convex set. Then

1. If i ¢ ex(S) then i is a dummy player in the upper game (g.
2. Ifi € S\ ex(S) then i is a dummy player in the identity game ég.
3. Ifi¢ S and SUi ¢ L then i is a dummy player in the identity game Og.

Proof
Let S € L, S# () and let i € N be such that i ¢ ex(S). Note that if {i} € L then
S # {i}, hence (s({i}) = 0 and 6s5({i}) = 0.

1. Let i ¢ ex(S). We suppose that there exists T € £, and i ¢ T such that
T Ui € L and satisfies (g(7"U i) # (s(T). Then (s(T"U i) = 1 and (s(T") = 0,
hence S CTUiand S € T. Thus S\i=SNT € L, and we obtain i € ex(S),
which is a contradiction. Hence, (s(T"U i) — (s(T") = 0.

2. Letie S\ex(S). UT e L, i¢Tand TUi € L, we have T'Ui # S since
i ¢ ex(S)and T # S since i € S. Then, it is obvious that 6g(7" U 7) = 65(T") = 0.

3. Let i¢ Sand SUi ¢ L. f T € L, i ¢ T and TUi € L, it is clear that
6s(T'U1) = 6g(T) = 0. [l

Dummy axiom. If the player i € N is a dummy in v € I'(£), then

B;(v) :{ 8({1'}), if {i}ecl

, otherwise.

Theorem 7
Let ®; : T(L) — R be a value for i defined by ®;(v) = > g, akv(S) which
satisfies the dummy axiom. Then for every game v,
bi(v)= > agv(S) —o(S\9)].
{SeL|icex(S)}

Moreover, if {i} € L then Z aly = 1.
{SeL|icex(S)}

Proof
Let E; : T'(L) — R be defined for i € N by

Ei(v):= > ak[o(S)—v(S\i).

{SeL|icex(S)}
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The operators F; and ®; are linear and the upper games form a basis of
I'(£). Then it will be enough to show that ®;({r) = E;({r), for every convex set
TeL, T#(. Let us fixi € N and T € L, and consider two cases.

First, if ¢ ¢ ex(T) then Proposition 6 implies that 7 is a dummy player in the
game (p. Then (r(S) — (r(S\ i) =0, for all S € L, such that i € ex(S) because
¢r({i}) = 0, when {i} € L. Therefore, the definition of F; yields E;({r) = 0.
Furthermore, the dummy axiom implies that ®;({r) = 0.

Now, if we suppose that ¢ € ex(T") then ¢ € T" and hence (7(S \ i) = 0. Thus,
we obtain the equivalence (r(S) — (r(S\y) =1 if and only if S € £ and S D T.

Observe that

Ei(¢r) = > ag
{SeL|icex(S),SOT}

= > P;(6s)

{SeL|icex(S),SOT}

= P Z bs

{SecL| ST}

= ®;((r),

where the last but one equation follows from ®;(6g) = 0, when i € S\ ez(95).
Finally, if {7} € £ then i is a dummy in the game (j;;. Let T' be a convex set

such that 7 ¢ T'and TUi € L. Note that (3 (TUi) = 1, ((;3(T) =0, ¢ ({i}) = 1.

Because ®; satisfies the dummy axiom, it follows from the above equation that

Z ag = Z ‘I)Z((SS)

{SeL|icex(S)} {SeL|icex(S)}

= > 9(8)

{Sec|ieS}

= & Z s

{SeL]| ieS}
= ©(¢y) = (({i}) = 1.
O

We consider a convex geometry with {i} ¢ £ for some ¢ € N. In this case,

note that
Z a = Z aqu@(C{T})’

{SeL|icex(S)} {SeL|ieS}
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where the upper game on the closure of {i} satisfies

T S if GycT (1, ifieT
3"/ 71 0, otherwise. =~ | 0, otherwise.

We obtain the following result by the application of Theorems 4 and 7.

Theorem 8

Let ®; : T'(L) — R be a value for i which satisfies the linearity and dummy
azioms. Then for every game v, there is a collection {afg| SeL, i€ GIL’(S)}
such that

Si(v)= S abu(S) —v(S\ ).

{SeL |icex(S)}

Moreover, if ®; (C{Z—}> =1 then Z afg =1.
{SeL |icex(S)}

Remark 3
For a convex geometry which satisfies {i} € L, for alli € N, condition ®; (Cm) =

1 is not necessary, because it follows from the dummy azxiom.

Definition 9
A game v € T'(L) is monotonic if v(S) < v(T) for all S,T € L such that S CT.

Monotonicity axiom. If v € I'(£) is monotonic then ®;(v) > 0.

Theorem 10
Let ®; : T'(L) — R be a value for i defined, for every game v, by

Qi)=Y adg[u(S) —v(S\i)].

{SeL |icex(S)}

If the value ®; satisfies the monotonicity axiom, then ais >0, for all S € L such
that i € ex(S).

Proof
For any T' € L, we consider the game

0, otherwise.

~ .{1, if T cCS
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The game ZT is monotonic, hence ®; (ET) > 0. On the other hand, for every
T € L such that ¢ ¢ T and T'U i € L, we obtain the identity
o ()= X dk[@($) - s\ )] = abus
{SeL|icex(S)}
[l

It is easy to check that every probabilistic value satisfies the previous axioms.
Thus, we have the following theorems.

Theorem 11

Let ®; : T'(L) — R be a value for i € N such that {i} € L. Then ®; satisfies
the linearity, dummy, and monotonicity axioms if and only if ®; is a probabilistic
value.

Theorem 12
Let ®; : T'(L) — R be a value fori € N. Then ®; satisfies the linearity, dummy,

monotonicity axioms and P; <Cm> =1 if and only if ®; is a probabilistic value.

5 Efficiency and compatible-order values

Let ® be a group value ® : I'(L) — R", v —— (®1(v),...,P,(v)). If the payoff
vector ®(v) is a distribution of the available resources of the coalition N, then ®
satisfies the following axiom:

Efficiency axiom. If N is the set of all players of v € I'(£) then

Z ®,(v) = v(N).

1EN

Theorem 13

Let @ : T'(L) — R™ be a group value that satisfies efficiency aziom. If ®;
satisfies linearity, dummy, and monotonicity axioms for every i € N then ®; is a
probabilistic value.

Proof
Theorem 12 implies that it suffices to show that ®; (Cm> =1, foralli € N.

We claim that ex ({T}) = {i}, for each i € N. To verify this claim note that in
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a convex geometry ezx <m> # (). Suppose j € ex ({T}) for some j # i, then

E\ J € L. Thus, we obtain i € {i}\ , hence by definition of the closure operator
{i} € {i}\ j, and this is a contradiction. It follows from Proposition 6 that every

Jj # 1 satisfies ®; (Cm) = 0, because j ¢ ex (@) Therefore, the efficiency

axiom implies that
Z ®; (Cm) =9; <C@> =1
JEN
[l

The efficiency axiom implies the following properties for the coefficients of the
values that satisfy the linearity and dummy axioms.

Theorem 14
Let @ : T'(L) — R™ be a group value defined, for every game v and for alli € N,

by ‘
Qi)=Y ag[u(S) —u(S\i).

{SeLl|icex(S)}

Then the group value ® satisfies the efficiency axiom if and only if

Z aly =1, Z aly = Z a{@ujv forallSe L, S#0, S+#N.

i€ex(N) i€ex(S) {j¢S|Sujel}

Proof
For any v € I'(£) we have

Yodiw) = Y D ds[u(S) —u(S\ )]

1EN i€EN {SeL|icex(S)}
= Su®) | Y ds- Y dhy,
Sel icex(S) {j¢S|Sujel}

If the coefficients satisfy the equations of the hypothesis, then »;_n ®i(v) =
v(N) and ® satisfies the efficiency axiom.

Conversely, let us fix a non empty set T' € L, and consider the identity game
Or. If we apply the previous equation to the game 67, then we have

Z aly, if T=N
) o icex(N)
;V(DZ((ST) ] S - Y dy, ET=S#N

icex(S) {(j¢S|SsujeL)
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Thus, if ® satisfies the efficiency axiom then the relations are true. Ol

Edelman and Jamison [3] defined a compatible ordering of a convex geometry
L C 2N ag a total ordering of the elements of N, i1 < iy < -+ < i, such that the
set {i1,i2,...,7;} € L, forall 1 <j <n.

A compatible ordering of £ corresponds exactly to a maximal chain in £ [4,
Prop. 2.2]. Let ¢ ([T, S]) denote the number of maximal chains from 7" to S, where
T C S and ¢(S) := ¢([0,S]) is the number of maximal chains from () to S # 0.
We use ¢(L) to denote the total number of maximal chains and C(£) to denote
the set of all compatible orderings. Given an element ¢ € N and a compatible
ordering C' = (i1,12,...,ip) of L,let C(i):={j € N|j<i in C}.

Definition 15
Let {pc|C € C(L)} be a probability distribution. A compatible-order value on
(L) is a function Q:T(L) — R™, v+— (Q1(v),...,Q(v)), defined by

Q(v) = Z po v (C(i) —v (C(i)\i)], for everyie N.
cec(L)

The relationship between compatible-order values and probabilistic values that
satisfy the efficiency axiom is a matter of the following theorems.

Theorem 16
Let Q = (1,...8y) be a compatible-order value on T'(L). Then Q satisfies the
efficiency axziom and each component §; is a probabilistic value for every i € N.

Proof
For every i € N, and v € I'(£) we have

Q) = Y pclv(CH)—v(C@)\i)]

cec(L)

= > > po | o(S) —o(S\ ).

{SeL|icex(S)} \{CeC(L)|C(i)=S}

The coefficients satisfy

Z Z pc| = ZPCZL

{SeLl|icex(S)} \{CeC(L)|C>7)=S} CeC(L)
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hence §; is a probabilistic value. Furthermore, for every game v € I'(£) we have

Y ) = > > pelv(C) —v(Ci)\ )]

iEN i€EN CeC(L)
- Y e (Z [0 (C()) - v (CG0) \m)
cec(L) i€EN
= Z pC [U(N) — U(@)]
cec(L)
= o(N).
|
Theorem 17

Let @ : T'(L) — R™ be a group value that satisfies the efficiency axiom such that
®; is a probabilistic value for all i € N. Then ® is a compatible-order value.

Proof
The hypothesis implies that

D, (v) = Z P [v(S) —wv(S\ )], foralliec N.
{SeL|icex(S)}
For any T' € £ and i ¢ T such that T Ui € L, we define
Prui ‘
A(i,T) = Z PrU;
{ig¢T|TUjEL}
0, otherwise.

if the denominator is not equal to 0

For any compatible ordering C' € C(L£) such that the associated maximal chain
is i1 <19 < -+ < ip, we define

pe = py Aliz, {in}) Alis, {ir,i2}) -+ Alin, {in 2, in1}),
where C' = (i1, 42, ...,1,) and the last factor is 1. The collection {pc |C € C(L)}

satisfies
Y pe = :
CecC(L) {in [{inyel} {iag{in} [ {iri2}€L} in@{ir,.sin—1}
= > Py
{i1 | {i1}eL}
0
iEN

p(il,...,in)



J.M. Bilbao, E. Lebrén and N. Jiménez / Probabilistic Values on Geometries 14

where the last equation follows from the efficiency axiom applied to the game E@,
defined by (y(S) = 1, if S # (). Hence {pc | C € C(L)} is a probability distribution,
and the compatible-order value associated is

Qi(v) = > ( Z(')S}pc> [w(S) —v(S\4)], forallieN.

{SeL|icex(S)} \{CeC(L)|C
Thus, ®; = Q; if for every S € £ and i € ex(5), the coefficients satisfy
P = > e
{ecec(L)|Ci)=5}

Any maximal chain C; € C ([0, S\ ¢]) and Cy € C ([S, N]) can be concatenated
to make a chain Cy U {i} UC3 € C(L). Then we obtain, with s = |5],

> pe

{Cec(L)| C(i)=5}

S0 S SRR > >

is_1€ex(S\i) is_2€ex(S\{i,is_1})  i1€ex(S\{isis—1,..si2}) {iss1¢S | SUiss1€L}
E P(i1,yis—1,0yi5415eemrin)
{ingsu{ierlr“ainfl} ‘ SU{is+17~~7in}€[/}
= A(i,S\i) Y A(is1, 8\ {iyis 1))
is—1€ex(S\7)
Sy Y Ales
’ileem(S\{i,’is_l...,iz}) {i5+1¢s | SUis+1€£}
> A (i, SU{isg1,. . yin_1}).
{in@SU{ist1,sin—1} | SU{is41,.in}ELY
The first s factors are equal to
Ps

Z pZS\z')uj

{agS\i| (S\i)ujeL}

7:571
Z pS\Z
is—1€ex(S\i) Z pZS\{i,is_l})Uj
{7¢S\{iis—1}| (S\{isis—1})UjeL}
> Pl
i1€ex(S\{%,is—1,...,i2})

=D,
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because the equations of Theorem 14 imply that the denominator of a factor is
equal to the next numerator. Furthermore, the following factor for s+1 < k < n,
with Ty, = S U {is41,- .., ik}, satisfies

> Aig, Th1) =

{ik@Tp—1|Tp_1UireL}

(N

D1y, Uiy,

E - =1.

{ik@T—1 | Te—1Uig €L} Z Tp_1Uj
{§¢Tk—1| Tr—1UjEL}

Therefore, the result holds. |

6 Axioms for the Shapley value

A set U € 2V is called a carrier for a game v if v(S) = v(SNU) for all S € 2V,
The carrier axiom states: If U is a carrier of v then ), ; ®i(v) = v(U). In
the classical characterization, the Shapley value is the only value that satisfies
the carrier, symmetry and additivity axioms on the class of the superadditive
games [13]. For the class of all games, Weber [14, Theorem 15] considered the
linearity, dummy, symmetry, and efficiency axioms, and proved the uniqueness of
the Shapley value. This value for the player i € N is

aivo) = S BT s,

|
n:
{Se2N | ieS}

where n = |N| and s = |S].

Let S € £ and i € S. We define the hierarchical strength hg(i) of i in S as
hs(i) HC eC(L)|C(i)nS =S}
s(i) == ;
IC(£)]
i.e., hg(i) is the average number of compatible orderings of £ in which i is the
last member of S in the ordering. Note that hg(i) satisfies hg(z) # 0 if and only
if i € ex(S).
Faigle and Kern [6] proposed the following axiom for games on the lattice
J(P) of the order ideals of a poset (P, <).

Hierarchical strength axiom. For any S € J(P) and 4,j € S,
hs()®;(Cs) = hs (i) Pi(Cs)-
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They provided [6, Theorems 1 and 2] the following characterization of the
Shapley value for a game v : J(P) — R.

There is a unique function ® : v — (®1(v), ..., P,(v)) satisfying the axioms
of linearity, carrier and hierarchical strength. Moreover, for every ¢ € P,

a)= Y ALDAPAD) gy g,

- e(P)
{TeJ(P) | i€Maz(T)}

where e(-) is the number of linear extensions of the corresponding subposets of
(P, <).

Bilbao and Edelman [1] generalized this formula for the Shapley value for
games on convex geometries. In this context, the number of linear extensions e is
the number of maximal chains c.

Definition 18
Let v € T'(L) be a game on a convex geometry. The Shapley value of the game v
is given by, for all i € N,

NP S CAUK R WIS
{SeL| icex(S)} C(N)
where ¢([N, N]) = ¢(0) = 1.

Now, we introduce a new axiom, in which the value of the player depends on
the number of maximal chains.

Chain axiom. For any S € £ and i,j € ex(S),
c(S\0)®;(8s) = c(S\ j) Pi(ds).

By using our previous results, we prove the following characterization for the
Shapley value on convex geometries.

Theorem 19
The Shapley value is the unique function ® : T'(L) — R™ that satisfies the lin-
earity, dummy, efficiency, and chain azxioms.

Proof

It is obvious that the Shapley value satisfies the properties. Conversely, it follows
from Theorems 8 and 14 that, for every i € N, {a%| S€ L, icex(S9)} is a
collection such that

) = S dhu(S) — v\ i),

{SeL|icex(S)}
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Zaévzl,

icex(N)
Y ay = > dl, forallSeL, S#£0, S#N.
icex(S) {j¢S|SujeL}

Therefore, it suffices to show that

c(5\ ) e[S, N

ag = , forall Se £ and i€ ex(S5).
5 c¢(N)
The coefﬁc:1ents are aly, = @; (6 ), hence the chain axiom implies that for all
pairs i, j € ex(S), alc(S\ i) =alce(S\ j). If we fix i € ex(S), then we obtain
. . c(S .
SRR
j€ex(S) {icex(8) | 5#i}
ag ,
g X s\
j€ex(S)
_ i c(5)
Fe(S\i)’

For S = N we take the first efficiency equation and hence ¢(N \ i) = a¥; ¢(N),
for every i € ex(N). Thus, al; = ¢(N \ i) ¢([N, N]) /¢(N) , for all i € ex(N). We
assume the following induction hypothesis: For every T' € £, with |T| =k > 2 we

have .
o eT\i) e(IT,N))
T C(N) )
The case k = n has just been proved. Let S € L, such that |S| =k —1 < n.
Then S # N, and the efficiency equations imply that

Z ay = Z agy,
icex(S) (j¢S| SujeL)

c(S) c([SUj, N
_ oy ()$$3D

for all i € ex(T).

{igs|suject

- 25 X dlsuin

{sgs|Sujelt
c(S) e([S, N))
oN)
where the second equation follows from the induction hypothesis for T'= S U j.
Finally, for every i € ex(S), the identity
L dS) _ clS)e((SN])
Te(S\1) c¢(N)

implies al =
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O

Remark 4
Let {pc |C € C(L)} be a probability distribution such that pc = 1/c¢(N), for all
C €C(L). If Q is the compatible-order associated, then ) is the Shapley value.
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