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In this paper, previous works on nonlinear H� control for robot manipulators are ex-
tended. In particular, integral terms are considered to cope with persistent disturbances,
such as constant load at the end-effector. The extended controller may be understood as
a computed-torque control with an external PID, whose gain matrices vary with the po-
sition and velocity of the robot joints. In addition, in order to increase the controller ro-
bustness, an extension of the algorithms with saturation functions has been carried out.
This extension deals with the resulting nonlinear equation of the closed-loop error. A
modified expression for the required increment in the control signal is provided, and the
local closed-loop stability of this approach is discussed. Finally, simulation results for a
two-link robot and experimental results for an industrial robot are presented. The results
obtained with this technique have been compared with those attained with the original
controllers to show the improvements achieved by means of the proposed method.
© 2005 Wiley Periodicals, Inc.

1. INTRODUCTION

During the past few years, the control systems com-
munity has been paying increasing attention to the
nonlinear H� control theory,1–3 whose solution for the
continuous nonlinear case was given by van der
Schaft in his prominent article.4 The general approach
leads to two Hamilton-Jacobi-Bellman-Isaacs partial
derivative equations �HJBI PDEs�, which replace the
Riccati equations present in the linear H� control for-

mulation. The main problem with the nonlinear case
is that there is not a general method to solve these
HJBI PDEs. Therefore, solutions have to be found for
each particular case. Although some algorithms
exist,5,6 they cannot be applied in cases where time
appears explicitly in the equations.

Nonlinear H� controllers have been applied to
different kinds of systems, such as power converters,7

rigid spacecraft,8 chemical processes,9 and engine
compressors.6 In this paper, applications related to ro-
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botics are of special interest, where this theory has
been used successfully in refs. 10–14, among others.

In ref. 11, a vector of disturbance signals acting
upon the input channels is used to represent the com-
bined effect of modelling errors and external distur-
bances. This analytical solution to the nonlinear H�

control for robot manipulator motion provides the
control system with the ability to reject these distur-
bances �maintaining small tracking error� without ex-
cessive control effort. However, these results �suc-
cessfully applied in ref. 14� present the following
main restrictions:

1. Null-average disturbances are assumed.
This hypothesis is not very realistic if, for
example, the robot has to carry a weight at
its final element. This implies a persistent
disturbance.

2. A perfect robot model is supposed, and it is
assumed that uncertainties may be inter-
preted as null-average disturbances.

The contributions of this paper are intended to
solve these two handicaps:

1. On the one hand, the nonlinear differential
equation of the error has been modified, in-
cluding a new term which allows us to pe-
nalize the integral of the robot position er-
ror. An analytical solution „with a similar
structure to the original one… is also given.
The conditions for formulating the control-
ler in the form of a nonlinear PID are estab-
lished, where the control signal can be pe-
nalized, as well as the error signals, their
integral and their derivative.

2. On the other hand, despite the robustness
of the preceding controller, it should be
noted that it is designed exclusively for dis-
turbance rejection, and a perfect model is
assumed. To solve this limitation, a solution
is proposed in this paper based on an exten-
sion to nonlinear systems of the classical al-
gorithms with saturation functions „see, for ex-
ample, refs. 15 and 16….

The remainder of the paper is organized as fol-
lows: An approach upon the concepts of L2 gain and
H� optimization in the context of nonlinear systems
is introduced in Section 2. In Section 3 a suboptimal
nonlinear controller is derived to maximize the robot
manipulator’s ability to reject external disturbances
acting on the input channel, assuming a perfect sys-
tem model. In Section 4, the nonlinear H� controller
is formulated as a computed-torque control with an

external nonlinear PID controller. To increase the ro-
bustness of the controller, the algorithms with satu-
ration functions are extended to nonlinear systems in
Section 5. A two-link robot and the RM-10 industrial
manipulator are used in Sections 6 and 7, respec-
tively, as examples to show the performance of these
controllers. Finally, the main conclusions drawn are
given in Section 8.

2. NONLINEAR H� CONTROL APPROACH

The dynamic equation of an nth order smooth non-
linear system which is affected by an unknown dis-
turbance can be expressed as follows:

ẋ = f�x,t� + g�x,t�u + k�x,t�� , �1�

where u�Rp is the vector of control inputs, ��Rq is
the vector of external disturbances and x�Rn is the
vector of states. Performance can be defined using the
cost variable z�R�m+p� given by the expression

z = W�h�x�
u � , �2�

where h�x��Rm represents the error vector to be con-
trolled and W�R�m+p���m+p� is a weighting matrix. If
states x are assumed to be available for measurement
�which is usual in robotics�, then the optimal H� prob-
lem can be posed as follows:4

Find the smallest value �*�0 such that for any �
��* there exists a state feedback u=u�x , t�, such that the
L2 gain from � to z is less than or equal to �, that is,

�
0

T

�z�2
2dt � �2�

0

T

���2
2dt . �3�

The integral expression on the left-hand side of in-
equality �3� can be written as

�z�2
2 = zTz = �hT�x� uT�WTW�h�x�

u �
and the symmetric, positive definite matrix WTW can
be partitioned as follows:
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WTW = �Q S

ST R � .

Matrices Q and R are symmetric, positive definite and
the fact that WTW�0 guarantees that Q−SR−1ST

�0.
The following structures, considered in this pa-

per for matrices Q and S, constitute an extension of
the original formulation:11

Q = 	 Q1 Q12 Q13

Q12 Q2 Q23

Q13 Q23 Q3

 , S = 	S1

S2

S3

 .

Under these assumptions, an optimal control signal
u*�x , t� may be computed for system �1� if there exists
a smooth solution V�x , t�, with V�x0 , t��0 for t�0, to
the following HJBI equation:

�V
�t

+
�TV
�x

f�x,t� +
1
2

�TV
�x � 1

�2k�x,t�kT�x,t�

− g�x,t�R−1gT�x,t�� �V
�x

−
�TV
�x

g�x,t�R−1STh�x�

+
1
2

hT�x��Q − SR−1ST�h�x� = 0 �4�

for each ����max�R��0, where �max stands for the
maximum singular value. In such a case, the optimal
state feedback control law is derived as follows:11

u* = − R−1
STh�x� + gT�x,t�
�V�x,t�

�x
� . �5�

3. NONLINEAR H� OPTIMIZATION IN
MANIPULATOR MOTION CONTROL

The following Euler-Lagrange equations of motion
are used to describe the behavior of an n degree-of-
freedom �DOF� robot manipulator �see, for example,
refs. 17 and 18�:

M�q�q̈ + N�q, q̇� = 	 + 	d �6�

with

N�q, q̇� = C�q, q̇�q̇ + F�q̇� + G�q� ,

where q�Rn is the vector of joint variables �joint po-
sitions� and q̇ is its time derivative �joint speeds�. It is
assumed that these two vectors are available for mea-
surements. Vector 	 �generalized torques applied on
the joint axes� is the input signal of the system and 	d
represents the total effect of system modelling errors
and external disturbances. The inertia matrix M�q� is
symmetric positive definite, C�q , q̇�q̇ is the vector of
centripetal and Coriolis terms, F�q̇� represents the
friction terms, and G�q� denotes the gravity terms.

As is known,19 matrix C�q , q̇� of the centripetal
term is not unique. For the sake of convenience, in
this paper this matrix will be computed through the
following expression:

C�q, q̇� =
1
2

Ṁ�q, q̇� + N�q, q̇� , �7�

where the terms Ṁ�q , q̇� and N�q , q̇� are given by

Ṁij =
d
dt

Mij =
�Mij

�q
q̇ = �

k=1

n
�Mij

�qk
q̇k, �8�

Nij =
1
2�

k=1

n 
 �Mik

�qj
−

�Mjk

�qi
�q̇k. �9�

Using qr, q̇r and q̈r to denote the desired joint position,
speed and acceleration, respectively, the tracking er-
ror vector, x, and its derivative, ẋ, can be defined as
follows:

x�t� = 	
ė�t�
e�t�

� e�t�dt
, ẋ = 	ë�t�
ė�t�
e�t�


 , �10�

where

ë = q̈ − q̈r,

ė = q̇ − q̇r,

e = q − qr,
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� edt = �
o

t

�q − qr�dt .

Note that an integral term has been included in the
vector error. This term will allow us to achieve a null
steady-state error when persistent disturbances are
acting on the system.

For system �6�, a control law with the following
structure is considered:

	 = M�q�q̈ + N�q, q̇� −
1



�M�q�Tẋ + C�q, q̇�Tx� +
1



u .

�11�

This proposed control law can be split up into three
different parts: the first one consists of the first two
terms of that equation, which are designed in order to
compensate for the robot dynamics �see Eq. �6��. The
second part consists of terms including error vector x
and its derivative, ẋ. Assuming 	d�0, these two
terms of the control law enable perfect tracking,
which means that they represent the essential control
effort needed to perform the task. Finally, the third
part includes a vector u, which represents the addi-
tional control effort needed for disturbance rejection.

It can also be pointed out that, despite the pre-
ceding control law might seem a not well posed sys-
tem, it will be shown afterwards that the computed
torque does not rely on joint accelerations, but on
their references.

Matrix T in Eq. �11� can be partitioned as follows:

T = �T1 T2 T3� �12�

with T1=
I, where 
 is a positive scalar and I is the
nth-order identity matrix.

Substituting the expression of the control law
from �11� into the Euler-Lagrange equation of the ro-
bot �Eq. �6�� and defining �=
	d, yields

M�q�Tẋ�t� + C�q, q̇�Tx�t� = u�t� + ��t� . �13�

This expression represents the dynamic equation of the
system error. It is a nonlinear 3nth order equation since
its coefficients �matrices M�q� and C�q , q̇�� vary with
time. Taking into account this nonlinear equation, the
nonlinear H� control problem can be posed as fol-
lows:

“Find a control law u�t� such that the ratio between
the energy of the cost variable z=W�hT�x�uT�T and the en-

ergy of the disturbance signals � is less than a given at-
tenuation level �.”

To apply the theoretical results presented in Sec-
tion 2, it is necessary to rewrite the nonlinear dynamic
equation of the error �Eq. �13�� into the standard form
of the nonlinear H� problem �see Eq. �1��. This can be
done by defining the following expressions:

f�x,t� = To
−1	

− M−1C O O

1



I I −
1



T2 − I −
1



�T3 − T2�

0 I − I

Tox ,

�14�

g�x,t� = k�x,t� = To
−1	M−1

O

O

 , �15�

where I is the identity matrix, O the zero matrix, both
of nth order and

To = 	T1 T2 T3

O I I

O O I

 . �16�

As stated in Section 2, the solution of the HJBI equa-
tion depends on the choice of the cost variable, z, and
particularly on the selection of function h�x� �see Eq.
�2��. In this paper, this function is taken to be equal to
the error vector, that is, h�x�=x. Once this function has
been selected, computing the control law, u, will re-
quire finding the solution, V�x , t�, to the HJBI equa-
tion posed in the previous section �see Eq. �4��. The
following theorem will help to do this.

Theorem: Let V�x , t� be the scalar function

V�x,t� =
1
2

xTTo
T	M O O

O Y X − Y

O X − Y Z + Y

Tox , �17�

where X, Y and Z�Rn�n are constant, symmetric, and
positive definite matrices such that Z−XY−1X+2X�0,
M is the inertia matrix of the robot, and To is as defined in
�16�. Let T= �T1 T2 T3� be the matrix appearing in dy-
namic equation �13�. If these matrices verify the following
equation:
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	O Y X

Y 2X Z + 2X

X Z + 2X O

 + Q +

1
�2TTT

− �ST + T�TR−1�ST + T� = 0 �18�

then, function V�x , t� constitutes a solution to the HJBI
�4�, for a sufficiently high value of �.

The proof of this theorem can be found in the Ap-
pendix at the end of the paper.

The algorithm for obtaining matrix T is the fol-
lowing:

1. Compute T1 and T3 by solving the following
Riccati algebraic equations:

T1
T
 1

�2 I − R−1�T1 − S1R−1T1 − T1
TR−1S1

T

− S1R−1S1
T + Q1 = O ,

T3
T
 1

�2 I − R−1�T3 − S3R−1T3 − T3
TR−1S3

T

− S3R−1S3
T + Q3 = O .

2. Compute matrix X by means of the follow-
ing expression:

X = − �T1
T
 1

�2 I − R−1�T3 − S1R−1T3 − T1
TR−1S3

T

− S1R−1S3
T + Q13� .

3. Compute T2 by solving the Riccati algebraic
equation:

T2
T
 1

�2 I − R−1�T2 − S2R−1T2 − T2
TR−1S2

T

− S2R−1S2
T + Q2 + 2X = O .

After this, V�x , t� can be computed. Then, substitut-
ing V�x , t� in Eq. �5�, control law u* corresponding to
the H� optimal index � is given by

u* = − R−1�ST + T�x .

4. THE CONTROL LAW FORMULATED AS A
COMPUTED-TORQUE NONLINEAR PID

Several methods for synthesizing robot controllers in
the form of PIDs have been reported in the control
literature �see, for example, ref. 20�. In this section it
is shown how the obtained control law may be inter-
preted as a computed-torque control with an external
nonlinear PID controller.

If we replace the expressions for T, ẋ and u* in
�11�, after some manipulation, the optimal control law
can be written as

	* = Mq̈r + N −
1



M�T2 T3�� ė

e
� + CTx�

−
1



R−1�ST + T�x .

Keeping in mind the definition of x, the control law
can be rewritten as follows:

	* = Mq̈r + N −
1



M„�T2 T3 0� + M−1CT

+ M−1R−1�ST + T�…x

or in a more compact form:

	* = M�q�q̈r + N�q, q̇� − M�q�
KDė + KPe + KI� edt� ,

�19�

where

KD =
1



„T2 + M−1CT1 + M−1R−1�S1
T + T1�… ,

KP =
1



„T3 + M−1CT2 + M−1R−1�S2
T + T2�… ,

KI =
1



„M−1CT3 + M−1R−1�S3
T + T3�… .

It is easy to see that Eq. �19� represents a computed-
torque control law with an external PID controller. This
external PID is a nonlinear one since its gain matrices
are time-varying, like matrices M�q� and C�q , q̇�. Be-
sides this, from Eq. �19� it can be concluded that the
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control law does not depend on the joint accelera-
tions, preventing the system to be ill-posed as it could
seem from Eq. �11�.

A particular case can be obtained when the com-
ponents of the weighting compound WTW verify:

Q1 = w1
2I, Q2 = w2

2I, Q3 = w3
2I, R = wu

2I ,

Q12 = Q13 = Q23 = O, S1 = S2 = S3 = O . �20�

In this case, the following analytical expressions for
the gain matrices have been obtained:

KD =
�w2

2 + 2w1w3

w1
I + M−1
C +

1

wu
2 I� ,

KP =
w3

w1
I +

�w2
2 + 2w1w3

w1
M−1
C +

1

wu
2 I� ,

KI =
w3

w1
M−1
C +

1

wu
2 I� .

These expressions have an important property: they
do not depend on the parameter �. Thus, we have alge-
braic expressions for computing the general optimal
solution for this particular case.

Finally, it should be pointed out that the control-
ler proposed in ref. 11 is a particular case of the pre-
vious control law. In fact, the original controller is ob-
tained if parameter w3 is set to a null value. Therefore,
the controller presented in ref. 11 may be interpreted
as a computed-torque control scheme, with an exter-
nal nonlinear PD controller.

5. ROBUST CONTROL DESIGN

Despite the robustness provided by the preceding
controller, in the previous sections a complete knowl-
edge of the robot model is presumed. It is assumed
that uncertainties can be interpreted as disturbances
included in the term 	d.

Since this hypothesis is not very realistic, in this
section we propose an additional control term to be
added to the previous controller, in order to increase
the system robustness when there are modeling er-
rors. Specifically, an extension of the algorithms with
saturation functions for the preceding nonlinear con-
troller is proposed. A interesting survey about differ-

ent ways to implement this method can be found in
ref. 15, all of them based on linear error equations.

Next, a brief summary of a classical algorithm
with saturation functions is given. A more detailed
description can be found in ref. 16.

5.1. The Classical Algorithm with Saturation
Functions

Let M�q� and N�q , q̇� be the dynamic matrices of the
Euler-Lagrange equations �6� and M̂�q� and N̂�q , q̇�,
their respective estimations. The following hypoth-
eses are assumed:

1. supt�0�q̈r��Qmax��.
2. �E�q�����1 for some value of �, and for all

q�Rn, where E�q��M�q�−1M̂�q�− I.
3. �
N�q , q̇�����x , t� for some time-bounded

function ��x , t�, where 
N�q , q̇�=N�q , q̇�
−N̂�q , q̇� and, in this case, x�t�= �ė�t�e�t��T.

Once the values of the bounds have been calculated,
this method proposes a computed-torque structure
where the robot dynamics is linearized with the es-
timated matrices �see Figure 1�. If there were no un-
certainty and the external controller were a linear PD
control law �with constant gain matrices KP and KD,
respectively�, the closed-loop error dynamics would
satisfy the following linear differential equation:

ẋ�t� = Āx�t� = �A − BK�x�t� , �21�

where the constant matrices A, B and K are as follows:

A = �0 0

I 0 �, B = � I

0 �, K = �KD KP� .

Since estimations are not perfect, the following algo-
rithm is proposed to achieve an appropriate control
signal v�t� �see Figure 1�:

1. Design a control law v�t� as follows:

v�t� = q̈r�t� − Kx�t� + 
v�t� .

The next dynamic equation of the closed-
loop error is obtained with this linearization:

ẋ = Āx + B�
v + �� ,

where K should be designed such that Ā
=A−BK is Hurwitz, and function � has the
following expression:
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� = E
v + E�q̈r − Kx� + M−1
N .

2. Compute the function ��x , t� satisfying

��� � ��x,t�, �
v� � ��x,t� �22�

as follows:

��x,t� =
1

1 − �
��Qmax + ��K��x� + M̄��x,t�� ,

�23�

where �M�q�−1��M̄∀q�Rn.
3. Since Ā is Hurwitz, select a symmetric, posi-

tive definite matrix � and find the unique
symmetric, positive definite solution P of
the following Lyapunov’s equation:

ĀTP + PĀ + � = 0. �24�

4. Finally, compute the term 
v�t� by means of
the following expression:


v�t� = �− ��x,t�
BTPx

�BTPx�
if �BTPx� � � ,

− ��x,t�
�

BTPx if �BTPx� � � .�
�25�

5.2. Extension of the Algorithms with Saturation
Functions to Nonlinear Systems

The main idea is to include an algorithm similar to
the one described above in the control law stated in

Section 4. However, the classical method just de-
scribed cannot be used since the external controller
consists of nonlinear gain matrices, which implies a
nonlinear closed-loop error equation.

This difficulty can be solved taking into account
that:

• The dynamics of the closed-loop error at-
tained with the controller in Section 4 is
stable for the nominal case �null uncertainty�.

• Lyapunov’s equation �24� in the linear case is
obtained from the assumption of a quadratic
function ��x�=xTPx. The constant, symmet-
ric, positive definite matrix P is the one used
for the calculation of 
v�t� in Eq. �25� through
the term BTPx.

Therefore, an analogy between linear and non-
linear optimal control �see ref. 2, for instance� can be
carried out by comparing the control laws obtained
for the linear case �−BTPx� and for the nonlinear one
�−gT���x , t�/�x�.

Bearing in mind this analogy, the classical algo-
rithm may be modified as follows:

Let M�q� and N�q , q̇� be the dynamic matrices of the
Euler-Lagrange equations �6� and M̂�q� and N̂�q , q̇� their
respective estimates. Assuming the same hypotheses as for
the classical method, a control signal v�t� can be attained
by means of the following algorithm:

1. Design an external control law v as follows:

v�t� = q̈r�t� − Kx�t� + 
v�t� , �26�

where x is the error vector defined in Section 4,
K= �KDKPKI� is the matrix of the external non-
linear PID controller in Eq. �19� �substituting
matrices M and N for their estimates� and 
v�t�
has the same meaning as in the classical method.

Figure 1. Computed-torque control scheme.
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Following the methodology described in Section
5.1 for the linear PD external controller, an ex-
pression for the dynamics of the closed-loop error
can be obtained as follows:

ẋ = f̄�x,t� + B�
v + �� , �27�

where f̄�x , t�� Ā�q , q̇�x�t�. In this case, the dy-
namic matrix of the error is expressed as follows:

Ā�q, q̇� = A − BK�q, q̇� , �28�

where, in this case, matrices A and B are as fol-
lows:

A = 	0 0 0

I 0 0

0 I 0

, B = 	 I

0

0

 .

Notice the time dependency of the vector f̄�x , t�
through the time variation of the joint positions
and velocities.

2. Compute a scalar function ��e , t� by means of Eq.
�23�, where the inequalities in �22� are assumed to
be satisfied. Notice that only one boundary of the
uncertainties is computed, which is independent
of the method applied.

3. Find a scalar function ��x , t��0 that satisfies the
following inequality:

���x,t�
�t

+
�T��x,t�

�x
f̄�x,t� � 0, ∀ x � 0. �29�

It should be remembered that matrix K has been designed
such that the dynamic vector of the error, f̄�x , t�, is stable
in the nominal case �null uncertainties�.

4. Finally, to complete the control law of Eq. �26�,
design the term 
v�t� according to the following
expression:


v�t� =�− ��x,t�

BT
���x,t�

�x

�BT
���x,t�

�x
� if �BT

���x,t�

�x
� � � ,

− ��x,t�

�
BT

���x,t�

�x
if �BT

���x,t�

�x
� � � .

� �30�

Notice that 
v�t� is again linearized for a value of
�BT����x , t�/�x�� less than �.

The proof of the closed-loop stability when �30�
is applied may be carried out by means of
Lyapunov’s second method. Thus, let ��x , t��0 be a
scalar function that satisfies �29�. The total time de-
rivative of ��x , t� is

d��x,t�
dt

=
���x,t�

�t
+

�T��x,t�
�x

ẋ�t� .

Taking into account Eq. �27�, it follows that

d��x,t�
dt

=
���x,t�

�t
+

�T��x,t�
�x

�f�x,t� + B �
v + ���

�
�T��x,t�

�x
B �
v + �� ,

where relation �29� has been used. Hence, the time
derivative of ��x , t� is negative if the following in-
equality is satisfied:
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�T��x,t�
�x

B �
v + �� � 0.

Therefore, the term 
v must be chosen such that

�T��x,t�
�x

B
v � −
�T��x,t�

�x
B� .

Assuming the worst case, that is, vectors
BT����x , t�/�x� and � with the same direction. Equa-
tion �22� enables us to conclude that the direction of

v must be opposite that of BT����x , t�/�x� �in order
to counteract the effect of �� and with its module
equal to ��x , t�, that is


v = − ��x,t�

BT
���x,t�

�x

�BT
���x,t�

�x
� .

Due to the complexity of the resulting HJ equation,
no analytical expression is available yet for scalar
function ��x , t� in Eq. �29�. In this application, we
have used the expression xTP�t�x as an approxima-
tion of ��x , t�. Matrix P�t� is obtained as the solution
to the following Lyapunov’s equation:

Āo
TP + PĀo + � = 0,

where � is again a symmetric, positive definite ma-
trix and Āo is the Jacobian of vector f̄�x , t� evaluated
at �to ,xo�, that is

Āo = � �f̄�x,t�
�x

�
t=to,x=xo

.

It should be noted that Āo is Hurwitz �see Eq. �28��
and therefore P�t� is well defined. Aizerman’s con-
jecture �see ref. 21� is satisfied when the time deriva-
tive is assumed to be small enough with respect to
the spatial one. Hence, under this assumption, the
stability of this design can be guaranteed.

6. A CASE STUDY: TWO-LINK ROBOT
MANIPULATOR

In this section, the preceding control laws are tested
on an academic example, in which the model used for
simulation is detailed. Thus, simulation experiments
on a two-link planar robot were carried out to assess
the performance of the three control schemes: the
original one proposed in ref. 11, the external nonlinear
H�/PID proposed in Section 4, and the robust external
nonlinear H�/PID proposed in Section 5.2. These
three controllers will be referred in the following as
NL PD, NL PID and RNL PID, respectively.

Figure 2 shows the scheme of the 2-DOF planar
robot considered. It is made of two links and two
revolute joints. Each link is characterized by the fol-
lowing parameters: mass �mi�, length �li�, mass center
position �lci�, and inertia �Ii�, where i=1,2.

In this case, the matrices and vectors involved in
the Euler-Lagrange equations �6� are the following:

M�q� = �M11�q� M12�q�
M12�q� M22�q� � ,

where

M11�q� = m1lc1
2 + m2�l1

2 + lc2
2 + 2l1lc2 cos q2� + I1 + I2,

M12�q� = m2�lc2
2 + l1lc2 cos q2� + I2,

Figure 2. Scheme of the 2-DOF robot.
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M22�q� = m2lc2
2 + I2.

Matrices Ṁ�q , q̇� and N�q , q̇�, computed using expres-
sions �8� and �9�, are as follows:

Ṁ�q, q̇� = − m2l1lc2 sin q2�2q̇2 q̇0

q̇0 0 � ,

N�q, q̇� = m2l1lc2 sin q2
q̇1 +
1
2

q̇2��0 − 1

1 0 � ,

and, therefore, the next expression is obtained for ma-
trix C�q , q̇�:

C�q, q̇� =
1
2

Ṁ + N = m2l1lc2 sin q2�− q̇2 − q̇2 − q̇1

q̇1 0 � .

Finally, the gravity term is as follows:

G�q� = g��m1lc1 + m2l1�cos q1 + m2lc2 cos�q1 + q2�
m2lc2 cos�q1 + q2� � ,

with g being the gravity constant.
Table I gives the nominal values for the robot pa-

rameters, which are employed for the controller syn-
thesis.

In order to check the performance of the control-
lers, some uncertainty has been included in the robot
parameters. Each model parameter used for simula-
tion contains a pseudo-random deviation with re-
spect to its nominal value, with a maximum deviation
of ±20%. In addition, in order to introduce some dis-
turbances into the system, persistent torques of val-
ues 7 Nm and 2 Nm were applied at joints 1 and 2,
respectively, at simulation times 1.25 seconds and
0.75 seconds.

In the simulations presented in this section, the
position references �provided by a trajectory genera-
tor� are fifth degree polynomials between the initial

position �q1 q2�= �0 0� rad to the final position equal
to ��/4 �/4� rad, with initial and final speeds and ac-
celerations equal to zero. The transition time is
2 seconds.

For controller design, a diagonal WTW weighting
matrix was considered. Table II shows the values for
the diagonal weighting submatrices �see Eq. �20�� for
the 2 DOF planar robot.

Figure 3 presents the simulation results obtained
with the NL PD controller. It should be noted that the
position errors do not tend to zero when a persistent
disturbance is applied.

This limitation can be overcome with the NL PID
controller. Figure 4 shows the simulation results at-
tained with this control law. In can be seen that the
position errors tend to null values; furthermore, the
maximum position error values are smaller than
those of the preceding results, with an improvement
of approximately 65%.

Finally, simulation results obtained with the RNL

Table I. Nominal robot parameters.

Parameter Nominal value

Lengths l1= l2=1 m

Position of mass centers lc1= lc2=0.5 m

Masses m1=m2=3 Kg

Inertia moments I1= I2=0.2536 Kg m2

Table II. Weights for the controller of the 2 DOF robot.

Signal
Weighting
submatrix NL PD

NL PID and
RNL PID

Speed error ė Q1 � 1
2

�2I � 1
2

�2I

Position error e Q2 I I

Error integral �edt Q3 22I

Control effort u R 0.012I 0.012I

Figure 3. Results with the NL PD controller.
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PID controller are shown in Figure 5. The following
values of the parameters described in Section 5 have
been numerically computed: Qmax=6.505, �=0.7053,
M̄=3.5981. Function ��x , t� has been chosen such
that22

�
N�q, q̇�� = �
Cq̇ + 
G� � �
Cq̇� + �
G� � �v�ė�2 + �g

� ��x,t� .

The values of �v=26.683 and �g=1.7266 also have

been computed numerically. Finally, parameter � has
been chosen as 10−6.

With regard to the results attained by the last con-
troller, it is clear that, besides having a null steady-
state position error, their maximum peaks are again
smaller than with the preceding controller, with an
additional reduction of approximately 60%.

7. EXPERIMENTAL RESULTS: APPLICATION TO
THE RM-10 INDUSTRIAL ROBOT

The RM-10 robot, shown in Figure 6, is a six-degree-
of-freedom revolute joint manipulator arm.23 All the
six joints are driven by dc-brushless low-inertia elec-
tric motors which provide a uniform torque for every
joint angle, and enable high control torque peaks.
Torque is delivered to the joint axes through gear re-
ductions; thus the RM-10 is an indirect-drive ma-
nipulator. An electric brake is also provided for each
joint in order to lock the manipulator arm in any
given position.

Coupled to each motor axis there is a two-pole
resolver device which provides an accurate measure-
ment of the corresponding joint position. These mea-
sures allow, as usual, the closed-loop control of the
system.

The original control hardware used by the
RM-10 robot system was replaced by a DS1103 real-
time control board from dSPACE �see refs. 24–26�.

Figure 4. Results with the NL PID controller.

Figure 5. Results with the RNL PID controller.

Figure 6. The RM-10 robot manipulator.
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This control board, holding a 333 MHz PowerPC as a
main processor and a DSP as an input/output pro-
cessor, was plugged into the expansion bus of a stan-
dard personal computer.

Before designing any controller it is necessary to
obtain a dynamic model of the robot manipulator. Ac-
cording to the Euler-Lagrange formulation, the dy-
namic model of a general n-link rigid-body robot is a
second order nonlinear equation, as shown in Eq. �6�.
This yields a complex, hard-to-handle nonlinear mo-
tion equation.27 Since the considered robot is an
indirect-drive manipulator, and since the effects of its
gear reductions are quite relevant, there is a clear
dominance of the diagonal terms in the inertia matrix.
Thus, some dynamic coupling is only detected at the
lowest joints. The parameters of the robot model were
estimated by geometric measurements and dynamic
experiments on the robot arm. In Table III, the esti-
mated masses of the different links of the robot are
shown. These values may help to give an idea of the
robot’s bulkiness.

The values of the diagonal weighting submatri-
ces used for the RM-10 control synthesis are the fol-
lowing: Q1=0.52I, Q2= I, Q1=32I, R=0.42I. The re-
mainder of the parameters needed for the RNL PID
controller were computed numerically, as in the pre-
vious section.

References were supplied by a trajectory genera-
tor in the form of smoothed trapezoidal waves. In or-
der to make a comparison, Figure 7 shows the experi-
mental results for the first joint obtained with a
computed torque structure with a linear PID as exter-
nal controller.

The results obtained with the NL PD were not
satisfactory. Due to the lack of integral effect, the ro-
bot was not able to follow the reference after several
periods of the trajectory. Therefore, these results have
not been included.

Figures 8 and 9 depict the experimental results
�also for the first joint� obtained with the NL PID and

RNL PID controllers, respectively. Despite they look
like similar to the results of Figure 7, it has been nu-
merically confirmed that the NL PID controller pro-
vides a reduction of the maximum error of a 15% ap-
proximately. Likewise, in the case of the RNL PID
controller, an additional reduction of a 8% is attained
respect to the NL PID controller.

It should be emphasized that improvements were
only appreciated at the lowest joints. This is due to
gear reductions, which produces that some dynamic
coupling only appears at these joints. Actually, addi-
tional simulation experiments were carried out with

Table III. Estimated masses of the links.

Link Mass �Kg�

1 38.65

2 51.80

3 84.10

4 33.89

5 7.36

6 5.00

Figure 7. Results with a linear PID controller.

Figure 8. Results with the NL PID controller.
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a tested model of the robot. These simulations
showed that if gear reductions are included, results
similar to the ones performed with the real robot are
attained. However, if gear reductions are removed,
similar improvements to those obtained in the case
study presented in Section 6 are achieved for all
joints.

8. CONCLUSIONS

In this paper, a nonlinear H� controller for robot ma-
nipulators is proposed which deals with persistent
disturbances due to the inclusion of an integral term.
This controller can be interpreted as a computed-
torque structure with an external nonlinear PID con-
troller. A particular case has been formulated in
which the nonlinear PID gains do not depend on the
value of the attenuation level �.

In addition, some robustness improvement was
provided to the previous controller by means of an
extension of the traditional algorithms with satura-
tion functions. Based on the classical method, where
a linear equation is used, this extension is intended to
handle a nonlinear error equation. This way, the re-
sulting Lyapunov’s equation was replaced by a
Hamilton-Jacobi-Bellman-Isaacs inequality, which
was solved by linearization at each operating point. A
modified expression for the control signal increment
was supplied, showing that closed-loop stability is
satisfied.

Simulation results on a two-link planar robot and

experimental results on the RM-10 industrial robot
have been presented. Several tests were carried out
taking into account the differences between the
model used for controller synthesis and the one
implemented on the simulator. Finally, improve-
ments obtained using the proposed algorithm have
been shown by comparison with the results attained
with the original controllers.

9. APPENDIX: PROOF OF RESULTS IN
SECTION 3

First of all, in this appendix, we will show that scalar
function V�x , t� defined in �17� is positive definite.
Next, the fact that this function constitutes a solution
for the Hamilton-Jacobi equation �4� will be proven.

9.1. Positive-Definiteness of V„x,t…

Function V�x , t� is positive definite if and only if

	M O O

O Y X − Y

O X − Y Z + Y

 � 0.

Since the inertia matrix M is symmetric positive
definite, and under the assumption of X, Y and Z
�Rn�n are constant, symmetric, and positive defi-
nite matrices, the preceding inequality is verified if
and only if

Z + Y − �X − Y�Y−1�X − Y� � 0.

Expanding this expression yields

Z − XY−1X + 2X � 0,

which is a theorem assumption.

9.2. V„x,t… Is a Solution of the Hamilton-Jacobi
Equation

Next, let us show that V�x , t� constitutes a solution
for the Hamilton-Jacobi equation �4�. The gradient of
V�x , t� is given by

Figure 9. Results with the RNL PID controller.

Ortega et al.: Robustness Improvement of a Nonlinear H� Controller for Robot Manipulators • 433



�TV�x,t�
�x

= xTTo
T	M O O

O Y X − Y

O X − Y Z + Y

To +

1
2

�01�n � 01�n� ,

where ��R1�n is equal to

� =�xTTo
T	

�TM
�q1

O O

O O O

O O O

Tox, . . . , xTTo

T	
�TM
�qn

O O

O O O

O O O

Tox� .

It is easy to verify that

�01�n � 01�n��g�x,t�u + k�x,t��� = 0

and, consequently,

�TV�x,t�
�x

f = �xTTo
T	M O O

O Y X − Y

O X − Y Z + Y

To +

1
2

�01�n � 01�n��f

= xTTo
T	M O O

O Y X − Y

O X − Y Z + Y

Tof +

1
2

�01�n � 01�n�f +
1
2

�01�n � 01�n��gu + k��

= xTTo
T	M O O

O Y X − Y

O X − Y Z + Y

Tof +

1
2

�01�n � 01�n�ẋ .

Using Eqs. �14� and �7�, the first term of the last expression can be written as follows:

xTTo
T	M O O

O Y X − Y

O X − Y Z + Y

Tof = xTTo

T	M O O

O Y X − Y

O X − Y Z + Y

 � 	− M−1
1

2
Ṁ + N� O O

1



I I − 
1



T2� − I −
1



�T3 − T2�

O I − I

Tox

= xTTo
T	

− 
1
2

Ṁ + N� O O

1



Y X −
1



YT2 − X −
1



Y�T3 − T2�

1



�X − Y� X + Z −
1



�X − Y�T2 − �X + Z� −
1



�X − Y��T3 − T2�

Tox ,

while the second term can be posed as
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1
2

�01�n � 01�n�ẋ =
1
2

�01�n � 01�n�	 ë

ė

e

 =

1
2

�ė =
1
2

xTTo
T	�

k=1

n
�TM
�qk

�q̇k − q̇rk� O O

O O O

O O O

Tox .

The derivative of V�x , t� with respect to time is

�V
�t

=
1
2

xTTo
T	�

k=1

n
�TM
�qk

q̇rk O O

O O O

O O O

Tox .

Adding the previous expressions, the following result is obtained:

�V
�t

+
�TV�x,t�

�x
f =

�V
�t

+ xTTo
T	M O O

O Y X − Y

O X − Y Z + Y

Tof +

1
2

�01�n � 01�n�ẋ

=
1
2

xTTo
T	�

k=1

n
�TM
�qk

q̇rk O O

O O O

O O O

Tox + xTTo

T	M O O

O Y X − Y

O X − Y Z + Y

Tof

+
1
2

xTTo
T	�

k=1

n
�TM
�qk

�q̇rk − q̇rk� O O

O O O

O O O

Tox

= xTTo
T	M O O

O Y X − Y

O X − Y Z + Y

Tof +

1
2

xTTo
T	�

k=1

n
�TM
�qk

q̇k O O

O O O

O O O

Tox

= xTTo
T	

− 
1
2

Ṁ + N� O O

1



Y X −
1



YT2 − X −
1



Y�T3 − T2�

1



�X − Y� X + Z −
1



�X − Y�T2 − �X + Z� −
1



�X − Y��T3 − T2�

Tox

+
1
2

xTTo
T	Ṁ O O

O O O

O O O

Tox
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= xTTo
T	

− N O O

1



Y X −
1



YT2 − X −
1



Y�T3 − T2�

1



�X − Y� X + Z −
1



�X − Y�T2 − �X + Z� −
1



�X − Y��T3 − T2� 
Tox .

Taking into account that matrix N is skew-symmetric and due to the particular structure of To, we obtain

xTTo
T	− N O O

O O O

O O O

Tox = 0.

The substitution of this last equation in the preceding expression yields

�V
�t

+
�VT�x,t�

�x
f = xTTo

T	
O O O

1



Y X −
1



YT2 − X −
1



Y�T3 − T2�

1



�X − Y� X + Z −
1



�X − Y�T2 − �X + Z� −
1



�X − Y��T3 − T2� 
Tox

= xT	O O O

Y X O

X 2X + Z O

x

=
1
2

xT�	O O O

Y X O

X 2X + Z O

 + 	O Y X

O X 2X + Z

O O O

�x =

1
2

xT	O Y X

Y 2X Z + 2X

X Z + 2X O

x .

The computation of the expression gT�x , t���V�x , t�/�x� can be made as follows:

gT�x,t�
�V�x,t�

�x
= �M−1 O O��To

−1�TTo
T	M O O

O Y X − Y

O X − Y Z + Y

Tox = �I O O�Tox = Tx .

In addition, since g�x , t�=k�x , t�, the following equality is obtained:

1
2

�TV
�x


 1
�2k�x,t�kT�x,t� − g�x,t�R−1gT�x,t�� �V

�x
=

1
2

xTTT
 1
�2 I − R−1�Tx .

Finally, substituting the computed expressions for the terms of the Hamilton-Jacobi equation given in Eq. �4�
and with the value of h�x�=x:
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1
2

xT	O Y X

Y 2X Z + 2X

X Z + 2X O

x +

1
2

xTTT
 1
�2 I − R−1�Tx

− xTTTR−1STx +
1
2

xT�Q − SR−1ST�x = 0

and by simplifying this expression, Eq. �18� is ob-
tained.
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